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Abstract

The Lattice Isomorphism Problem (LIP) asks whether an isometry exists
between two n-dimensional lattices. Existing algorithms either lack strong
theoretical runtime guarantees despite practicality, or fail to fully utilize
the available geometric information. In this thesis, we address this gap by
presenting a geometric approach that involves a reduction to the Spherical
Code Isomorphism Problem (SCIP). By leveraging bounds on spherical codes,
we develop an algorithm achieving an n®™ time complexity for a specific
class of exponentially sized codes, highlighting the potential of this approach.
By examining the failing cases of this initial algorithm, we introduce an
additional structural bound. This allows us to generalize our approach into
an algorithm capable of handling any arbitrary spherical code, achieving a

runtime of no("3/2) .
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1 Introduction

A common algorithmic task in mathematics is to decide whether two objects
are isomorphic. In the context of lattices, this problem is known as the Lattice
Isomorphism Problem (LIP), which asks whether there exists an isometry that
maps one n-dimensional lattice to another. The LIP is a seemingly hard problem,
as most known algorithms require computing the shortest nonzero lattice point,
which itself is known to be NP-hard [KhoO4]. These include the theoretically best-
known algorithm, discovered by Haviv and Regev [HR13], and the best practical
algorithms.

One such practical algorithm is to reduce it to an instance of the Graph
Isomorphism Problem (GIP) [Sik+20], which, despite having a worse provable time
complexity, due to the exponential size of the constructed graphs, performs well
in practice. This is likely attributable to hidden structures in these graphs, which
make GIP easier to solve than in any arbitrary pair of graphs.

Haviv and Regev’s algorithm enumerates all n"*°(™ solutions to a LIP (Corol-
lary 2.8) in time n'"t°(  While this runtime is optimal up to a constant in the
exponent, its sheer magnitude seems to make the algorithm impractical for actual
computation. Furthermore, the algorithm is based on the generalized isolation
lemma, which does not appear to utilize all of the available geometric information
of the given lattices.

These observations reveal a significant gap in the literature, and raise the
question of whether there exists an alternative algorithm that leverages more
geometric information, making it more suitable for practical applications, whilst
also maintaining a strong theoretical runtime guarantee. In this thesis, we present
one such geometric approach to the LIP. We do this by reducing the problem
to finding isometries between spherical codes, which we call the Spherical Code
[somorphism Problem (SCIP), and demonstrating algorithms solving this particular
task.

1.1 Overview

As shown in Proposition 2.15, the set of shortest vectors of a lattice induces a
spherical code: a collection of points on a hypersphere with a given minimal distance
between them. Using this fact, in Section 3, we reframe the first computational
step of Haviv and Regev’s lattice isomorphism algorithm ([HR13, Algorithm 2]) as
an explicit reduction from LIP to SCIP.

In order to analyze the time complexity of our algorithms, we first investigate
bounds on the size of spherical codes in Section 4. We begin by exploring theory
related to the linear programming bound by Delsarte, Goethals, and Seidel [DGST77].
In particular, we will be restating the sphere packing bound by Cohn and Elkies



[CE03]. Afterwards, we amplify the spherical code bound by Delsarte, Goethals,

and Seidel to obtain an explicit bound that applies to larger codes. We do this via

a straightforward adaptation of the “tensor power trick” by Tao [Taol3].
Subsequently, in Section 5, we first give a naive algorithm establishing a baseline

time complexity of 20<"2), followed by a more thorough approach, presented in
Algorithm 3. The strategy involves recursing on lower-dimensional spherical codes,
by taking specific hyperplane intersections or “slices” of the input codes. We choose
these slices in such a way that their induced spherical codes get repeatedly sparser
every recursive step. This geometric property constrains the code sizes each step,
pruning the search space drastically to obtain a time complexity of n®™ . Despite
reaching the theoretical limit up to a constant, it is only applicable to a certain
class of exponentially sized spherical codes, since the algorithm may fail whenever
it cannot find a suitable slice. Nevertheless, this result shows the potential of this
geometric approach.

In Section 5.3, we present a similar yet more complicated algorithm applicable

to any arbitrary pair of spherical codes, with a worst-case runtime of no(”m). We
motivate this strategy by showing an example of a spherical code which fails the
special case algorithm, and highlight why this should be one of the easier cases.
We formalize this observation in a new structural bounding method, leading to
a recursive scheme that splits the dimension of the codes to create two distinct
branches. The first branch mirrors the geometric pruning of the special case
algorithm, whereas the other branch leverages the new structural bound effectively.
Since trying to force the search space in one branch results in an expansion in

the other, we balance these competing penalties to end up with the n°(**) time
complexity.

2 Preliminaries

2.1 Linear Algebra

An Euclidean vector space is a finite-dimensional real inner product space (V, (-, -)).
For a set S C V', we write span S for the smallest linear subspace of V' containing
S and St to be the orthogonal complement of S in V. For a subspace U C V, we
denote 7y : V — U as the orthogonal projection onto U, and similarly 75z := w0
as the orthogonal projection onto U*. An isometry O : V; — V5 between two
Euclidean vector spaces is a map satisfying (O(v), O(w)) = (v, w) for all v,w € V;.
The set of all isometries from V; to V5 is denoted by O(Vy, V3).



2.2 Lattices and the Lattice Isomorphism Problem

Definition 2.1. A lattice L is a discrete subgroup of an Euclidean vector space.
We call dim £ := dimspan £ the dimension of L.

Definition 2.2. Two lattices £, and L, are isomorphic if there exists an isometry
O : spanL; — span Ly such that O(Ly) = L5. The isometry O is called an
isomorphism between L£q and Ls.

There are various formulations of the Lattice Isomorphism Problem. The
simplest to state is the decision problem of determining whether two given lattices
are isomorphic. We will use the following version.

Problem 2.3 (Lattice Isomorphism Problem (LIP)). Given two n-dimensional
lattices £; and Lo, enumerate the set

Isom(Lq, L) := {0 € O(span Ly, span L) | O(Ly) = Ly} .

Indeed, the decision version of the LIP reduces to Problem 2.3 by simply
checking whether Isom(Ly, £5) is empty. Haviv and Regev [HR13] have presented an
algorithm that solves Problem 2.3 in time n!'®"*°( 1 This runtime is theoretically
optimal up to a constant in the exponent, as the integer lattice Z", for example,
has precisely 2" - n! = n"*°(™ automorphisms. It turns out that this is also the
asymptotic upper bound for the size of Isom(L;, £y) for any pair of lattices, as
we will establish in Corollary 2.8. Unlike the decision version, this enumeration
variant provides a strict upper limit on the output complexity, making optimal
performance a well-defined target to reach.

