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Abstract

Quantum computers are known to outperform classical computers on certain problems, most notably on
integer factoring due to Shor’s algorithm [20]. This thesis studies whether a similar quantum advantage
exists for approximating optimization problems. We present a generalization and a detailed proof of the
statement made by Szegedy [22] that, assuming that the problem of integer factoring is not solvable in
polynomial time, there exists an optimization problem for which there exists a polynomial-time quantum
0.99-approximation algorithm but no polynomial-time classical (% + 0.01)-approximation algorithm. The
proof combines the Cook—Levin theorem, the PCP theorem, and Hastads optimal inapproximability result
for MAX-3SAT. Finally, we show that the statement still holds when replacing the assumption that integer
factoring is not solvable in polynomial time with the assumption that there exists a problem that is not in
P, is in NP and admits a polynomial-time quantum algorithm finding an NP witness.
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1 Introduction

In the field of computational complexity we study the resources required for computing the solution to
computational problems. Quantum computing introduces a different model of computation that comes with
an improvement on the amount of resources required to solve certain problems, compared to their classical
variant. The central question in this thesis was raised by Eisert et al. [17], namely whether a quantum
improvement can be found on the run time of algorithms solving combinatorial optimization problems — that
is, problems of optimizing a target function over a finite set of solutions. Eisert et al. and Szegedy [22] both
give a proof confirming such an improvement for different problems. In this thesis, we work out the details
of the statement by Szegedy.

Computational complexity theory is concerned with solving different classes of problems. Decision prob-
lem are the problem of answering a yes or no question. For example, is an integer prime or not. Search
problems generalize decision problems. They require us to find a specific solution to a problem instance. For
example, finding a prime factor of some positive integer is a search problem. A specific type of search prob-
lem is the optimization problem, where we distinguish between maximization and minimization problems.
The goal is to optimize a target function over a search space. For example, consider a system of equations
where we want to maximize the number of equations that are satisfied at once.

To formalize the concept of an algorithm and to analyze algorithms solving these problems, we require
a model of computation. In 1936, Alan Turing [23] introduced the Turing machine, a model of computation
whose strength lies in its ability to simulate most other models of computation with only a polynomial loss
in running time.

An important resource for a Turing machine is the run-time. The time complexity of a Turing machine
is given by the function of the input size of a problem instance that counts the number of computational
steps of the Turing machine on an input of this size. Different inputs of the same size may cause different
run-times of a Turing machine. Throughout this thesis, we are only interested in the maximum running time
of a Turing machine over all inputs of the same size. We call this the worst-case time complexity, or in the
scope of this thesis just the time complexity of a Turing machine.

In computational complexity, we study the asymptotic properties of this function. A polynomial-time Tur-
ing machine is a Turing machine that has time complexity O(p(n)), for some polynomial p. Polynomial
time-complexity is often regarded as a practical’ notion of efficient computation.

Given a model of computation and a notion of the time complexity of an algorithm, we can define the
class of problems that are “efficiently” solvable. The complexity class P contains all decision problems that
can be solved by a polynomial-time Turing machine.

Another important class of decision problems is NP. A decision problem is in NP if there exists a polynomial-
time Turing machine, called a verifier, with the following properties. The verifier takes as input an instance
and a binary string, called a witness.

e For the “yes-instances”, there exists a witness that causes the verifier to accept.
e For “no-instances”, there exists no such witness.

A witness can be seen as a mathematical proof of the instance being a “yes-instance”. The verifier checks
the validity of this proof.

This leads to a fundamental question in complexity theory: if the existence of a solution can be verified
efficiently, can the existence of such a solution be decided efficiently? In complexity theoretic terms, this
question is captured in the question whether the complexity classes P and NP are the same. It is widely
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by the polynomials n%0 or 1019'%5 is not feasible in any practical situation.



believed that they are not the same i.e. P # NP. Many complexity theoretic statements rely on the as-
sumption of this statement. Intuitively, the ability to efficiently verify a proof does not seem sufficient to
efficiently find such a proof. Despite decades of research, there is no proof that shows whether P and NP
are equal. This question remains a central open question in the field of complexity theory and is included in
the list of Millenium Problems of the Clay Mathematics Institute. [7].

In computational complexity theory, we also consider different models of computation, such as quantum
computation. Recent research [15] has shown that quantum computation provides a significant speed-up on
certain problems, compared to its classical alternative. However, the precise relation between many classical
and quantum complexity classes, such as the respective classes of decision problems solvable in polynomial
time, is still unknown. There is no problem that is known to have a proven super-polynomial quantum
advantage; that is, there is no known problem that is proven to be solvable in polynomial time by a quantum
computer but not be solvable in polynomial time by any classical computer.

