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Abstract

Growing is one of the most important processes within a plant. In plant tissue,
plant cells grow, shrink and divide and are tightly packed together. The topology of
these cells is widely studied and is important to the stability of the tissue. Another
stability-enforcing factor is the turgor pressure in the cells, which is the force that
the cell interior components put on the cell wall and, as such, puts constraint on the
tissue. In this paper, the model virtualleaf will be studied in the light of the turgor
pressure and these topological properties. An extension to the model, to study the water
uptake of each of the cells, which is the crucial factor for cell growth, is added, and
the behaviour in a two-cell and a multicellular model cell is discussed. This paper shows
that the virtualleaf simulations do not show the same topological properties compared to
nature. Additionally, the expansion of the model with the waterflux does not change this
perspective but does change intrinsic topological properties and gives rise to different
behaviours in a two-cell and in a multicellular study. We showed that wall manipulation
lead to growth inequalities, but only for a certain parameter sets. This thesis serves as a
starting point to expand virtualleaf with the waterflux expansion and show the potential
this model offers.
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1 Introduction

Growth is one of the most essential processes in plants, ensuring the survival of the plant.
Every part of the plant is made out of plant cells, which, in contrast to animal cells, are stuck
in place and tightly packed. The growth process of tissue in plants is also different than in
animal cells: each cell has a vacuole in which it stores water, which can take up or give off
water to their surroundings, either to the neighbouring cells through their shared walls or the
apoplast; In between the cell walls, there is a space where water flows freely and solutes can
be exchanged, which is called the apoplast. The cell wall plays an essential role in the shape
and the transport of water in the cell; it consists of two parts: the inside wall, which is a
flexible wall surrounding the cell nucleus and organelles and the outer wall, which is a rigid
wall mainly made out of cell fibres. These walls are permeable and can let water through;
cells can take up water by waterfluxes caused by osmotic pressure differences between the cell,
which is the difference in solute concentration between the exterior and the interior of the
cell. As the water enters the cell, the cell volume increases, generating turgor pressure. This
turgor pressure pushes the inside of the cell against the walls of the cell, causing the walls
to stretch. This stretching is often modelled as an irreversible viscoplastic yielding mechanism
in plant cells, where the cell walls can be stretched when the yielding threshold is reached,
as defined by Lockhart’s equation [1]. This stretching of the walls enables plant cells to keep
their structural integrity while also still being able to stop growing [2] [3]. Contrary to animal
cells, where cell size is one of the most important thresholds in signalling when to divide [4],
plant cells are more complex. In earlier stages of leaf development, the size of the cell is the
most important threshold. However, later on, the plant favours cell growth and signalling of
other proteins as the signal for cell division [5] [6].
The aforementioned turgor pressure in the cell is a consequence of the water uptake of the cell
and the following cell expansion that leads to the pressure on the cell walls by the cell content.
The cell walls react to this pressure by yielding, which was first modelled by Lockhart in 1965
[1], proposing an irreversible or plastic cell wall expansion. This model was extended further in
1985 by Ortega, with the extension of elastic wall yielding [7]. But there are also many other
challenges for the modelling of growth, such as the cell packaging [8] [9], gene regulation
of growth [10], and the division methods inside a tissue [11]. All these different mechanisms
make the already challenging process of modelling plant tissue difficult to represent, especially
if the goal is to observe the growth and stabilisation of multicellular systems. To cut down on
computer cost and complexity, simplifications to the models are made in a two-dimensional
setting, such as the representation of cells as a vertex-based polygonal network in the two-
dimensional space [12] or in the three-dimensional space [13].
The consequence of the turgor pressure and the cell divisions is that the cells within plant
tissue have a variety of shapes and sizes, resulting in different geometries. Cell packaging is
an inherent effect of the ability of cells to modulate their contact with other cells. It allows
the cells to form different topologies and cover a diverse area. The first notion of the topology
within plant tissue was done in 1928, where Lewis noted that the number of neighbours of
cells within tissue was reproducible and averaged to a near-perfect 6 neighbours per cell [14].
This observation was expanded by Gibson et al., who argued through Euler’s equations that in
the hypothetical case of infinite tissues, the average amount of neighbours should be exactly 6.
This was confirmed by the same study, which tried to explain the appearance of this ‘perfect’
number: the proliferation of cells alone drives the tissue towards this number, showing that
the tissue is dominated by mostly hexagons, having six sides [9]. Another model by Farhadifar

5



et al. [8] showed that the packaging of cells can be more accurately predicted by the addition
of physical properties of the cell, which included the area elasticity, line tension and perimeter
contractility. This was also confirmed in vitro, where the model was able to replicate experi-
mental data, including laser-ablated tissue [8].
Another observation was made by Lewis that the area of the cells is linearly related to the
number of neighbours in the cell. He proposed the relation of the area of a n-sided cell An to
be linearly dependent as An = (n− 2)a, with a representing a constant, calculated by taking
the average area of all the cells with six sides and dividing it by four. This observation was
coined the ‘Lewis law‘. The Lewis law has been developed further by biologists and crystallo-
graphers alike, generalising the formula to a linear relation between the area and the number
of neighbours [15]. The Lewis law was shown to hold when every cell within the tissue has at
least three neighbours, which may not be the case in some tissues. To further articulate on
this edge case, Rivier proposed a more robust formulation of the Lewis law using the maximum
entropy method, but was later shown to be incompatible with verifying this law [15]. A possible
mechanical explanation for the Lewis law has been proposed by Kokic et al., which showed
that the Lewis law is a direct result of the energy minimisation of cells: while a tissue tries
to minimise their surface energy, cells adhere to a regular polygonal shape, giving rise to a
linear relation. When the area between the areas increases beyond atypical levels, the authors
describe the Lewis law to be quadratic instead of linear [16].
The aforementioned study by Farhadifar et al. [8] and Gibson et al. [9] has shown the impor-
tance of cell proliferation within the topology and packing of the cells and thus the tissue.
Cells proliferate by dividing themselves into two daughter cells; Cell division is a research field
with a rich history, where there have been numerous division rules that explain the choice of
division plane. It started with the observation of Hofmeister in 1863, where he noticed that
cells divide over their perpendicular axis of cell expansion. Shortly thereafter, the most promi-
nent rule was described by Errera, where he discovered a remarkable resemblance between cells
and soap bubbles. In 1888, he discovered that the behaviour of soap bubbles mirrors that of
plant cells: ‘the cell plate, at the time of its formation, adopts the geometry that a soap film
would take under the same conditions‘ [17] . This rule, named ‘Errera’s Rule‘, simplifies that
cells choose to divide over their shortest axis to minimise the surface area and thus have two
daughter cells of the same size[17]. For a long time, this rule was accepted to be true for all
plant tissues. However, further research showed that cells do not always choose this shortest
axis when dividing, which indicates that Errera’s rule is not enough to model the complete
division procedure. The main critique was that cells in tissue choose a different division axis
based on their location in the plant tissue and do not universally choose the shortest axis[18].
An expansion on Errera’s rule was proposed by Besson and Dumais, where the cell chooses
between varying axes that represent local area minima to explain the difference observed in the
areas of the tissue. The authors note that this rule is applicable when ‘internal and external
cues are absent‘. This statement has resulted in this rule being abandoned; as the authors note,
many factors contribute to the division plane, such as the position of the microtubules within
the cell [19]. Experiments by Hammant et al. [10] suggest that the position of microtubules
is dependent on the stress that the cell experiences from the outside and the inside, and thus
they developed a new division rule which has been considered the leading rule for the last few
years.