We emphasize that Problem 2.3 asks for an enumeration of the set of isomor-
phisms, not merely a representation, as Isom(L, £2) can be also be identified as a
group whenever £, and L5 are isomorphic.

Fact 2.4. Let £; and £, be isomorphic lattices and let ¢ € Isom(L;, Ly) be an
isomorphism between £; and L,. Then (Isom(Lq, L2),04) is a group, where

o4 : Isom(Ly, L) x Isom(Ly, L) — Isom (L, L2)
(01,02) — 010 ¢ 0 Oy,

with identity element ¢, and inverses given by OT = ¢oO~to¢ for O € Isom(Ly, Ls).

!This exponent is derived from computing the sets W; in Algorithm 1 of [HR13], which utilizes
the algorithm from Corollary 2.16 with a target dual norm multiplier of ¢ = 5n!7/2, requiring the
evaluation of (2t - n%/2 4+ 1)™ = (10n'° 4 1)" integer coefficient combinations.



Evidently, a lattice £ is always isomorphic to itself via the identity map
id : span £ — span L. Aut(L) := Isom(L, £) is thus naturally a group, called
the automorphism group of L. You can easily show that

Isom(ﬁl, LQ) = Aut(ﬁl) = Aut(ﬁg) (].)

By a computational standpoint, any algorithm must take an input of finite size.
As most lattices consist of infinitely many elements, we will implicitly represent
them with a basis in each of the stated algorithms.

Definition 2.5. Let B = (b1, ..., b,) be a tuple of R-linearly independent elements
of an n-dimensional lattice £. The tuple B is called a basis of L if

L= {Xn:czbl|c€Z”}

i=1
Fact 2.6. Every lattice admits a basis.

Moreover, using this representation of a lattice, Corollary 2.8 is a direct conse-
quence of the following result by Friedland.

Theorem 2.7 ([Fri97, Theorem 3]). Let G be a finite subgroup of GL,,(Q). Then
the order of G is asymptotically bounded by 27 - n! = nnte().

Corollary 2.8. The size of Isom(Ly, Lo) for two n-dimensional isomorphic lattices

L1, L5 is asymptotically bounded by n"o(™).

Proof. By the isomorphism relation from 1, we may assume without loss of generality
that £ := £, = Ly. Let B = (by,...,b,) be a basis of L. Every automorphism of £
maps B to another basis B’ of the same lattice, meaning that Aut(L£) is isomorphic
to a subgroup of GL,(Z) C GL,(Q). Because the discreteness of L restricts the
basis image O(B) of any O € Aut(L) to the finite set

{ze L]zl =loully x---x{z e L[] = [ball},

the subgroup Aut(L) is finite. We conclude that [Aut(£)| = n"*°™ by Theorem 2.7.
[

Similarly to vector spaces, we can define the dual of a lattice as all linear forms
that take integer values on the lattice. As we work in Euclidean vector spaces, we
can naturally identify linear forms with vectors via the inner product, and thus we
define the dual as follows.

Definition 2.9. The dual of a lattice £ is defined as

L :={vespan L | (v,w) € Z for all w € L}.
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We will also be referring to the covolume of a lattice.

Definition 2.10. The covolume of a lattice £L C V is defined as
det £ := |det B|,

where B is a matrix represention of a basis of L.

One can also view the covolume as the volume of a fundamental cell: a paral-
lelepiped enclosed by a lattice basis which tiles its ambient vector space.

Lastly, we will use the fact that for every v € span L, there is always a closest
lattice point x € L. Their distance ||v — z|| is bounded by the covering radius of
the lattice.

Definition 2.11. The covering radius of a lattice L is defined as

p(L) = max min|lv—z.

2.3 Spherical Codes

The first step of our algorithm is to compute the set of nonzero shortest vectors.

Definition 2.12. The set of shortest vectors of a lattice £ is defined as
S(L):={vel]lv]=AL)},
where

ML) = i .
(£) Jin o]l

In our algorithms we will use the following result by Micciancio and Voulgaris.

Theorem 2.13 ([MV10]). There exists an algorithm that, given an n-dimensional
lattice £, enumerates S(£) in time 20,

Now we show that S(L£) induces a spherical code.

Definition 2.14. A finite set S is called a spherical (n, «)-code if
1. every element of S is a unit vector in some Euclidean vector space;
2. dimspan S is equal to n; and

3. max {({x,y) | distinct z,y € S} =: a(9) is equal to a.?

2We use the convention max @ = —oo to cover the case |S| < 1.



Proposition 2.15. The set of nonzero shortest vectors & of an n-dimensional
lattice £ induces a spherical (d, «)-code

satisfying d < mn and a < 1/2.

Proof. By the discreteness of £, S is a finite set of unit vectors, making it a
spherical (d, a)-code for some d and «. Clearly, d < n as S C span L. We may
assume without loss of generality that & = S by scaling £ appropriately. Let
v,w € S C L be distinct shortest vectors, such that their inner product (v, w) is
equal to a. By the fact that v — w € L, we obtain the inequality

1= AL < flo—wl” = ol + wl® = 2(v,w) = 2 = 2(v, w),
and thus a = (v, w) < 1/2. O

Bounds on spherical codes have been studied intensively in literature. Exact

values
A(n,a) == max |S]
spherical (n, a)-code S

are known for some pairs (n,a), but in general, only upper and lower bounds have
been established. The famous kissing number problem is to determine A(n,1/2)
for every n € N, and is still open for n € N\ {1,2,3,4,8,24} [Mus06]. Many
general bounds on A(n,«) derived in the literature [CS88, sec. 1.2.6, pp.27-28]
assume a fixed maximum inner product « as the dimension n tends to infinity. Such
asymptotic bounds are unsuitable for the complexity analysis of our algorithms in
Section 5, where a varies throughout the search. Delsarte, Goethals, and Seidel
[DGST7], on the other hand, gave the explicit upper bound

n(l—a)2+(n+1)a)
1 — na?

A(n,a) < (2)
when 0 < @ < 1/4/n. This bound falls under the category of linear programming
bounds, which we will review in Section 4.1.

Akin to lattices, we can also define isomorphisms between spherical codes.

Definition 2.16. Let S; and S5 be spherical codes. An isomorphism from Sy to
Sy is an isometry O : span.S; — span Sy such that O(S;) = Ss. We denote the set
of all isomorphisms from S; to Sy by Isom(Sy, Ss).

Problem 2.17 (Spherical Code Isomorphism Problem (SCIP)). Given two spherical
(n, a)-codes with o < 1/2; enumerate Isom(S, Ss).
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2.4 The Symmetric Component of a Tensor Power
We will work in the k-th tensor power

VekE — VRV
N e’

k times

of an n-dimensional Euclidean vector space (V, (-,-)y). This is again a Euclidean
vector space with inner product (-, -) defined by

k
(V1 ® QU w ® -+ Qwy) = H<Ui;wi>V (3)
i=1
for vy, ..., vk, wy, ..., wr € V. In particular, we will work in the following subspace

of this n*-dimensional space.

Definition 2.18. A tensor x € V¥ is symmetric if s, (x) = x for every permutation
o € Sy, where s, : V& — V@ is the linear map defined by

Sg iU & QUE = Ug(1) @+ + & Ug(k)

for vy,...,v; € V. The set of all symmetric tensors in V¥ is denoted by Sym(V®*),
and is called the symmetric component of V&F,

Proposition 2.19. Let V be an n-dimensional real vector space and let k be a
positive integer. Then Sym(V®*) is a ("*¥~")-dimensional subspace of V.

Proof. The set forms a subspace as it is equal to the intersection of kernels

ﬂ ker(s, —id).

€Sy,
Let vy, ..., v, be a basis of V. Now we will show that the elements
Z Vigay @+ @ Vi,
€Sy,

for 1 <i; <--- <4 < n form a basis of Sym(V®*). Let z € Sym(V®*) C V®* be
a symmetric tensor and write

T = Z a’il,...,ik : U’il Q& Uik:
1<iy,.ig<n

for some coefficients a;, . ;, € R. The symmetry of x implies a;, . ; = a;
for every o € S and thus x is a scalar multiple of

E iy .y E : Vig () Q- Vig (k)

1<ip < <ip<n oESK

Cf(l)7"'7id(k>
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proving that the above elements span Sym(V®*). The elements are linearly inde-
pendent as no two of them share a common basis vector v;, ® --- ® v;, of Ve for
1 <14y,...,7 <n. Finally, there are (”ka_I) ways to choose 1 <4y < --- <1 < n,
thereby establishing the dimension. O

3 Reduction to Spherical Codes

The core algorithm of Haviv and Regev [HR13, Section 4.1] assumes that the input
lattices are well-rounded, i.e., their shortest vectors span the ambient space. Later,
in [HR13, Section 4.2], they show an algorithm that handles general lattices by
recursively reducing the problem to this well-rounded case. In this section, we
reframe this general lattice isomorphism algorithm as an explicit reduction to the
SCIP (Problem 2.17).

This reduction relies on the fact that isometries strictly preserve the shortest
vectors of a lattice. Ideally, in the well-rounded case, this property completely
reduces the problem to finding isometries between these finite sets. For general lat-
tices, however, a full isometry cannot be recovered from this set alone. To overcome
this, we project away from the subspace spanned by the shortest vectors to find and
combine isometries on the remaining dimensions, leading to the recursion scheme
in Algorithm 1. We begin by proving two properties of orthogonal projections.

Lemma 3.1. Let £ C L be lattices and let 7 : V — U~ be the orthogonal
projection iz, where U := span £’ C span £ =: V. Then 7(L) is a lattice.

Proof. By the linearity of 7, 7(£) is an additive subgroup of V. Suppose 7 (L) is
not discrete. This means 0 is an accumulation point of 7(L), so we can find a
sequence of points {x,}, .y C £ and assume without loss of generality that the
projections 7(x,) are pairwise distinct and bounded by ||7(x,)|| < 1 for all n € N.

For each n € N, we can decompose x,, as z, = w(z,) + u,, where u, € U.
Because L’ is a lattice in U, the distance from any point in U to its closest lattice
point in £ is bounded by the covering radius p(L£’). Thus, we can choose z!, € L’
such that ||u, — 2},|| < p(L') =: C for all n € N.

Now, define v,, = x,, — 2/, € L. Since 2}, € U, we have n(v,) = 7(z,), meaning
the constructed lattice points v, must be pairwise distinct. However, by the triangle
inequality, the norm of v, is bounded by

[onll = [l (2n) + wn — 2| < [[7(@za)[| + lun — 2] <1+ C

for all n € N. This yields infinitely many distinct points v,, € £ within a bounded
ball, contradicting the discreteness of £. Hence, 7(£) must be discrete. O



Lemma 3.2. Let O : V; — V5 be a surjective isometry between two Euclidean
vector spaces. For i € {1,2}, let U; C V; be a subspace such that O(U;) = Uy, and
let m; := 7y, : V; = U; be the orthogonal projection onto U;. Then the following
diagram commutes.

Vi —2 W

UlT>U2

Proof. Since the isometry O preserves orthogonality, it maps the orthogonal de-
composition Vi = U; @ Uf naturally to Vo = Us & UQL. Because the projections 7;
act precisely by isolating the U;-component of these respective decompositions, the
diagram commutes. O

Lemma 3.3. Let O be an isomorphism between two lattices £; and L,. Define
Vi == spanL;, S; = S(L;), U; := spanS;, and 7; : V; — U the orthogonal
projection 7= for i € {1,2}. Then the decomposition O = O|U1 & O‘U . induces

4 1

(i) a spherical code isomorphism O|U1 : Uy — U, between the spherical codes S
and S}, and

(ii) a lattice isomorphism O‘U . : Ut — U between the lattices m(£;) and
7T2(£2).

Proof. For the first part, we have O(S;) = S, as isometries are norm-preserving,
and thus O(S;) = S, as they are linear as well.

For the second part, note that £; N U; is a sublattice of £; for i € {1,2}, so
by Lemma 3.1, 7;(£;) are lattices as well. Additionally, by Lemma 3.2, we have
O(m(Ly)) = m2(O(Ly)) = m2(L2), so indeed O!U1L is a lattice isomorphism. O



Algorithm 1 Lattice Isomorphism Enumeration Reduction to Spherical Codes
Input: Two lattices £; and £, and an oracle A for enumerating isomorphisms
between spherical codes.

Output: Isom(Ly, Ls).

1. if £, = {0} and Lo = {0} then

2. return {0 — 0}

3: for i € {1,2} do

4: S; < S(L;) using Theorem 2.13.

5: m; <— the orthogonal projection from span £; onto the orthogonal comple-
ment of span S;.

6: if A\(£1) # A(L2) then

7. | return @

8: Isomgc A(Sl, SQ)

9: Isom, <~ RECURSE(7m(L1), ma(Ls), A).

10: for each Ogc € Isomgc and O, € Isom, do
11: O <+ Ogc @ O,.

12: if O(£1> = £2 then

13: | yield O.

Theorem 3.4. Algorithm 1 works correctly as specified and its time complexity is
asymptotically bounded by that of the oracle A.