The impact of these division rules on the topology has been studied in different models. A
paper by Alim et al. [11] showed that the division method is essential in how the cell grows,
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defining the shape and the growth heterogeneity. The authors showed that random division
increased noise within the tissue, but also increased the growth heterogeneity within the tissue.
Moreover, the observation was made that the Errera rule (or, in the authors’ words, ‘shortest
path method’) and the mechanical stress rules reduce growth heterogeneity as they enforce
mechanical feedback by redistributing the stress over the whole tissue. The authors show that
the choice of division method changes the topological properties within the tissue, which will
also be a goal for this paper [11].
A more recent study by Long et al. [20] extended on the mechanical and physical properties
of the cell and the effect of this on tissue topology. In their model, the choice was made to
incorporate waterflux into the model as the growth mechanism, to simulate this process in
biology and confirm a link between pressure and tissue topology. In this model, the authors have
shown different relations to be true in their model: not only was the Lewis law experimentally
discussed, but the authors also describe the anticorrelation between turgor pressure and cell
properties. The turgor pressure in a cell negatively correlates with cell area and also negatively
correlates with neighbour number, implying that smaller and low neighbour number cells have a
higher turgor pressure than their bigger and higher neighbour number counterpart. An extension
was made in the model to couple turgor pressure and growth, as discussed in earlier research
by Cheddadi et al. [3], enabling the researchers to make the discovery that the correlation is
based on which process is more limiting in the tissue, where they implemented two different
regimes: a wall limiting regime, where the walls yield more easily and a flux limited regime,
where the water uptake is limited. These regimes showed different signs for the correlations,
enabling the different behaviours within the model [20]. However, the researchers have not
experimentally tested the effect of the division rules on this model and its properties, and such
will be investigated in this paper.
In this study, we will use the vertex model virtualleaf [12] to model cell tissue and the effect
of the waterflux on the tissue topology with the respective dividing rules. For the backbone
of the waterflux model, a mathematical model made by Cheddadi et al. [3] will be used to
build the extension of virtualleaf. This backbone was also used in previous literature, and such
should be a well-polished method [3] [20]. In Section 2, virtualleaf, the extension with the
waterflux for the model and the dividing rules will be discussed. In Section 3, the results will
be presented: Firstly, a study of the current virtualleaf model and the cell geometry will be done.
Secondly, the waterflux model will be introduced in a simple two-cell model to investigate the
behaviour of the cells with this addition, as well as a wall manipulation study. Lastly, a larger
multicellular tissue will be examined with the waterflux extension and the different division
rules. To conclude, Section 4 will introduce the conclusion and discussion points on this paper,
including the limitations and potential extension to the model.

2 Methods

The model that is used in this paper is virtualleaf. In this model, each cell is described as a
set of nodes connected by vertices, more formally written as Ci = {Vi, Ei, αi}. The set of
n vertices, defined as Vi = {v1, . . . , vn} are connected using m edges, which are defined as
Ei = {e1, . . . , em}. Furthermore, we have a set of cell attributes, which is defined as αi. In
tissue, cell may share the same vertices and edges so we can write the tissue T = {C, V,E},
where C is the set of the aforementioned cells, V =

⋃
i∈T Vi and E =

⋃
i∈T Ei are the sets of

the vertices and the edges respectively. Each of these cells is found on a mesh in a 2D space
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on a Cartesian coordinate system [21].
The biological forces in the tissue are engineered by a Hamiltonian in the form of:

H = λAΣi(a(i)− AT (i))
2 + λMΣj(l(j)− LT (j))

2 (1)

The Hamiltonian in Equation 1 is divided into two constraints: firstly, the cell area constraint,
which is defined based on the cell’s resting turgor pressure with the target area At and the
current cell area a. The second part of the Hamiltonian, the wall constraint, which consists
of the resting cell wall length Lt and the current cell wall length l, is in conjecture with
Lockhart’s equation, which states that the walls elastically counteract these forces and the
walls can stretch until a certain threshold. The two Lagrange constants in the equation, λA

and λM , determine the cell’s resistance to compression or stretching and the spring constant
of the cell walls, respectively. This Hamiltonian is minimised using the Metropolis algorithm,
which consists of two steps. A simplified overview of this algorithm is shown in Figure 1. At
first, the algorithm will try to move a randomly chosen node in a randomly chosen direction
using the formula

x⃗new = x⃗+ ξr⃗ (2)

where r = {ρ, θ} is a random vector within the unit circle with the pre-defined algorithm
step size ξ. The second step consists of recalculating the Hamiltonian and then the energy
difference ∆H. If the energy decreases, the algorithm will always accept the step, and if the
energy increases, the algorithm will accept the step using the probability described in Equation
3: {

1 if ∆H < 0

exp (−∆H/T ) if ∆H > 0
(3)

where T stands for the Boltzmann temperature, allowing some noise in the model and pre-
venting the model from getting stuck in local minima. After trying all the nodes, the last step
of the algorithm is to check if the Hamiltonian is below the relaxation threshold θh. If not,
the algorithm will again try to move the nodes, and if it reaches a correct state, the system is
considered to be in equilibrium.
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Figure 1: A simplified schematic of the Metropolis algorithm. Image from the paper by
Merks et al. [12].

2.1 Expansion of waterflux

Lockhart described the intake of water using the equation

dV

dt
= ALa(Ψext −Ψ) (4)

where the water is described as a flux through a semi-permeable membrane, with the membrane
having surface A and permeability La. The cell water potential Ψ is calculated as

Ψ = P − π (5)

where the hydrostatic pressure P tends to expel water and osmotic pressure π, which tends
to attract water into the cell, which in the case of a single solute of concentration c, can
becalculated using π = RTc. where R is the ideal gas constant and T the temperature. [3].
In the case of our model, we want to split the fluxes into two separate flows: the symplastic
and apoplast flux. This model was designed for one elongating cell, so to extend this model
into a multicellular model, we have to extend Equation 4 into this context, where we model
the water uptake for cell i:

dVi

dt
= AiL

a
i (P

M − Pi)−
∑
j∈n(i)

AijL
a
ij(Pj − Pi) (6)
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On the left side of the right part of the equation, the asymplastic flux is calculated roughly
the same as in Equation 4; however, the water potential is defined differently. Instead of the
potential inside and outside of the cell, the maximum turgor pressure PM is used to calculate
the maximal water uptake. We also assume that the water can move freely in the apoplasm
space, as there are experiments that indicate that the extracellular space is not limiting the
water movement [22]. On the right side, the symplastic flux is described as a sum over all
neighbours n(i) of cell i and the wall surface Aij they share with permeability La

ij. We make
another assumption here, as we take the aforementioned osmotic pressure π to be constant.

2.2 Dividing mechanisms

In this study, two different division rules will be studied. In the next sections, each of these
division rules will be expanded on.

2.2.1 Errera’s rule

The division over the shortest axis, as described by Errera [17], is already implemented within
the current version of virtualleaf. To do so, virtualleaf calculates the inertia tensor and de-
termines the shortest axis of the cell to place the new cell wall. We can define any cell in
virtualleaf as an n-sided polygon, which we can use to calculate the moment of inertia tensor,
which can be noted as:

I =

[
Ixx Ixy
Iyx Iyy

]
(7)

where the individual inertia tensors are calculated using the triangulation of the polygon, where
the vertex between two nodes forms the opposing side. This results in the separate calculation:

Ixx = Σn
i=1(y

2
i + yiyi+1 · Ai) (8)

Iyy = Σn
i=1(x

2
i + xixi+1 · Ai) (9)

Ixy = (xiyi+1 + xi+1y) · Ai (10)

and Ai is the area created by the triangulation of the two nodes.
From this tensor, the largest eigenvalue is calculated and describes the longest axis over which
the cell will divide. This tensor is then rotated 90 degrees to calculate the shortest axis.

2.2.2 Random division

The division over the random axis is discussed in the protocol of virtualleaf [23]. The random
division is similarly implemented in this study. At every division cycle, the program chooses a
random angle using Knuth’s subtractive method. In this angle, the new cell wall will be placed.

2.3 Observables

As indicated in Equation 1, the left part of the Hamiltonian represents the area constraint of
the cell. We can use the derivative of that to calculate the turgor pressure in the cells, which
becomes the following equation:

Pi = 2λa(AT (i)− a(i)) (11)
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where Pi stands for the pressure within cell i with the target area AT and the current area
a(i), where the pressure over the whole cell is uniform, as the volume conservation is placed
on the whole cell. A negative sign means the cell is able to relax the walls, a positive sign
means the cell is under pressure [24].
The right part of the Hamiltonian represents the aforementioned wall length constraint. Using
the lengths of the walls, which are being tracked in the model, we can calculate the circum-
ference by summing up the vertices that form a cell. The area of the cell is determined using
the same information, as we know the position of the nodes. The shoelace formula makes it
possible to calculate the area of an n-sided simple polygon using a counter-clockwise sorted
sequence of points. Using the triangulation formula that is defined as:

A =
1

2

n∑
i=1

(xiyi+1 − xi+1yi) (12)

Where xi, yi are the coordinates of the nodes that make up the polygon [25]. As all the cells
in virtualleaf are defined as a closed convex polygon with a set of vertices and edges, the
calculations of the area are defined using this equation.