Proof. Correctness follows directly by Lemma 3.3. By Corollary 2.8, the oracle A
runs in time €2 (n”*"(")) on any isomorphic pair of n-dimensional lattice-induced
spherical codes. Therefore, we must show that accumulated runtime of the loops
at lines 3 and 10 is n"to™,

For each of the r recursive calls, let n; denote the dimension of the spherical codes
induced by the input lattices, and note that their sum is equal to n. Computing
the sets of shortest vectors in the loop at line 3, takes time 2™ by Theorem 2.13
each call, so r - 20" = 20(n) < pnto(n) in total.

For i € {1,2}, let L; denote the smallest sublattice of £; containing its shortest
vectors 32 Observe that these lattices are n;,-dimensional and that the set of
lattice isomorphisms Isom(ﬁl, ﬁg) is equal to Isomgc from line 8, meaning that by
Corollary 2.8 this set is bounded by n?ﬁo(m) each call. This implies that the total
runtime of the loop at line 10 is

T

H n?tJrO(nt) < ﬁnnt—i-o(n) _ nn—s—o(n)’

t=1 t=1

as required. O
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4 Bounds on Spherical Codes

In order to analyze the complexity of our algorithms, we first need to establish
some bounds on A(n, «).

4.1 Linear Programming Bounds
Recall that for small @ we have the following bound.

Theorem 4.1 ([DGS77, Example 4.6]%). Let S be a spherical (n, a)-code satisfying
0<a<1/(14+/n+3). Then

S| < in®+ 3n.

This bound by Delsarte is an example of a linear programming bound. The
charm of LP bounds is that they are obtained through translating a discrete
geometry problem into a continuous analytical one. The underlying theory is deeply
rooted in harmonic analysis, which is not straightforward on the hypersphere as it
lacks a natural group structure. Rather than delving into how this exact bound
is achieved, we can illustrate the core mechanics of linear programming bounds
by temporarily deviating to sphere packings in Euclidean space R". Since R" is
a locally compact abelian group, we can utilize classical, much more manageable
Fourier analysis.

Specifically, we will present the proof of the sphere packing bound established
by Cohn and Elkies [CE03], which was later used by Viazovska to prove the optimal
sphere packing in dimensions 8 and 24 [Vial7; Coh+17]. As seen in Theorem 4.3,
finding a bound on an optimal packing reduces to finding an admissible function
f :R™ — R that satisfies a set of linear constraints, much like the theorem behind
Delsarte’s bound.

The goal in sphere packings is to pack R" with non-overlapping equal-sized
balls as densely as possible. We restrict ourselves to periodic sphere packings, as
any general packing can be apprioximated by a periodic one [CE03, Appendix A].

Definition 4.2. A periodic sphere packing P in R" is a union of balls B, , of
radius /2 centered at = + ¢ for every point z in a lattice £ and for every offset
t € {t1,...,tm}, such that for any two distinct offsets ¢;,¢; (1 < j <k <m) we
have

1. t; —tx ¢ L, and

2. |lx+t; —ty|| > r for every x € L.

3Delsarte gave a marginally stronger bound as shown in Equation (2), but the variant presented
here suffices for simplicity.

11



The packing density A(P) is defined as
m - vol By
det£L 7
where vol denotes the Lebesgue measure.

Theorem 4.3 ([CE03, Theorem 3.2]). Let f : R®™ — R be an admissible function
and r a positive real number, such that

L. f(0) = f(0) >0,
2. f(z) <0 for all z € R™ with ||z|| > r, and

3. f(t) >0 for all t € R™,

Then the packing density A(P) of any periodic sphere packing P in R™ is at most
vol Br/2 .

The admissibility of f is a technical condition ensuring absolute convergence,
which allows us to invoke Proposition 4.5 for any lattice L.

Definition 4.4. A function f : R” — R is admissible if there exist constants
C,9 > 0 such that

1f(@)], [f(@)] < O+ [Jef)™°
for all z € R"™.

Before we prove Theorem 4.3, we will state the generalization of the Poisson
Summation Formula.

Proposition 4.5 (Generalized Poisson Summation Formula). Let £ C R™ be a
lattice, f: R™ — R an admissible function, and v € R". Then

Zf(x+v) thZf 27rz:cv

zel T*eEL*
Proof of Theorem 4.3. Let P be a periodic sphere packing in R" defined by a
lattice £ C R™ and offsets t4,...,t,, € R". By the scale-invariance of the density,
we may assume without loss of generality that the spheres have radius r/2.
Summing twice over all offsets and using Proposition 4.5 yields

m m m m 1 R B
S Sa+ti—t) = oz O Janemernm
7j=1 k=1 z€L j=1 k=1 T*eLl*
1 X m . m .
_ Z f(.ﬁlf*) (Z 6271'1(90 ,tj>> (Z 6727rz<z ,tk>>
det £ reL* =1 k=1
1 < i
_ Z fA(.%'*) 2627”'(:): t;)
det L eyl =




Note that the right-hand side is at least m? - f (0)/ det L by the non-negativity of
f. On the other hand, we can upper bound the left-hand side by observing that

e when z =0 and j = k, we have f(z +t; — ;) = f(0) > 0, and

e otherwise, when x # 0 or j # k, we have |z +t; —tx|| > r, ensuring
flr+t;—tp) <O0.

This means the only positive contributions come from the m instances where z = 0
and j = k, yielding an overall upper bound of m- f(0). Combining these inequalities
we get

m - f(0) > m?- f(0)/det L,
which, after simplification, gives the desired bound on the density of P. n

4.2 The Tensor Power Trick

Theorem 4.1 is too weak for our purposes, as the maximum inner product of our
lattice-induced spherical codes will reach 1/2 (see Proposition 2.15). Fortunately,
we can amplify Theorem 4.1 almost effortlessly using the “tensor power trick”, akin
to [Taol3].

Proposition 4.6. Let V' be a real vector space and let £ be an odd positive integer.
Then

V — Yok

v —s ok

is an injective map.
Proof. Let v,w € V such that v® = w®*. For any linear form f : V — R, we have
f)F = ) = R w) = f(w)",

implying f(v) = f(w) since x — z* is injective over R for odd k. In other words,
f(v —w) = 0 for all linear forms f: V — R, hence v = w. O

Corollary 4.7. Let k be an odd positive integer and let S be a spherical (n, «)-code
satisfying

_ k1
0<a§<1+\/N+3> . where N::("+k )

Then
S| < IN?+32N.
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Proof. Let
S = {v*F e Ve v e S}

where V' = spanS. Then S’ C Sym(V®*) is a spherical (N’,ak)—code, by the
identity
(0%, w) = (v, w)"

for all v,w € V, and the fact that x — 2¥ is increasing for odd k. Moreover, we
have N’ < (”Jr]]:*l) = N by Proposition 2.19. Hence, applying Theorem 4.1 to S’
yields the desired bound on |S’|, and thus on |S| by Proposition 4.6. O]

Choosing k appropriately gives the following explicit exponential bound.

Theorem 4.8. Let S be a spherical (n, a)-code satisfying 1/ (1 +vn +3) < a <

1/2. Then
C Ca’n
51 (%)

for some absolute constant C' > 0.

Proof. Note that

1+VN+3<3VN

for N := ("+£_1) > 1. Hence, using the bound () < (ea/b)?, we have

~1/k ~1/k
(1 +VNF 3) > (3\/]\7) gk s gk [ R
e(n+k—1)

We require this lower bound to be at least «, which is equivalent to

6'32/k )
b2 (1—6-32/k-a2)a (n=1),

provided the denominator is positive. Since o < 1/2, we have e - a? < e¢/4 <
1. Therefore, for sufficiently large k, the term 3%** approaches 1, ensuring the
denominator remains strictly positive. In addition, this implies the fractional factor
is bounded from above by an absolute constant. Furthermore, the assumption
a>1/ (1 +vn+ 3) implies a*n > 1/9, bounding it strictly away from zero. This
guarantees that setting k as the largest odd integer not exceeding C’a?n, for a
sufficiently large absolute constant C” > 0, yields a valid k large enough to satisfy
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the inequality. The condition of Corollary 4.7 is thus met, and gives
|S] < §N? 4+ 3N < 2N?
_ (n +k — 1) 2
k
<2(e(n+k—1)/k)"
<2(ne(1+C"/4) /k)*

C Ca2n
Oé2

for some absolute constant C' > 0 if C’ is chosen sufficiently large. m

5 Algorithms

5.1 The Naive Approach

In Algorithm 1, we reduced LIP, which requires finding certain linear maps between
infinite sets, to SCIP, which requires finding maps between finite sets. This
reduction immediately yields a finite-time solution to Problem 2.3 via the naive
algorithm presented in Algorithm 2.

Algorithm 2 Naive Spherical Code Isomorphism Enumeration
Input: Si, Sy two spherical (n, «)-codes, satisfying a < 1/2.
Output: Isom(S;, Ss).

1: choose an arbitrary linearly independent n-tuple (vy,...,v,) € S}.

2: for each linearly independent n-tuple (wy, ..., w,) € Sy do

3: O < the linear map span S; — S5 defined by vy — wy, ..., v, — w,.
4: if O is an isometry satisfying O(S;) = Ss then

5: . yield O.

Moreover, Theorem 4.1 establishes that for sufficiently small «, the size of a
spherical code is polynomial in its dimension. Consequently, on this restricted class

of spherical codes, the naive algorithm already achieves our target complexity of
O(n)
n=".

Theorem 5.1. Algorithm 2 correctly enumerates Isom(Si,S2) in time 20(n?),
Furthermore, if « <1/ (1 ++v/n+ 3), then the algorithm runs in time n®®™.

Proof. Correctness is clear, and the time complexity is asymptotically bounded by
the number of iterations of the loop in line 2. The number of tuples checked is at
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most |Sz|". In general, Theorem 4.8 implies |Sy|" < (20(”))n — 20(n*). Additionally,
if « <1/ (1++/n+3), then Theorem 4.1 gives |Ss|" < (O (n?))" = n®™. O

5.2 The Special Case

The main idea behind Algorithm 3 is to find smaller dimensional spherical codes,
induced by taking a “slice” from the two given codes. Then, we recursively find
the isomorphisms of these smaller codes. A repeated decrease in dimension alone

still results in a 2°("*) time complexity, however. To actually achieve the goal
complexity of n®™ we choose these slices such that the maximal inner product of
their induced spherical codes decrease as much as possible at each recursive step.

Definition 5.2. Let S be a spherical (n, «)-code. We define a slice as
Hg(v,B) :=={h €S| (v,h) =p},

and its induced spherical code as

A 1

S(,B): =4 ———-7(h) | h € Hg(v,

for v € S and g € (—1, ], where 7 is defined as projection onto the orthogonal

complement {v}".

Proposition 5.3. Let S be a spherical (n,a)-code and let v € S and 8 € (—1, a].

Then S(v, ) is a spherical (n*, a*)-code satisfying n* < n — 1 and

* Y- 62
1— /32

Proof. Per definition, we have 5’(1},5) C {U}J_, proving n* < n — 1. Let hy, hy €

Hg(v,8) be distinct points and define hi- := 7% (h;) = h; — Bv for i € {1,2}.

span v

! with v = max {(hy, he) € R | distinct hy, hy € Hg(v,5)} < a.

Working out the inner product of the corresponding points in S (v, B), we obtain
1 v =B

S —— ((h1, hy) — B < = a*

1— 32 1— 32 (<17 2) 5)—1_52 «

Note that if § = «, we have a* < a/(1 + «). The decrease of the maximum

inner product (or equivalently the increase in angle) can visually be observed in
Figure 1.

Proposition 5.4. Let S; be a spherical (n, @)-code with a point v € S; such that
dim span S = n — 1 where S := S1(v, 3) for some 8 € (—1,a]. Let Sy be another
spherical (n, a)-code isomorphic to Sy via O : span S; — span Sy. Then O|{U}L is

an isomorphism between the codes S; and S§ := S,(O(v), ).

Proof. This immediately follows from Lemma 3.2. O
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hQ N h2L

Figure 1: On the left, a 3-dimensional spherical code S' is displayed, with a slice
Hg(v, B) highlighted in green. On the right, its induced 2-dimensional spherical
code S(v, ) is shown. One may visually observe that the angle between hy and hy
in the original code is slightly smaller than the angle between the corresponding
hi and hy in the slice-induced code.

Algorithm 3 Spherical Code Isomorphism Enumeration — Special Case
Input: S;, Sy two spherical (n, a)-codes, satisfying o < 1/2.
Output: Isom(Si, S2) or FAIL.
1: if @ <1/(1++/n+3) then
2. return NAIVE SPHERICAL CODE ISOMORPHISM ENUMERATION(S), Ss)
3: v1 < an arbitrary element in S; such that dim span §1 (v1,a) =n—1 or throw
FA1L if no such element exists.
St Si(vy,a), a* « a(S?). > a* < a/(l+ a) by Proposition 5.8
for each vy € Sy such that dim span S}(w, a)=n—1do
S5 Sy(va, ).
if o = «(S3) then
Isom™ «— RECURSE(S}, S3). > S and S5 are spherical (n— 1, a")-codes
for each O* € Isom™ do
10: O < the extension of O* by vy > vs. > By Proposition 5.4
11: if O(S;) = S, then
12:  yield O.
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Theorem 5.5. Algorithm 3 works correctly as specified and runs in time n®™.
Proof. Correctness follows directly from Proposition 5.4 and the time complexity
is asymptotically dominated by the size of the recursion tree. From every function
call, the number of candidates v, in line 5 is at most |S3|, and for each candidate,
we make a recursive call at line 8 on spherical codes of dimension n — 1 and inner
product at most a/(1 + «). Thus, assuming the worst case, our recursion tree is
bounded by the product