2.4 Implementation

virtualleaf offers a command-line interface to enable the user to simulate the tissue without
entering the graphical interface [23]. For the simulations in this paper, the 2.0.0 version of virtu-
alleaf was used, released on 19 November 2024 (see Section 6.1 for more information)[26][12].
The standard set of parameters is used, except when noted otherwise. The maximum time
(maxT in virtualleaf) is set to 1000 to ensure a full simulation with all the cells reaching
their end state. The XML and PNG storage stride (xml storage stride and storage stride pa-
rameters, respectively) are activated and are captured every 500 and 100 steps. The graphical
images of the cells are screenshots with the fluxes mode enabled and the other modes disabled.
All the starting states of the simulations are available as supplementary material. A total of
20 repeats is used for each simulation.
The expansion of waterflux has been programmed inside virtualleaf with the use of the plugin
functionality of virtualleaf, which empowers user to write their own models and simulate them
[23]. The first procedure that has been changed is the assignment of the target area of the cell.
The target area, as defined in Equation 1, will be defined by the amount of water in the cell,
which is defined as a chemical in the model. The amount of water, established as chemical 1
in the model, is a variable of each of the cells in the tissue. When the cell divides, it will divide
the water equally between the daughter cells. Inside the plugins, the cell’s housekeeping, which
will be performed in the last step of the algorithm as described in Figure 1, the interaction with
the exterior and neighbouring cells can be modelled, facilitating the modelling of the fluxes.
In Section 2.1, the fluxes for one cell are described in Equation 6, which is implemented in the
following way: firstly, the first part of the right side of Equation 6 can be calculated under the
CellDynamics function, where the intake of water from the asymplastic flux can be calculated
from the theoretical apoplast. Again, the maximum turgor pressure is defined as 100, as well
as the value being divided by 10000, to prevent this part of the equation from taking over
the waterflux, as otherwise the cells would only shrink, which has been experimentally defined.
The wall length and surface area can be obtained from virtualleaf code. Secondly, the second
part of the right side of Equation 6 can be computed under the CellToCellTransport function,
which handles the flux between two cells that share a wall or interface.

11



3 Results

3.1 Exploring tissue topology without the waterflux implemen-
tation.

3.1.1 Tissue growth shows a similar two phase pattern between division
methods.

To test which effect the different division rules have on tissue topology and pressure, the
division methods were simulated from the virtualleaf default starting position, shown in Figure
2. In the upcoming section, the pressure, area and number of neighbours will be reviewed in a
similar procedure as in the paper by Long et al. [20], where the correlation between the area
and the number of neighbours, pressure and number of neighbours and the pressure and area
will be discussed.

Figure 2: The default starting state in virtualleaf, where the simulations will start from.

In Figure 3, an example of the end state of the three different division methods is shown, after
4000 timesteps. The end states show almost no difference in shape, as both end states are
shaped in a circular form. However, we see that the edges of the random division are rough
compared to the edges of the Errera division end state. Another argument that the shapes look
alike is the radial growth, as the assumption that is used in virtualleaf generates this tissue.
An interesting detail is the shape of the cells in the tissue in the end state: all the cells have a
round-like shape, but not all are as round as others. In the border regions of the tissue, cells
have a more elongated shape, whereas the cells in the middle of the tissue look flattened. This
shape and position within the tissue are thus key to different properties, as expected, which
will be discussed later.

In Table 1, we can also see that there are small differences between the number of neighbours,
pressure and area on average. In total, 20 simulations were done, and the t-tests were per-
formed on the 20 independent averages. The table shows that the difference in the number of
neighbours and area is noticeable, as the number of neighbours differs significantly. The same
is shown for the average pressure of the cells in the simulations, where the Errera model has
significantly lower pressure. However, the area of the cells does not seem to differ.
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(a) (b)

Figure 3: End states of the generation of tissues using the different division mechanisms.
(a)The end state of a cell with the Errera division procedure. (b) The end state of a cell
with the random axis division procedure.

In Video 1, the growth process of tissue is shown using Errera’s rule. As can be seen, the
growth has different phases, where all the cells divide at once and where all the cells grow.
This is expected due to the assumption the model makes, where all the cells have a constant
growth rate and consequently give the round shapes that are visible in Figure 3. It is even
more visible when the normalised pressure for each cell is plotted, as illustrated by Figure 4;
the graphs show the cells’ centroids, coloured according to the amount of pressure. A bluer
shade of colour implies a cell which is in a relaxed state, while a redder shade of colour implies
that the cell is under pressure. In each of the division methods, we can observe that there is a
’division’ and ’growth’ phase. For example, Figure 4a shows that not all the cells on the outside
of the tissue are under stress. However, the cells in the middle of the tissue are under pressure,
as expected if the cells are all surrounded by other cells. The end states of the cells have just
finished dividing and are thus in a ’growth’ phase. In the ’division’ phase, the pressure of the
cells in the middle is released by dividing, distributing the pressure over the daughter cells.
This also poses more pressure on the cells between the outside cells and the divided cell, giving
a ring-like shape to the pressure. As shown in Figure 4d, the other division method also shows
these phases, which are in line with observations made by Hofler et al. [18], who also report a
ring-like stress in radially growing tissue. To further support these findings, the growth of the
random axis division can be seen in Video 2.
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(a) (b)

(c) (d)

Figure 4: The ’growth’ and ’division’ phase of the basic model. (a) ’Growth’ phase of the
Errera division model. (b) ’Division’ phase of the Errera division. (c) ’Growth’ phase of
the random division. (d) ’Division’ phase of the random division.

Number of Neighbours Pressure Area
Model Type Average standard deviation Average standard deviation Average standard deviation
Errera model 6.20 0.02 320.04 126.97 370.24 87.71
Random axis 6.49 0.01 313.29 127.02 371.64 97.36

t-test t = 3.64, p = 2.7e− 4 t = 3.63, p = 2.7e− 4 t = −1.10, p = 0.2

Table 1: Number of Neighbours, Pressure and Area of 20 simulations of each model.

3.1.2 virtualleaf experimentally overshoots the perfect number of neighbours.

To have a more in-depth view of the topology of the tissue, the first notion of Lewis will be
discussed [27]. In Figure 5 the neighbour distribution is shown, with the number of neighbours
plotted on the x-axis, which can also be seen as the number of edges a cell has, as each edge
interface of the cell is shared with another cell and the average amount of cells per simulation
on the y-axis over 20 simulations. As in line with Lewis’ observation, most of the cells have
6 neighbours, also satisfying Euler’s principles as argued by Gibson [9]. Table 1 confirms the
suspicion that the average number of neighbours is bigger than 6, overshooting the perfect
number of neighbours in an infinite tissue. This may be because of the shape and the position
of the cells, as discussed earlier. In the tissue in Figure 3, the cells in the middle of the tissue
can be seen to have more neighbours. The opposite is found at the border region, where
the cells tend to have fewer neighbours. Together with the fact that the tissue divides in a
‘ring’ shape fashion, it should be expected that the model has a bit more than 6 neighbours
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on average, as the ring also pushes cells inwards, where there are more cells and thus more
neighbours on average.

(a) (b)

Figure 5: The number of neighbours on average for each division procedure. (a) The aver-
age neighbour distribution of the end state tissue with the Errera division rule procedure.
(b) The average neighbour distribution of the end state tissue with the random axis divi-
sion procedure.

3.1.3 The Lewis law is not adhered to by virtualleaf.

To confirm the Lewis’ law introduced in Section 1, the number of neighbours a cell has is
plotted against the normalised area of the cells. In Figure 6, the results are plotted, with the
number of neighbours on the x-axis and the normalised area on the y-axis, calculated by taking
the average area of all the cells within the tissue. The bottom of the box represents the first
quartile, the middle line the median and the top of the box the third quartile. The spread
outside this box is represented by the whiskers, which show an outlier by 1.5 times the first
and third quartiles. The outliers outside of these are represented with hollow dots.
The choice was made to only show the range of neighbours which have a representable amount
of cells in each simulation, which was chosen to be the range of 4 to 8. Figure 6a and 6b are
the distributions in the end state, and Figure 6c and Figure 5b are the ’division’ states.
In Table 2, the Pearson coefficient, p-value and r2 value are shown to investigate this potential
linear relationship.
The table shows that only in two different phases of each of the division methods, in the
Errera division phase and the random axis growing phase, there seems to be a somewhat linear
relation between the number of neighbours and area. The table also shows that the number of
neighbours explains the variance in the normalised area very weakly for all the phases, showing
that there may be other factors more dependent than the number of neighbours. However,
for the other two phases, the Errera division phase and the random axis division phase, the
coefficient illustrates no correlation, supported by the p-value.
Another important data result shown by the graphs is the large spread in the data, making the
observations in Table 2 explainable, as the large spread in the data suggests no explicit trend
in the data. More interesting, in Figure 8b, the graphs show a lot of outliers, illustrated by the
hollow dots, noting that the random axis model is noisier as opposed to the Errera model, due
to the random division it makes.
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(a) (b)

(c) (d)

Figure 6: The normalised area plotted against the number of neighbours for each division
model in the end state, over 20 simulations each. (a) The normalised area plotted against
the number of neighbours for the Errera model in the end state. (b) The normalised area
plotted against the number of neighbours for the random axis model in the end state. (c)
The normalised area plotted against the number of neighbours for the Errera model in
the last ’divide’ phase before the end state. (d) The normalised area plotted against the
number of neighbours for the random axis model in the last ’divide’ phase before the end
state.