HA(di,CYZ'>,
i=1
where dy =n, a; = 1/2, and for each i € {2,...,n},

(67N} 1

dzzdz_—lz —1 ]_, i = = - .
1 n—1+ o 1+, P

We next claim that this tree size (and thus the runtime complexity) is asymptotically
bounded by n®™,

Up to some index j € {1,...,n}, the maximum inner products «; (for i < j)
satisfy the conditions required to apply Theorem 4.8, while for the remaining
indices ¢ > 7, the polynomial bound from Theorem 4.1 applies. Rather than
decomposing the product at this threshold index 7, we exploit the non-negativity
of the logarithms of both bounds to sum over all indices simultaneously, yielding
the upper bound

log (ﬁ A(d;, Oéi)) = znzlog A(d;, o) < zn:log (d?(l)) + ica?dz‘ log (C/a?) .
i=1 i=1 i=1

=1

The first sum is trivially bounded by O (nlogn). Since the summands of the second
sum are non-increasing with respect to i over the interval [1, n], bounding the sum
by its corresponding integral? and omitting the constant factor C' produces

& log 2 "n—z+1
> atditog (1/a) < E2 4 [ IR gl 1 do
=1

4 (x4+1)
~ nlog?2 (n+2)(logz+1) 1 N
= —i—{ . 2(logx) 2
= O (n).

b
4Here we use the fact that if f : [a,b] — R is a decreasing function, then Z f@) < fla)+

/ab F(t)dt.

i=a
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Combining these two evaluations, we conclude

HA<d27 Oéi) _ 2(9(nlogn)+(9(n) _ nO(n) []

i=1

5.3 The General Case

The issue with Algorithm 3 is that the slice at 5 = « in lines 3 and 5, may not
always have dimension n — 1. It could even be one-dimensional from every point,
as is the case with the spherical (2n,1/2)-code H®" constructed as a direct sum
of n orthogonal copies of the 2-dimensional kissing number configuration H, as
visualized in Figure 2. Nevertheless, this should be actually one of the easier cases,
as the size of this code is only polynomial in n. We generalize this observation in
Lemma 5.7, by considering spherical caps.

Figure 2: A projection of the spherical (2n,1/2)-code H®™ onto one component H,
the 2-dimensional kissing number configuration. This shows that from any fixed
point, there are just 2 points that are at angle 60° (or inner product 1/2) with this
point, while the vast majority of other points are orthogonal.

Definition 5.6. Let S be a spherical (n, a)-code. We define a spherical cap as
Hi(v) :={he S| (v,h) >c}

for some point v € S and € € [0, ).

Lemma 5.7. Let S be a spherical (n, «)-code. Define

d= max dim span Hg(v)
ve

for some € € [0, ). Then

|S] < A(n,e) - A(d, a).
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Proof. Let S” C S be a subset of points such that

e the collection of the spherical caps S, := Hg(v) forms a covering

U s, =5,

ves’

and

e v €S, if and only if v = w for all v,w € S’, which directly implies that the
inner product of any two distinct vectors in S’ is at most ¢.

Consequently, S’ forms a spherical (n’,a’)-code where n’ < n and o/ < €, while
each patch S, forms a spherical (d,, o, )-code where

d, = dimspan Hg(v) < d

and a,, < « for all v € S’. Using the covering property of these patches, we obtain
the bound
< <9 - <A -A .
51 < 37 1S.] < 18']- max|S.] < A(n,2) - A(d, ) =

veSs’

Applying this lemma to S = H®™ and ¢ = 0, we indeed get a polynomial bound
A(2n,0) - A(2,1/2) =4n -6 on |S].

We will now present Algorithm 4 which utilizes this new bounding method,
running in time n®("**)  The overall strategy is to find a point v; € S; such that
the dimension d of its spherical cap Hg, (v1) is maximized, for a thoughtfully chosen
¢ that depends on the current a and n. Selecting our points this way allows us to
invoke Lemma 5.7 to bound the codes when analyzing the algorithm’s complexity.
We then enumerate all points vy € Sy whose spherical cap has the same dimension
d. For every such point v, we create a partial candidate isomorphism v, — v9 and
find all its extensions to the whole code in two steps.

First, we find its extensions on the d-dimensional subcodes H; := Hg (v1) and
Hjy := Hg (v;). Since we have already fixed one dimension, we recurse on spherical
codes of dimension at most d — 1, and with a decreased maximum inner product
as all points in H; and Hs lie close to v; and vy respectively. Second, we extend
the partial isomorphisms found in the first step to the whole code by recursing on
slices of dimension at most n — d, but now without guaranteeing a decrease in the
maximum inner product.

This means that, if d is relatively small each recursive step, we recurse on
spherical codes with only a marginally smaller dimension and, in the worst-case, a

mostly unchanged maximum inner product. While this naively suggests a 90(n?)
time complexity, utilizing the structural bound from Lemma 5.7 mitigates this.
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Conversely, if the dimension d is large in every recursive step, we recurse on spherical
codes with a strictly smaller maximal inner product. This precisely replicates the
effect of the slicing strategy of Algorithm 3, ensuring the branching factor shrinks
rapidly enough to break the baseline 20(n?) complexity.

In order to formalize the mentioned extending process, we first need to generalize
the slices from Definition 5.2 in the following way.

Definition 5.8. Let S be a spherical (n,a)-code. We define the generalized slice
as
Hg(U,h) :={h* € S| my(h*) = h}
and its induced spherical code
- 1
S(Ua h) = —2 ’ 7-"(J]_<‘T_[S(Uv7 h))
1—lA]

for a subspace U of span S and h € U with norm less than 1.

Note that Definition 5.8 coincides with Definition 5.2 when setting U = spanv
and h = 3 -v. We also generalize Propositions 5.3 and 5.4 easily and omit the
proofs, as they are analogous to the proofs of the special case.

Proposition 5.9. Let S be a spherical (n,«)-code. Let U be a subspace of span S
and h € U with ||h|| < 1. Then S(U,h) is a spherical (n*, a*)-code satisfying
n* <n—dimU and

2
2=l

RETE with v = max {(hy, he) € R | distinct hy, hy € Hg(U, h)} < a.

Proposition 5.10. Let S; be a spherical (n,«)-code. Let U be a subspace of
span Sy and h € U with ||h|| < 1. Define U’ := span St C U+ where S} := S, (U, h).
Let Sy be another spherical (n, @)-code isomorphic to S; via O : span S} — span Ss.
Then O|U, is an isomorphism between the codes S* and S} := S,(O(U), O(h)).
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Algorithm 4 Spherical Code Isomorphism Enumeration — General Case

Input: S, Sy two spherical (n, a)-codes, satisfying o < 1/2.
Output: Isom(Sy, S).