Model Phase Pearson coefficient p-value r2

Errera model Growing 1.80e-3 0.87 3.23e-6
Dividing 0.32 1.75e-262 1.02e-1

Random division Growing 0.34 7.25e-216 0.12
Dividing 0.02 0.12 3.71e-4

Table 2: The Pearson coefficient, p-value and r2 value for each of the relations between
the normalised area and the number of neighbours for each division method and phase.

3.1.4 Neighbour number weakly explains increment of cell pressure.

Another interpretation for the number of neighbours was made considering the pressure of
each of the cells. The normalised pressure, normalised over the average of the total pressure
of each cell, is plotted against the number of neighbours in Figure 7. A negative pressure
means that the cell is able to relax the walls of the cell; a higher number means the cell is
under pressure. The bottom of the box represents the first quartile, the middle line the median
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and the top of the box the third quartile. The spread outside this box is represented by the
whiskers, which show an outlier by 1.5 times the first and third quartiles. The outliers outside
of these are represented with hollow dots.
Again, the choice has been made to show only the number of neighbours that range from 4
to 8 for the aforementioned reason. In Table 3, the Pearson correlation is calculated for each
of the division methods and the phase. As well as the coefficient, the p-value and the r2 are
shown.
The figures show that there is a small increase of pressure with the increase of the number
of neighbours; the biggest increase can be seen in the random axis model, where there is
a big different between the average pressure of the 4 neighbours and the 8 neighbours cell,
which is also shown by the Pearson correlation coefficient in Table 3. Moreover, the p-value
illustrates that there is some correlation to be found. However, the low r2 demonstrates that
the number of neighbours weakly explains the variation in the normalised pressure. Moreover,
the models show a lot of outliers for the cells with 4 neighbours, captivating cells with a higher
pressure than the cells on average. This shows that there are cells that are under high pressure
despite not having a lot of neighbours, which can be explained by the fact that cells with
less neighbours are commonly found at the edges of the tissue (see Figure 3), where the low
pressure around the edges can be seen in both phases in Figure 4, as they are not being put
under the pressure by the environment, due to virtualleaf not enforcing any stress or pressure
from the environment. These outliers are the cells which are not in the outside ring but are
instead found inside the tissue. All the plots show a big spread in values, where the biggest
differences are seen between the 4 and 5 neighbours. From 5 neighbours on, the pattern is
different; smaller differences between the averages and a smaller spread of the values show
that these cells are more homogeneous than the cells with a smaller number of neighbours.
This can also be caused by the fact that there are more cells on average with that amount of
neighbours (as shown in Figure 5). The phase in which the tissue shows a difference in this
pattern. This big spread also coincides with the low r2 values, as the high spread in the data
makes it difficult to interpret the correlation.
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(a) (b)

(c) (d)

Figure 7: The normalised pressure per number of neighbours for each division method and
phase, averaged over 20 simulations. (a) Normalised pressure per number of neighbours
for the Errera division in the ’growth’ phase. (b) Normalised pressure per number of
neighbours for the random axis division in the ’growth’ phase. (c) Normalised pressure
per number of neighbours for the Errera division in the ’division’ phase. (d) Normalised
pressure per number of neighbours for the Errera division in the ’division’ phase.

Model Phase Pearson coefficient p-value r2

Errera model Dividing 0.20 1.90e-75 0.04
Growing 0.30 2.16e-225 0.09

Random division Dividing 0.34 7.25e-216 0.12
Growing 0.30 1.72e-162 0.09

Table 3: The Pearson coefficient, p-value and r2 value for each of the relations between the
normalised pressure and the number of neighbours for each division method and phase.

3.1.5 Area and pressure relations differ per phase.

To further investigate the pressure of the cells, the plots in Figure 8 show the normalised area
plotted against the normalised pressure, both normalised by dividing by the total mean area
and mean pressure, respectively, in a scatterplot. The graphs show that the cells are grouped
into two different clusters in both the phases and the division methods. In the ’growth’ phase,
the cells are clustered into a group of small cells with low pressure and a cluster with a varying
size but with high pressure. In the ’division’ phase, the clusters are reversed, which should be
the case: the cluster with large cells under large pressure are the dividing cells and the other
cluster are the resting cells, as shown in Figure 8c and in Figure 8d.
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To investigate the correlation between the two variables, in Table 4, the Pearson coefficient is
shown for the clusters together, showing a negative correlation for the dividing phase, but a
positive correlation for the growing phases. This looks to be the very opposite in the graphs.
A re-evaluation was done by splitting the cluster by spectral clustering using Scikit learn [28]
and re-running the Pearson coefficient tests.
The clusters are shown in Figure 9 and the accompanying coefficients are shown in Table
5, which show different numbers than the coefficients in Table 4. A negative correlation is
confirmed, but in the clusters themselves, the correlation is very strong, with the exception of
cluster 1 in both of the division phases. The r2 shows that within the clusters with a negative
Pearson coefficient, almost half of the variance in the normalised pressure can be captured by
the normalised area, but it is different per cluster. In the Errera division in the growth phase,
cluster 1 is better explained by the normalised area than cluster 0, while in the Random axis
division in the growth phase, this is the other way around. In the division phase, we see that
only in cluster 0 the variance in the area is partly explained by the pressure.
This is very interesting as compared to the model in Long et al. [20], where the authors also
found a negative correlation between the area and the pressure, but with the water flux model.

(a) (b)

(c) (d)

Figure 8: The normalised pressure plotted against the normalised area for each division
model, over 20 simulations. (a) The normalised pressure plotted against the normalised
area for the Errera model in the ’growth’ phase. (b) The normalised pressure plotted
against the normalised area for the random axis model in the ’growth’ phase. (c) The nor-
malised pressure plotted against the normalised area for the Errera model in the ’division’
phase. (d) The normalised pressure plotted against the normalised area for the random
axis model in the ’division’ phase.
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(a) (b)

(c) (d)

Figure 9: The new cluster approximated by the spectral clustering algorithm. (a) The
clustering for the two clusters for the Errera division procedure in the ’growth’ phase.
(b) The clustering for the two clusters for the random axis division procedure in the
’growth’ phase. (c) The clustering for the two clusters for the Errera division procedure in
the ’division’ phase. (d) The clustering for the two clusters for the random axis division
procedure in the ’division’ phase.

Model Phase Pearson coefficient p-value r2

Errera model Dividing -0.19 2.34e-68 0.04
Growing 0.20 1.61e-113 0.04

Random division Dividing -0.18 1.40e-57 0.03
Growing 0.2 4.08e-85 0.04

Table 4: The Pearson coefficient, p-value and r2 value for each of the relations between
the normalised pressure and the normalised area for each division method and phase.
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Model Type Phase Cluster Pearson Coefficient p-value Rˆ2
Erreramodel Growth 0 -0.72 0 0.52

1 -0.89 0 0.79
Division 0 -0.71 0 0.52

1 -0.18 1.28e-5 0.03
Randomaxis Growth 0 -0.87 0 0.77

1 -0.71 0 0.50
Division 0 -0.68 0 0.46

1 -0.09 1.26e-3 8e-3

Table 5: The Pearson coefficient, p-value and r2 value for each of the relations between the
normalised pressure and the normalised area for each division method and phase, divided
over the clusters as shown in Figure 9

3.1.6 Conclusions on the topology of the virtualleaf model.

In this chapter of the paper, various topological properties of the virtualleaf model have been
studied and discussed. The model generates a distribution that resembles that of tissue in
nature, with a variety of different cell shapes and sizes, but the other data show that the
spread of the pressure and the area is so large, that it is difficult to make conclusions about
the concrete relations between the pressure and number of neighbours and the area of the
number of neighbours, as compared to the study done by Long et al. [20], who succeeded
in showing a negative correlation between pressure and number of neighbours and a positive
correlation between the area and the number of neighbours.
However, it is shown that virtualleaf might be able to capture the relation between area and
pressure, like the model made by Long et al. [20], showing a negative correlation inside clusters,
resembling the negative correlation in the paper.

3.2 Analyzing the effects of the waterflux implementation.

3.2.1 Waterflux pressure introduces different behaviours in a two-cell model.

To capture the effect of the waterflux on the tissue as in nature, the virtualleaf model will be
expanded with waterflux application as discussed in Section 2. This addition is the next step
in the development of virtualleaf to simulate cell growth better in resemblance to nature and
to confirm the in vivo experiments as in the paper by Long et al. [20] [3].
As described in Section 2, this model is expanded similarly to the model by Cheddadi et al.
[3]. The cells’ target area is now based on the amount of water in the cell, and the area tries
to expand to that target area. The cell can take up or give off water to the neighbours and
exterior through their walls, following Equation 4 and grow or decrease following this equation.
The ϕa and ϕs can be proportionally modelled to the permeability La and Ls, and the wall
extensibility is conveniently calculated in the virtualleaf Hamiltonian as the parameter λM (see
Equation 1). The osmotic pressure is kept constant.
There are two dimensionless parameters that influence the system dynamics:

• αs, formally described in the paper as αs =
ϕs

ϕa+ϕs , where ϕs describes the symplasmic
conductivity and ϕa the asymplastic conductivity. This results in the parameter charac-
terising the relation between these two parameters, where a value of 0.5 is a balance
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between the two, a value below 0.5 an asymplastic dominance and a value above 0.5 a
symplastic dominance. This value is bounded between 0 and 1.

• αa, formally described in the paper as αa = ϕa

ϕw+ϕa , where ϕa describes the aforemen-
tioned asymplastic conductivity and ϕw the cell wall extensibility. This parameter can
also be interpreted as the balance of growth control between these two parameters,
where a value of 0.5 is an equilibrium between the two, a value below 0.5 indicates more
control by cell wall extensibility and a value above 0.5 indicates more control by the
asymplastic conductivity.

The first step of the exploration is to start with a simple two-cell model and show the growth
behaviour it demonstrates using different parameters. The starting state of the two-cell model
is shown in Figure 10, where there are two approximately equal-sized cells with a starting
condition of 400 water in each cell and with an endstate at 5000 timesteps. The growth is
capped at 1000 units of water to give the best presentation of the water in the cells.

Figure 10: The starting state of the two-cell model. The cells share a wall, where the
symplastic fluxes are being calculated.
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(a) (b) (c)

(d) (e) (f) αs = 0.5, αa = 0.9

(g) αs = 0.1, αa = 0.1 (h) αs = 0.1, αa = 0.5 (i) αs = 0.1, αa = 0.9

Figure 11: The outcome of the two-cell model in 9 different parameter settings as described
earlier. The figures are placed such that the αs value increases on the x-axis and the αa

value on the y-axis. (a) αs = 0.9, αa = 0.1 (b) αs = 0.9, αa = 0.5 (c) αs = 0.9, αa = 0.9
(d) αs = 0.5, αa = 0.1 (e) αs = 0.5, αa = 0.5 (f) αs = 0.5, αa = 0.9 (g) αs = 0.1, αa = 0.1
(h) αs = 0.1, αa = 0.5 (i) αs = 0.1, αa = 0.9

In Figure 11, nine different simulations’ end states are shown. On the x-axis, the αa is increased
and on the y-axis, the αs is increased. The blue tint of the cell is proportional to the amount of
water the cell has. In Video 3, the growth of the balanced cell is shown, where both cells grow
to be around the same size. When αa is low, we see that the cells tend to lose a lot of water
to their surroundings, as can be seen due to the size of cells in Figure 11a. However, we see
that the right cell is significantly bigger than the left cell. This discrepancy in area size is also
seen for the other cells in this column, where we see an obvious area difference between the
two cells. The complete growth cycle is shown in Video 4, where it can be seen that the bigger
cell prevents the smaller cell from growing by acquiring all the water. An outlier is illustrated
for the low αs low αa case in Figure 11g, where the standard deviation is the highest in the
table. A possible explanation may be virtualleaf ability to handle smaller cells (as the cells are
comparatively the smallest in terms of area of all the simulations), as the program tends to
struggle with smaller areas.
This different ratio between the cell growth is illustrated by the other simulations of the model:
in Figure 12, the growth of the area over time can be seen. With a balanced and high αa, we
observe that the cells are almost the same size and are all fairly round in shape and are equally

23



big, meaning that the walls are not able to relax the turgor. This difference can be clearly seen
in cases where the walls are able to relax the turgor, such as in the case of a high αa, where
there is a really low pressure. The unbalanced growth is also shown to have different regimes:
in the lower corner, the cell almost completely prevents the cell from growing, while in the
other case, the other cell has grown a little bit.
The contrast in pressure is well shown in Table S10, where the pressure varies widely between
the differences in αa, with a high αa giving a lower pressure, nearing the 0 pressure inside a
cell, and a lower αa giving a higher pressure. There are even cases where the pressure acquires
a negative value, in the case the cell has to lose water to its surroundings to lose the pressure.
The standard deviation of these simulations is also interesting: the standard deviation in all
the cases appears to be very low, meaning that there is not a lot of variance in the repeats of
the simulations.

Figure 12: The difference of the area over time

The simulation shows that there are two noticeable categories in the behaviour of the two-cell
model that can be defined.

1. A balanced growth, where both the cells grow equally big and the cell walls expand the
cell

2. An unequal growth, where one cell prevents the other cell from growing.

To separate these two categories, in Figure 13 a phase plane is sketched on a 0.1 scale for the
two-cell model. In Area I, on the left side of the blue line in Figure 13, the two cell models
show an unbalanced growth behaviour. In Area II, the balanced cell growth can be found.
The simulations show a somewhat similar pattern to the model in the paper by Cheddadi et al.
[3]. In the paper, the authors explain that they also found a set of parameters where the one
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Figure 13: A simple phase plane, where on the x-axis αs is plotted and on the y-axis αa.
Area I depicts the unbalanced growth area, Area II the balanced growth.

of the cells prevents the other cell from growing and a set of parameters where the two cell
methods shows a balanced growing behaviour, but find a different phase plane as compared
as in Figure 13, as well as different levels of unbalanced growth in the behaviour, indicating
that the simulations of this model in this paper may not captivate the complete complexity of
the waterflux model the authors propose [3].

3.2.2 Wall softening causes growth inequalities with certain parameter sets.

In Section 3.2.1 the observation was made that there are different behaviours when it comes to
a two cell model, showing similarities to the model of Cheddadi et al. [3] To further encapsulate
and compare the model, the model will be extended the same way as the aforementioned
paper proposed using a numerical example where the shoot apical meristem is modelled. In
earlier studies, it was observed that differences in growth rate can be triggered by the local
manipulation of the cell wall mechanics [29]. In the case of a SAM, the observation is made
that there are certain bump cells which have a higher growth rate, due to the fact that the
walls have a lower elastic modulus. In this experiment, we imitate the setup established by
Cheddadi et al.: in virtualleaf, a cell will be grown with Errera division and three cells will be
selected, as shown in Figure 14.
The bump cells are marked with a red ‘x’, where the wall stiffness is halved. Based on the
previous observations in this model, the differences in growth rate are most present with a
high αs, representing a high flux between the two cells compared to the symplastic flux and
with a low αa, representing the control of cell wall stiffness. Another argument that has not
been explored in detail in this thesis is the role of the outside water potential, described as
the osmotic pressure, which has to be set at the correct level to encourage cells to grow. To
investigate the effect of growth heterogeneity, we will have two cases where the heterogeneity
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is lowered and one where the heterogeneity is heightened, to compare the observations.

• The lower cell-to-cell conductivity set (CC-), where the αs is set to a lower value, where
the expectation is that every cell will grow with the same rate and no difference will be
seen with the bump cell. The used parameters are αs = 0.1 and αa = 0.5.

• The higher fluxes control set (ALPHA+), where the αa is set to a higher value, where
the expectation is that only the bump cells will be able to relax the walls by the pressure,
but still with high growth rates. The used parameters are αs = 0.5 and αa = 0.1.

• The lower osmosis pressure set (OP-), where the osmotic pressure is lower, to increase
the growth rate differences, as a lower cell wall stiffness should enable the bump cells to
grow quickly. Instead of the 100 standardly defined in the model, the osmotic pressure
will be set to 50.

• a reference set (REF), using a balanced setup of both αa and αs. The used parameters
are αs = 0.5 and αa = 0.5.

.

Figure 14: The starting tissue for the numerical examples.