1: function FIND ISOMORPHISMS(S], S5)
2 e+ a/nt/

3 d < max,cg, dimspan Hg (v).

4: if d # max,cg, dimspan Hg (v) then

5: _ return @.

6 v1 < an arbitrary element in ) such that dimspan Hg (v1) = d.

7 for each v, € S, such that dimspan H§ (v2) = d do

8 Hy « Hg (v1), Hy< Hg, (v2). > Two d-dimensional spherical codes
9: Isom < EXTEND ISOMORPHISM(H1, Hy, v1 > vsg).

10: for each O € Isom do

11: if O(S; Nspan Hy) = Sy Nspan Hy then
12:  yield from EXTEND ISOMORPHISM(S], Ss, O).

Input: Two spherical codes Sy,.S; and an isometry O : U; — U, such that
O(S;NU) = SNUs.

Output: The set {O* € Isom(S5y, S2) | O*‘Ul = O}.

13: function EXTEND ISOMORPHISM(S, So, O : Uy — Us)

14 Isom <+ {O}.

15: Uf < Uy, U; <+ Us.

16: while U} # span S; do

17: h* < an arbitrary element in Sy \ Uy, h < my, (h").

18: St Sy(Uy,h), Si < Sy(Us, O(h)). > Definition 5.8
19: if dimspan S} # dimspan S or a(S}) # a(S5) then

20: . return @.

21: Isompey <— FIND ISOMORPHISMS(ST, S5).

22: W < U] Nspan ST. > Determine subspace overlap
23: Uf < U +span Sy, Uj < Uj +spanS;.

24: ~ Isom < GLUE IsoMORPHISMS(Isom, Isomy,ey, W, US, Uy, S1, Ss).

25: | return Isom.

Input: F,G are sets of isometries defined on respective domains V, V', with
intersection W =V NV’

Output: The set of glued isometries on Uy = V 4+ V' that map U} NSy to Uy N .Ss.

26: function GLUE IsOMORPHISMS(F, G, W, U, U5, Sy, .Ss)

27: L H {ng[fe]:,gegsuchthat f!W:g‘W}.

28: return {h € H | h(UF NSy) = Us N Sa}.
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Theorem 5.11. Algorithm 4 works correctly as specified.

Proof. Evidently, GLUE ISOMORPHISMS is correct for all inputs. Additionally,
FiND IsoMORPHISMS and EXTEND ISOMORPHISM are clearly correct when n = 1.
We proceed by strong induction on n by assuming these functions are correct for
spherical codes of dimension less than n > 1.

Let O : spanS; — span Sy be an isomorphism between two n-dimensional
spherical codes S; and S, and let v; be an element in S; such that

dimspan Hg (v;) = m%xdim span Hg (v) =: d.
veES]

Let vy := O(vy). Trivially, we have dimspan Hg,(v2) = d, as O(Hg (v1)) =

Hg5,)(O(v1)) = Hg,(v2). This equality also confirms that O‘spa HE (1) 18 AT 150-
n Sl v

morphism between the d-dimensional spherical codes Hg (v1) and Hg,(v2), proving
the correctness of FIND ISOMORPHISMS by our inductive hypothesis.

To show the correctness of EXTEND ISOMORPHISM, we first note that the while
loop at line 16 always terminates, as each iteration strictly increases the dimension
of Uf by at least one, via the choice of h* € S; \ U;. Next, we prove that at each
iteration, Isom holds the set

{0* € Tsom(S, N U7, 8, N U3) | 07, = 0} ,

which precisely coincides with our desired output after the last iteration, when
Uf = span Sy and Uy = span Sy. At initialization, Isom indeed holds this set by
construction. Now assume this is the case at the start of an iteration. Define ST
and S5 as in line 18 and let

O' € Tsom(S; N (U] 4 span S7), Se N (U; + span S}))

such that O’ ‘Ul = 0. By Proposition 5.10, O’ |Span g+ 18 an isomorphism between
1

ST and S5, discovered by FIND ISOMORPHISMS and thus included in Isomye, at

line 21. Simultaneously, because O’ extends the original input O and correctly maps

the respective spherical codes, its restriction O’ - extends O and maps 51 N Uy
1

to Se NU3. By the inductive hypothesis, this restriction is already contained in
the current set Isom. The set produced by “glueing” these partial isomorphisms
in line 24 therefore contains O'. Conversely, every output element of GLUE
ISOMORPHISMS is an isometry satisfying the same properties as O’ by construction,
confirming that Isom is updated correctly at each iteration.

This completes the inductive proof of correctness for both FIND ISOMORPHISMS
and EXTEND ISOMORPHISM on all dimensions n > 1. O

In the remainder of this section, we analyse the algorithm’s time complexity.
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Theorem 5.12. Algorithm 4 enumerates Isom(S;, S2) in time n®@ (%),

Similar to Theorem 5.5, the runtime is asymptotically bounded by the size
of the recursion tree. We let Ty;(n,«) denote an upper bound of the recursion
tree size of FIND ISOMORPHISMS in Algorithm 4 when inputted any two spherical
(n,a)-codes where d is the maximal spherical cap dimension from line 3. The
overall upper bound T'(n, a) is thus defined as

T(n,«a) = max Ta(n,a).

Lemma 5.13. The upper bound Ty(n, ) follows the recurrence relation
Ty(n,a) <n?-A(n,e) - A(d,a) - T(d —1,a*) - T'(n — d, ).

where
. _a—a¥/ym
sy
Proof. Note that the recursion of FIND ISOMORPHISMS occurs at line 21 when
calling EXTEND ISOMORPHISM in lines 9 and 12.

In the first call, the linear spans U; and Uj are one-dimensional subspaces of the
d-dimensional codes H; and H, defined in line 8. Consequently, the slice induced
spherical codes S} and S5 are at most (d — 1)-dimensional by Proposition 5.9.
Moreover, by h* € Hy in line 17 implying that

«

|B]| = (v1,h) = (v1,h*) > € = a/n'/*,
we find that the maximum inner product of these codes is strictly bounded by

a—e?  a-—a?/yn .
= = a .
1—¢2 1-—a%/y/n
Lastly, the while loop in line 16 terminates after at most dim span H; —dim U; = d—1
iterations, resulting in a worst-case tree size of

(d—1)-T(d—1,a%

in this first recursive branch.