In Figure 15, the results of a single simulation are shown after 10000 timesteps for each of the
reference sets. The bump cells are the top cells, which can be seen by the thinner walls that
are drawn by the virtualleaf interface. In Figure 15e and 15f, the area and the turgor pressure
of the bump cells, respectively, are shown over time for each model, over the 10000 timesteps
the tissue has been simulated.
Interestingly, the ALPHA+ and CC- set, Figure 15b and 15a respectively, show that the bump
cells did not grow larger than any of the cells in the border region of the tissue. However, all
the cells outside of the border region grew less, giving all the cells in the border region a bigger
area. In both sets, this behaviour is seen. This is in contrast to the reference and the OP- set,
which are represented in Figure 15d and 15c. In the OP- set, the effect of the lower osmotic
pressure is visible due to the size of the tissue and the bump cells being smaller than the rest.
This is also illustrated in Figure 15e, where the bump cell growth is shown for all the models.
The growth for the OP- model is the slowest of all the models, where other models grow their
bump cells quickly. The reference set has the highest growth rate, and the ALPHA+ and CC-
sets show a similar growth rate with their bump cells.
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Comparing this to the model made by Cheddadi et al. [3], there are differences to be noted.
The reference set shows similar behaviour, as in the paper, the authors also discuss the bigger
area bump cells, as can be seen in Figure 15d. It is interesting that the bump cells have a
lower turgor pressure on average than the other cells, which is also discussed by the authors.
Moreover, the authors also see the same growth pattern arise with OP- set, where the tissue
is smaller and the cells grow more slowly. There is a difference to be seen in the area of the
bump cells, where the growth seems to flatten in the virtualleaf model. This could be due to
the fact that the authors did not simulate the tissue for long enough to show this drop in
growth.
The main differences are the CC- and the ALPHA+ set, as they grow very differently. In the
CC- set, the authors show that all cells grow, and the turgor pressure lowers in the bump cells.
However, as Figure 15a shows, the virtualleaf model does not adhere to this same behaviour.
When the turgor pressure is studied, the bump cells do match up with the observation made
by the authors, where the turgor pressure drops over time, as shown in Figure 15f where a
small drop of pressure can be seen, but the turgor in the virtualleaf seems to be very unstable
as compared to the turgor pressure in the Cheddadi et al. paper [3].
The border heavy growth is also shown by the ALPHA+ set, as shown in Figure 15b. The tissue
shows that cell walls are very rigid, as demonstrated by the graphical interface of virtualleaf in
the picture. This also shows disparity with the Cheddadi et al. [3] study, as the authors show
a less rigid cell, with pronounced bump cells. In the virtualleaf model, the turgor in the bump
cells shows a drop, but a more direct drop compared to what was found by Cheddadi et al.
[3]. The unstable pressure, mentioned in the CC- set, is also observed here.
However, the reference and OM set lead to a growth pattern which resembles the author’s
model. The bump cells are very much defined as they grew larger than the other cells, but at
different rates, as shown in Figure 15e. The difference in results shows in the turgor pressure,
where the turgor pressure of the bump cells in the virtualleaf model remains constant, as can be
seen in Figure 15f, but the other cells gain pressure over time, which is the opposite Cheddadi
et al. observed. However, the lower turgor pressure in the non-bump cells is a pattern that the
authors do recognise. This is also important as the authors propose this mechanism as the
flux-based lateral inhibition in their model, which looks to also be present in this model, as
the bump cell prevents the other cells from growing [3].
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(a) (b)

(c) (d)

(e)

(f)

Figure 15: The end states of one simulation of the bump cell tissue, from the starting
point as described in Figure 14. (a) The end state of the CC- set, after 10000 timesteps.
(b) The end state of the ALPHA+ set, after 10000 timesteps. (c) The end state of the
OP- set, after 10000 timesteps. (d) The end state of the ref set, after 10000 timesteps. (e)
Bump cells’ average area over time, for each model. (d) Bump cells’ and non-bump cells’
average turgor pressure over time, for each model.
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3.2.3 Conclusions on the analysis.

In this section, we experimented with the waterflux in two different settings, where we got
some interesting results compared to the model it was based on. The two-cell model, where
we studied two cells growing, shows that there are two different behaviours that arise from
the parameter space we have: one where both the cells grow equally and one where one cell
grows more than the other, preventing the other cell from growing. This behaviour shows
similarity with the Cheddadi et al. [3], where the authors also proposed a phase plane like in
Figure 13, but in more detail. Next, we experimented with a simulation proposed by Cheddadi
et al. [3], where we studied the wall loosening as observed in the shoot apical meristem,
which shows that growth rate differences can be triggered by wall manipulation [29]. Four
different parameter sets were tested, and the virtualleaf showed similarities for two different
simulations, but showed differences in the other two. However, the possible lateral inhibition
feedback observed by Cheddadi et al. [3] may also be present in this model.

3.3 The waterflux model shows different topological character-
istics.

3.3.1 Different division methods show dissimilarity in shape and size.

To explore how the waterflux and the division methods affect the topology, the different division
rules will be used to grow a tissue using the waterflux addition to the model. Both αa and
αs are set to 0.5 to ensure a balanced growth in all the cells, as observed in Figure 11e and
in Figure 13. Starting from the same starting tissue as described in Figure 10, the tissue was
grown over 12000 timesteps, as compared to the 10000 timesteps in Section 3.1.1 to ensure
a big enough tissue. Further simulation of the tissue resulted in unstable simulations, so the
choice was made to cut off the simulation at that point.

(a) (b)

Figure 16: End states of the generation of tissues using the different division mechanisms
using the Waterflux after 12000 timesteps. (a) The end state of a cell with the Errera
division procedure using the Waterflux. (b) The end state of a cell with the random axis
division procedure using the Waterflux.

In Figure 16, two examples of the end states of the division methods are shown. In the figure,
the blue shade represents how much water is in the cell. The first thing that is immediate is the
size of the tissue: the waterflux-based model grows slower compared to the model described
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in Section 3.1.1. The cells do have the round shape previously observed, but the edges are
rougher on all models. At the edges, the cells do not form a smooth boundary, but rather have
different sizes and create bumps in the boundary region to the outside. The cell shapes differ
widely, with elongated, round and flattened cells at different spots in the tissue. In Video 6,
the growth is shown for a tissue with the Errera division method, where there is less of a phase
difference to be seen, as cells at different places in the tissue divide, giving a more diverse
division pattern and a less heterogeneous growth. There is also a noticeable difference between
the division methods, where the division method can be seen to be very different. The best
example of this can be seen in the random axis division in Figure 16b, where in the left upper
edge, there are really oblongated cells.
The statistics in Table 6 show that the division methods are different over 20 simulations.
For the number of neighbours, pressure and area, a t-test is performed to test whether the
difference is significant between the averages, and all the differences seem to be significant.
This is mainly interesting for the values of the pressure and the average, which have a big
spread compared to the average number of neighbours in the previous model in Section 3.1.1,
making the difference significantly important.

Number of Neighbours Pressure Area
Model Type Average Standard Deviant Average Standard Deviant Average Standard Deviant
Erreramodel 5.85 2.32 27.35 27.60 420.53 85.74
Randomaxis 4.67 2.59 30.98 29.24 423.82 82.56

t-test t = 13.59, p = 4.09e− 29 t = −5.22, p = 5.07e− 7 t = 5.57, p = 5.41e− 10

Table 6: The average number of neighbours, pressure and area of each of the division
methods using the waterflux over 20 simulations.

3.3.2 The waterflux model undershoots the perfect number of neighbours.

To further examine the first observation of Lewis [27], the neighbour distributions are plotted in
Figure 17 as well as the average number of neighbours per cell in Table 6. It can be recognised
that the average number of neighbours is under 6, the perfect number as attained by Lewis.
For the random axis procedure, the number is under 5, further enforcing the random noise. The
low number of timesteps done by the simulation may be an explanation for the undershooting
of the average, as the number is close to 6 with the number of cells as shown by Gibson et al.
[30].
The large standard deviation, as compared to the previous model, where the number of neigh-
bours is portrayed in Table 1, can be well seen in the distributions in Figure 17. Rather than
the placement of the distribution to the right of the perfect number 6 in Figure 5, we see a
shift to the left. After the count of 6 numbers, the number of cells quickly drops off. The big
difference can be explained by how the tissue is being divided; instead of going through the
phases as described in Section 3.1.1, the cells divide based on the water pressure, which is
more dependent on their neighbours and the water uptake through the apoplast, resulting in
lower amount of neighbours on average and a different growing pattern.
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(a) (b) .

Figure 17: The neighbour distribution of the three division methods with the waterflux
expansion. (a) The neighbour distribution of cells with the Errera division procedure
using the waterflux. (b) The neighbour distribution of cells with the Random axis division
procedure using the waterflux.

3.3.3 There is no correlation between area and neighbour number

To test whether the Lewis’ law, the linear relation between cell area and number of neighbours,
holds, the number of neighbours is plotted against the normalised area in Figure 18. The
normalised area is calculated using the average over the whole tissue. The bottom of the
box represents the first quartile, the middle line the median and the top of the box the third
quartile. The spread outside this box is represented by the whiskers, which show an outlier by
1.5 times the first and third quartiles. The outliers outside of these are represented with hollow
dots. The linear relation is again studied by calculating the Pearson coefficient: in Table 7, the
Pearson coefficient is calculated. As can be seen in the table, a small correlation is found, but
it does not explain the variance very well, as indicated by the r2 values in Table 7. It is also
shown in Figure 18 that no significant trend can be seen, as well as a large spread as seen
earlier in the simulation of the previous model (as seen in Section 3.1.1, adding uncertainty to
the data. This shows that the data suggests that the Lewis’ law does not hold in this model,
as compared to the findings of Long et al. [20], who found that in their model, this positive
correlation can be found, but with a consistently smaller spread in the data as well.
In comparison with the previous model, the observation seems to match. In the previous model,
no significant correlation was also found, confirming that the addition of waterflux does not
change the growth patterns across the tissue.
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(a) (b)

Figure 18: The normalised area of cells against the number of neighbours for the two
division methods with the waterflux expansion over 20 simulations. (a) The normalised
area of cells against the number of neighbours for the Errera division procedure using
the waterflux.(b) The normalised area of cells against the number of neighbours for the
random axis division procedure using the waterflux.

Model Pearson coefficient p-value Rˆ2
Errera model 0.09 2.25e-3 8.06e-3
Random division 0.10 5.66e-3 9.78e-3

Table 7: The Pearson coefficient, p-value and r2 value for each of the relations between the
normalised pressure and the number of neighbours for each division method and phase.

3.3.4 The pressure of the cells does not change much with the neighbour
number.

To see whether the pressure correlates with the neighbour number, Figure 19 illustrates the
number of neighbours on the x-axis and the normalised pressure on the y-axis. The pressure
is normalised by the average over the whole tissue. The normalised area is calculated using
the average over the whole tissue. The bottom of the box represents the first quartile, the
middle line the median and the top of the box the third quartile. The spread outside this box
is represented by the whiskers, which show an outlier by 1.5 times the first and third quartiles.
The outliers outside of these are represented with hollow dots.
In Figure 19, the graphs show that the data does not change with the number of neighbours.
To confirm this, the Pearson coefficient is calculated in Table 8 as well as the corresponding
p-value and the r2 value. This table shows a very low Pearson coefficient, as well as a p-value
indicating that there may be no correlation, as the p-value for the Errera model is higher than
0.05 and random division at 0.03. These values, as well as the boxplots in Figure 19, suggest
that there is no relation between the number of neighbours and pressure in the waterflux
model.
Compared to the model made by Long et al. [20], this shows a dissimilarity: the model shows
a negative correlation between the number of neighbours and pressure. The addition of the
waterflux to the model has not been able to replicate this same behaviour.
As compared to the previous model, the aforementioned showed a weakly explained correlation,
whereas in this model, there seems to be no better correlation.
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(a) (b)

Figure 19: The normalised pressure against the number of neighbours of the two division
methods with the waterflux expansion over 20 simulations. (a) The normalised pressure
against the number of neighbours for the Errera division procedure. (b) The normalised
pressure against the number of neighbours for the random axis division procedure.

Model Pearson coefficient p-value Rˆ2
Errera model 0.05 0.06 3.15e-3
Random division 0.07 0.03 5.55e-3

Table 8: The Pearson coefficient, p-value and r2 value for each of the relations between
the normalised area and the number of neighbours for each division method.

3.3.5 Pressure and area form one cluster

Lastly, Figure 20 shows the normalised area plotted against the normalised area, both nor-
malised by dividing by the total mean area and mean pressure, respectively. In both the division
methods, no strong correlation is observed between normalised pressure and normalised area,
indicating that pressure remains relatively independent of area in these simulations. This is
also confirmed by the Pearson coefficient shown in Table 9. However, the p-value indicates
that the correlation may not be 0. The data points are widely dispersed around zero in each
plot, with no evident linear or non-linear trend. In the Errera division procedure in Figure 20a,
the cells seem to be concentrated near the 0 area of the pressure, but have a large spread
between the areas, while the longest axis also seems to have a bigger spread on the pressure
axis. Overall, the normalised pressure appears largely uncorrelated with normalised area in all
three division models, supporting the conclusion that, within these simulations, cell area is not
a strong predictor of pressure dynamics across models.
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(a) (b)

Figure 20: The normalised pressure against the normalised area of cells with the waterflux
expansion over 20 simulations. (a) The normalised pressure against the normalised area of
cells with the Errera division procedure using the waterflux. (b) The normalised pressure
against the normalised area of cells with the Random axis division procedure using the
waterflux.

Model Pearson coefficient p-value r2

Errera model -0.08 1.25e-3 7.22e-3
Random division -0.05 0.04 3.33e-3

Table 9: The Pearson coefficient, p-value and r2 value for each of the relations between
the normalised area and the number of neighbours for each division method.

4 Discussion

4.1 Results

In this paper, we used the virtualleaf model to study the topological properties and the effect of
the turgor pressure on these topological properties. Two different division methods were used
when growing tissue, to determine the effect of each of these procedures: the Errera division
method, which uses the shortest path of the cell to divide and the random division method,
which chooses a random division in the cell to divide. We then extended the virtualleaf model
with the waterflux as theorised by Cheddadi et al. [3], introducing a new turgor pressure based
on the amount of water that is inside a cell, as well as the addition of two parameters which
influence: αa and αs, which model the relation between the wall synthesis and the apoplasmic
fluxes and the relation between the apoplasmic and symplasmic fluxes, respectively. This ad-
dition was first tested in the case of a simple two-cell model, where the two parameters were
investigated. This was further expanded into a multicellularity context, where an experiment
resembling a shoot apical meristem was conducted, to see the effect of wall stiffness on the
growth and waterfluxes inside this system. Lastly, the new model was studied in the light of
the pressure and topology, with the same two division methods as in the first model.
In Section 3.1.1, we showed that the default virtualleaf model grows a circular-shaped tissue,
where the number of neighbours is close to 6, but goes over this number. Calculations also
show that there is no significant correlation between the area and number of neighbours and
the pressure and number of neighbours, due to the big spread in the data that results from
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this model. However, an interesting correlation that does show is within the pressure and area
when clustered, which shows a surprising similarity with the model of Long et al.[20].
Section 3.2 describes the behaviour that arises when the waterflux expansion is added; in the
default virtualleaf model, this is not implemented, while it is an essential part of the growing
and shrinking of the cell area [3]. We show that two different behaviours arise, similar to the
model by Cheddadi et al. [3], with an unbalanced growth and a balanced growth behaviour. This
paper also illustrates the phase plan on a low level, showing that the similarities are striking.
More detailed simulations are necessary to create a detailed phase plane and to compare with
the findings by Cheddadi et al. [3], to gain more insight into the virtualleaf model and the
workings of the waterflux expansion. In Section 3.2.2, we introduced a multicellular simulation,
where we simulated a model based on the shoot apical meristem. In this simulation, three cells
inside a bigger tissue had their wall stiffness halved, to trigger growth inequalities [29]. The
simulation showed that for two different parameter sets, the cells with halved wall stiffness
grew bigger and had different turgor pressure than the cells which did not have this wall
manipulation done. However, the simulations also showed differences with the study, where
the bump cells did not grow bigger, but the cells in the border region all grew large, while the
cells in the middle of the tissue did not. A potential cause may be the low cell-to-cell flux,
preventing the middle cell from growing, as they have many neighbours compared to border
region cells. Another potential cause may be the size of the cells, as the cell sizes were not
all the same, which is a big difference compared to the study done by Cheddadi et al. [3].
However, one of the sets showed the same behaviour that the authors found in a flux lateral
inhibition, which shows that the virtualleaf model is able to reproduce this process.
In Section 2.1, the same topology aspects as in the first chapter, but with the newly built
waterflux expansion. These results show different values as compared to the default virtualleaf
model, as the growth pattern is different. Despite this, the model shows no significant corre-
lation between area and neighbour number, pressure and neighbour number and pressure and
area, contrary to the model on which it is based [20].
Moreover, the two-cell dynamic study showed that the simple additions to the model resulted
in three different behaviours arising from the different parameter sets: a balanced growth
with high and low pressure and an unequal growth, in which one cell grew observably larger
and quicker, preventing the other cell from growing. To further explore this mechanism and
a possible deeper tissue connection, a soft wall model was studied. These results failed to
replicate the earlier observation in the two-cell model, but also the observation made by
Cheddadi et al. using the same setup, indicating that this model still needs refinement to
completely encapsulate the inner workings of waterflux in larger tissue.