Likewise, for the second call of EXTEND ISOMORPHISM (line 12), the slice
induced spherical codes S} and S; are at most (n — d)-dimensional, as U; and
U, are d-dimensional while S; and S5 are of dimension n. As mentioned earlier,
the maximum inner product of these codes are tightly bounded by «, since in the
extreme case we may have h = my, (h*) = 0 at line 17. This yields a worst-case tree
size of

(n—d)-T(n—d,«)
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in the second recursive branch.

Combining these two branching factors with the structural code bound |Sy| <
A(n,e) - A(d, ) from Lemma 5.7 for the amount of candidates in line 7, we obtain
the desired recurrence after bounding (n — d) - (d — 1) by n?. O

To simplify the analysis, we continue with an auxiliary recurrence t4(n, «)
defined as

ta(n,a) :=log A(n,e) +log A(d, o) + t(n — d, o) + t(d — 1, a") (4)
where
t(n,a) := lrgggcntd(n Q).

Note that the recurring factor n? from Lemma 5.13 accumulates to n©™ | thereby
establishing the relation

logT(n,a) < t(n,a)+ O (nlogn).

Next, we demonstrate that the maximum branching factor always occurs at the
extremes of our dimension split. We define two auxiliary recurrences representing
these extreme paths:

e t()(n,a) for the case where d = 1 every recursive step, and
e t™(n, a) for the case where d = n every recursive step.

Lemma 5.14. For all n > 1 and a < 1/2, the recurrence t(n, ) is bounded by
the maximum of its boundary cases. In other words,

t(n,«) < max (t( )(n, a) @) .

Proof. We proceed by strong induction on n. Let B( n,a) denote the maximum of
the closed-form upper bounds for t)(n, o) and ™ (n, ) which we will establish
in Propositions 5.15 and 5.16. Assume that for all n and v < a, we have
t(k,v) < B(k, 7).

By substituting our inductive hypothesis into the definition of ¢4(n, «), we must
maximize the continuous relaxation of the right-hand side as a function of d on the
interval [1, n], given by

f(d) =log A(n,e) +log A(d,a) + B(n — d, ) + B(d — 1, a™).

The term log A(n,¢) is constant with respect to d, thus trivially convex. The term
log A(d, @) is convex in d when substituting the bounds from Theorems 4.1 and 4.8.
Carefully inspecting the proofs of Propositions 5.15 and 5.16 confirms that the

25



overarching bound B(z,7) is convex in x for all x > 1 and fixed v < 1/2. This
means that the remaining two terms of f are also convex. Therefore, f is convex
on [1,n] and its maximum must occur at one of the boundaries, i.e.

max f(d) = max(f(1), f(n)).

1<d<n

As f(1) exactly mirrors the step for t) and f(n) mirrors t™, both are bounded
by B(n,«) by definition, completing the induction. ]

We now evaluate the closed-form bounds for these two extreme recurrence
sequences.

Proposition 5.15. The extreme recurrence path t™(n, ), generated when d = n
at every recursive step, is bounded by O (n3/ 2).

Proof. Note that, when substituting d = n into the recurrence of t4(n,«) in
Equation (4), the terms log A(d, «) and ¢(d — 1, a*) are asymptotically dominant.
Omitting these terms and unrolling the recurrence yields the asymptotic bound

Z lOg A(d“ Oéi),
i=1

where dy = n and oy = 1/2, and

o — Oé?/\/ dl
Qitl = T o
1—@1/ dl

foralli € {1,...,n—1}. To obtain a closed-form bound on «;, note that rearranging
the recursive definition of a1 yields

dl:dl_l—]_:n—l+1,

1 1 1
Qiy1 o 2

g

We can therefore telescope

i1

1 1 1

—_—— 2> = 1/\/dj >vVn+1—+vn—i+2
RN

Q;

using the fact that 1/y/z > 2/(v/x + 1+ /x) for all z > 0. This gives our desired

closed-form bound .

OQ'S .
24vVn+1—+vn—1i+2
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Following the proof of Theorem 5.5, we avoid decomposing the sum at some
threshold index by exploiting the non-negativity of the logarithms and summing
both bounds simultaneously over all indices. This yields the upper bound

Zn: log A(d;, ;) < Zn: log (d?(l)) I z": Cajd;log (C/a3).
i=1 i=1 i=1

The first sum trivially evaluates to O (nlogn). For the second sum, we substitute
the closed-form bound o; < 1/(A —+/d; + 1), where A =2+ +v/n + 1. Because the
dimension sequence d; decreases from n to 1, we bound the sum by an integral
over a continuous variable x € [1,n], similar to before. Applying the substitution
u=A—+/x+ 1, which yields z = (A —u)? — 1 and dz = —2(A — u) du, the limits
of integration invert from [1,n] to [A — v/2,2]. Swapping the bounds to absorb
the negative sign, and omitting the constant C' and the first term of the integral
approximation for asymptotic clarity, produces the asymptotic bound on the second
sum, given by

2 421
log((A—\/x+1> ) dx§2A3/ - du,
2

" x
/1 (A—Vz+ 1)2
Since A = 2+ v/n+1 = O(y/n), the leading coefficient 2A4° scales tightly as

@ (n3/ 2). The remaining integral evaluates to an absolute constant bounded
independently of n, as

A A
/ 210gudu: [_210gu—|—2] _ o).
2

2
u u 2

Combining these evaluations yields
Zlog A(d;, ;) = O (nlogn) + O (n3/2) -0 (n3/2)_ 0
i=1

Proposition 5.16. The extreme recurrence path ) (n, o), generated when d = 1
at every recursive step, is bounded by O (n*?logn).

Proof. Substituting d = 1 at every step and unrolling the recurrence yields the sum

1

;logA(k,sk), where 5kzm,

in which we assume the worst-case inner product o = 1/2. Following the analogous
decomposition from Theorem 5.5 and Proposition 5.15, we apply the piecewise
upper bound to obtain

Z log A(k,er) < Z log (k°W) + Z Cerklog (C/e3) .
k=1 k=1 k=1
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The first sum evaluates to O (nlogn). For the second sum, substituting e, =
1/(2k'/*) simplifies the summand to O (\/Elog k) Therefore, the recurrence path
tM(n, a) is asymptotically bounded by

O(nlogn)—l—ZO (ﬁlogk) = O(n3/2logn). ]
k=1

Proof of Theorem 5.12. As established, the runtime of Algorithm 4 is bounded
by the recursion tree size T'(n,1/2), which satisfies logT'(n,1/2) < t(n,1/2) +
O (nlogn). By Lemma 5.14, ¢(n,1/2) is bounded by the maximum of the extreme
paths t) and ¢. Since Propositions 5.15 and 5.16 show that both paths are at
most O (n*?logn), it follows that ¢(n,1/2) < O (n*?logn). Therefore, the total
runtime is bounded by

Tn,1/2) £ 2007 b8) _ 0(s"), 0
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