4.2 Limitations and potential extensions

During the modelling, certain assumptions were made to make the model more abstract. Firstly,
one of the simplified compartments is the apoplast space, which is defined as a space where
water flows freely, shared by all the cells, where the cell osmotic potential and the apoplasmic
water potential are constant over the whole apoplast. This assumption is too strong compared
to nature, where the apoplast is very different: it is very much dependent on the position
of the cell within the tissue [31]. The osmotic potential is also not defined as a constant,
but is different over the whole tissue of the plant [32]. These factors make the assumption
that every cell has access to the same apoplast very general, as in the biological case, every
cell has access to a different apoplast, which may even be dependent on the topology of the
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cell [31]. A potential extension to the model could be the explicit modelling of the apoplast
and the topology of a tissue, for example, by extending it into the third dimension. The
virtualleaf model is exclusively built in the two-dimensional space, where it is able to simulate
flat tissue. However, most plant tissue and organs operate in the three-dimensional space.
Expanding virtualleaf into a three-dimensional modelling environment could open the door
to simulating whole plant architectures and biomechanical interaction between layers inside
the tissue. This would involve the incorporation of three-dimensional meshes instead of two-
dimensional polygonal cells, extending the growth rules into three-dimensional space, the wall
division procedure and the diffusion of chemicals across the new three-dimensional gradients.
Moreover, this would also allow the virtualleaf data to not only be used on two-dimensional
microscopy, as shown by Grosseholz et al. [33], but also on three-dimensional microscopy
like confocal scanning, allowing more precise comparison between the model and nature. An
alluring first step would be to model forces at the bottom and top of the tissue, exploring
the effect of a curve on a flat tissue, which could represent many biological cases, such as
ferns [34] [35]. However, the expansion into the third dimension comes with an even larger
computational cost, as computational power is already a big challenge in modelling.
Lastly, a crucial assumption made by both models is the trigger for cells to divide. In the
models, the area of the cell is chosen as a trigger for the cell to divide. However, the division
trigger of plant cells is regulated by a complex interplay of positional cues and signals within
the tissue. For example, research by Willis et al. [5] showed that cells in the shoot apical
meristem of the Arabidopsis do not go into the dividing phase at a set size. Instead, research
by D’Ario et al. [36] showed that cells gauge their size by the DNA content in the cell by
the KRP4 protein, which binds to the DNA. Like this, cells can measure their size and react
to environmental and developmental signals [36]. This makes the cell division process very
challenging to model, but these papers could serve as a starting point for a new cell division
procedure.
A potential future research in the model could be the simulation of more timesteps for the
waterflux models. In this study, the simulation had a maximum of 12000 timesteps. When
simulating further, the computing time ramps up massively, and the simulation crashed, making
the calculations too difficult for the model. It should be noted that this was done in the ALICE
environment of Leiden University, illustrating the computational power the waterflux model
requires. This could be optimised in future studies as well, in the form of the model or virtualleaf
itself.
In Section 1, an overview was given of the state of research for the division rules. The most
recent discovery of the confirmation of the stress-based division, where the cell divides based
on the stress, is one of the most accurate division rules yet [18]. Stress has not yet been
implemented in virtualleaf and can potentially explain the division of cells in a more realistic
way. A thesis by Kok [37] implemented stress-based division in virtualleaf, where it was shown
that the cell walls in virtualleaf behave differently than in the model by Louveaux et al. [38],
who discovered this rule. The thesis proposed different cell wall yielding mechanics to properly
assign the right division axis, but this method is not compatible with the newest version of
virtualleaf [37]. We also introduced the Lewis’ law, but there is research ongoing for more laws
as well. A different formulation was described by Aboav and Weaire on another observation
made by Lewis, ‘cells with less-edged have a tendency to be in contact with many-edged cells‘.
Crystallographers refined this theory into the formally known ‘Aboav-Weaire law‘ (AW-law)
[39]. The Weaire form of this law is written as the average number of neighbours of the n-sided
cell’s neighbours mn as mn = (6 − a) + 6a+µ2

n
, where µ2 is defined as the variance of the
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neighbour distribution over the whole tissue and a is a constant that controls this relation,
which is typically defined as a = 1.2, as it holds in different biological tissue. However, this
formula has shown deviations and errors in cells with 5 to 8 sides and in different structures, a
can change considerably and has to be estimated for every tissue [15]. A possible mechanical
explanation has been proposed for this law, where Vetter et al. propose that the AW-law
emerges from the minimisation of the lateral contact surface energy: when a cell has many
neighbours, it tries to reduce the number of neighbours by assuming a more regular shape,
closing down on the angle in the junction with other cells, giving way to cells with more
neighbours, as the angles at junctions have to always sum to the 360 degress, implying the
AW-law to hold [40]. However, this study has yet to be peer-reviewed but may offer an insight
on the workings of this law. This law should also be a very interesting law to study in the
future.
Finally, it should be noted that the simulation in Section 14 shows an abnormality, mainly
for the simulations for the CC- and the ALPHA+ set. Potential issues have been discussed
in the previous section, but the balance between the apoplast flux and symplasmic flux is
a consideration. In the simulations, the apoplast flux was divided by 100000 to keep the
cells in balance while growing. However, this has some further-reaching implications, as this
makes the impact of this part of the Hamiltonian less present. Importantly, the equations
controlling the water intake have been built with another form of turgor pressure in mind [3]
[20], so more research should be conducted to generalise this turgor pressure in the virtualleaf
model, by giving it a unit of measurement. Another less discussed point is the choice of the
osmotic pressure, which is also an experimentally assessed value which could be more precisely
determined.

5 Conclusion

In this paper, the effect of the pressure on the topology and the division methods is studied
on plant tissue generated by virtualleaf, with and without the extension of the waterflux-based
growth in the cells. The simulation in virtualleaf has shown that the data is too widely spread
to make concrete conclusions about most of the relations between the pressure and topological
properties of the tissue. However, the relations between the area and the pressure can be partly
explained by a negative correlation, which is an interesting discrepancy from the other data.
The waterflux model introduced showed that the waterflux behaviour as shown by Cheddadi
et al. [3] can be replicated in virtuallea and that the model can even show the flux-lateral
inhibition on a multicellular level. However, these simulations showed a lot of discrepancies.
Finally, the topology of the waterflux model was studied and showed no significant relations,
despite an earlier model built by Long et al. [20] showing negative and positive correlations
between topology and pressure. This thesis serves as a starting point into the study of the
topology of virtualleaf, as there are many assumptions which may be relaxed to create a
more realistic, close to nature resembling tissue, as the development of virtualleaf itself still
continues.
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6 Supplementary information

6.1 Code

All the code used can be found on https://github.com/wvenemans/master-thesis.
The repository for virtualleaf, including the newest version, can be found at
https://github.com/rmerks/virtualleaf2021 [12].

6.2 Supplemental figures and videos.

6.2.1 Videos

All the videos are online to watch with the vimeo links. Alternatively, all the videos can also
be found in the Github repository mentioned in Section 6.1.

• Video 1: An example of a tissue growing in virtualleaf using the Errera division proce-
dure, until the 4000 timesteps is reached. Available at: https://vimeo.com/1111933858

• Video 2 An example of a tissue growing in virtualleaf using the random axis division pro-
cedure, until the 4000 timesteps is reached. Available at: https://vimeo.com/1111933904

• Video 3 A balanced growth between two cells in the two cell model. Available at:
https://vimeo.com/1111934041

• Video 4 An unbalanced growth between two cells in the two cell model. Available at:
https://vimeo.com/1111934068

• Video 5 An example of a tissue growing in virtualleaf using the Errera division porce-
dure with the waterflux expansion, until the 4000 timesteps is reached. Available at:
https://vimeo.com/1111933927

• Video 6 An example of a tissue growing in virtualleaf using the Random axis division
procedure with the waterflux expansion, until the 4000 timesteps is reached. Available
at: https://vimeo.com/1111933982
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6.2.2 Tables

Simulation Cell Number Average Area Standard Deviation Average circumference Standard Deviation Average pressure Standard deviation

High αs, low αa Cell 0 993.11 0.77 107.26 1.94 13.79 1.55

Cell 1 669.97 87.35 87.04 3.20 17.76 2.26

High αs, balanced αa Cell 0 999.21 0.68 115.76 2.13 1.59 1.36

Cell 1 999.44 0.43 113.13 1.85 1.12 0.86

High αs, high αa Cell 0 999.83 0.70 129.04 3.24 0.33 1.39

Cell 1 999.51 0.74 125.94 4.39 0.98 1.49

Balanced αs, low αa Cell 0 992.72 0.88 107.08 2.33 14.55 1.77

Cell 1 703.81 123.17 89.08 6.40 17.66 2.48

Balanced αs, balanced αa Cell 0 999.23 0.56 114.17 1.95 1.53 1.12

Cell 1 999.22 0.66 113.24 2.28 1.55 1.31

Balanced αs, high αa Cell 0 999.94 0.66 127.83 3.26 0.12 1.31

Cell 1 1000.03 0.54 125.12 3.89 -0.06 1.09

Low αs, low αa Cell 0 399.49 103.77 88.01 8.34 99.24 7.23

Cell 1 31.12 31.16 35.81 9.66 151.91 23.14

Low αs, balanced αa Cell 0 999.46 0.65 114.66 1.77 1.08 1.30

Cell 1 999.19 0.65 113.28 2.26 1.61 1.31

Low αs, high αa Cell 0 999.20 0.70 126.16 4.09 1.60 1.40

Cell 1 999.52 0.67 118.93 1.89 0.95 1.35

Table 10: The area, circumference of the 9 cells that are shown in Figure 11. Cell 0 is the
rightmost cell and cell 1 the leftmost cell in the figures.
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