The problem of finding a prime factor of an integer provides a strong piece of evidence for a super-polynomial
quantum speed-up. Classically, it is widely believed, but not proven, that no polynomial-time algorithm ex-
ists that solves the factoring problem. Shor’s algorithm [20] shows us that it can be solved in polynomial
time on a quantum computer.

The focus of this thesis is on optimization problems. To decrease the difficulty of solving this type of
problem, one can relax the requirement of computing an optimal solution to that of computing a solution
that is close to optimal. Some optimization problems can be approximated arbitrarily close to their optimum.
That is, for each € > 0, there exists a Turing machine that given an instance, outputs a valid solution with
a value that is at least a 1 — € fraction of the optimal value of this instance. Others, such as the MAX-3SAT
problem, which we introduce later, can not be approximated arbitrarily closely, unless P = NP.

Eisert et al. [17] raise the question whether there is a super-polynomial quantum speed-up possible for
the approximation of combinatorial optimization problems, that is, optimization problems whose search
space is finite. They answer this question in the affirmative, on the standard assumption the RSA function
is classically hard to invert [19]. Specifically, they construct a combinatorial optimization problem for which
a polynomial-time quantum Turing machine achieves a strictly higher factor of approximation than any clas-
sical polynomial-time Turing machine. The instances of this maximization problem are artificially created
and highly structured. It is unlikely that these will arise naturally. However, the proof of this theorem still
gives us insight in how quantum computers might provide an improvement for approximating optimization
problems [17].

A similar result follows from known complexity theoretic results in the field of PCP theory. M. Szegedy
[22] states that, on the assumption that the problem of finding prime factors of an integer is classically hard,
there exists an optimization problem such that it is classically hard to approximate it with a factor % +0.01,
while we can approximate it with a factor 0.99 using a quantum Turing machine. While these instances
are also highly structured, Eisert et al. remark that it would be beneficial to explicitly work out the details
of Szegedy’s argument. In this thesis, we lay out these details and propose two generalizations. Namely,
a generalization of the assumption that integer factoring is hard and a generalization of the approximation
factor.

In section 2, we introduce the mathematical basic for computational complexity theory. We state two
claims made by Szegedy and prove the main theorem based on these claims in section 3. The main theorem
is a version of the statement made by Szegedy, but with generalized approximation factors. In section 4,
we present the PCP theory required for these claims. These steps are all known results from PCP theory.
We finish the proof of the main theorem in section 5 by proving the two claims. In chapter 6, we propose
an expansion of main theorem. This expansion broadens the assumption that the factoring problem is hard
classically and efficient on a quantum Turing machine.



2 Introduction to computational complexity

In this section we lay out the mathematical foundation of computational complexity theory. We define
formalizations of different classes of computational problems and introduce important examples of these
problems. We define the Karp reduction, which forms the basis of NP-complete problems. Solving these
problems in polynomial time means solving all NP problems in polynomial time. Next, we introduce
promise problems and optimization problems and define the concept of an approximation algorithm. Lastly,
we introduce quantum computation and various quantum computational classes.

2.1 Decision problems and complexity classes
2.1.1 Languages
Let X be an arbitrary finite set that will be fixed in this section. We call this set an alphabet. We denote

* = U »r

n€Ny

for the set of finite sequences, which we call strings. We use the symbol ¢ for the empty string and by
convention %0 = {e}. We define the size of x € ¥* to be

|z| :=n
where n € Ny is the unique integer such that x € X™.

A language is a set of strings over some alphabet.
Definition 2.1. A language over some alphabet 3 is a subset L C ¥*.

Languages capture the concept of a decision problem. We associate the language L with the problem of
deciding whether some x € ¥* is in the language L or not.

In computational complexity theory, we are interested in the amount of resources required to solve these
problems computationally. To formalize this, we use Turing machines as a model of computation. We do not
go into detail on the inner workings of a Turing machine and refer the reader to Sipser [21, Chapter 3] for a
formal definition. For this thesis it is sufficient to think of a Turing machine as a formal model of an algorithm.

We say that a Turing machine runs in polynomial time if there exists some polynomial p : N — N such
that on any input x € X*, the Turing machine halts after at most p(|z|) computational steps. A Turing
machine running in polynomial time with respect to the input size is generally considered efficient and
scalable.

Definition 2.2. The complexity class P consists of all languages that are decided by a polynomial-time
Turing machine.

As explained in [21, Chapter 3], we do not describe a polynomial-time Turing machine on a low level as
this can be quite cumbersome and distracts us from the purpose of the machine. Instead, we describe a
high level algorithm and argue that it can be implemented by a polynomial-time Turing machine. Many
base operations, such as adding two numbers or testing two variables for equality, can be simulated by
a polynomial-time Turing machine. Since the composition of a polynomial number of polynomial-time
operations still runs in polynomial time, we often treat these types of base operations as constant time
operations.

2.1.2 Encodings

Some decision problems are not naturally given in the form of a language. We represent these problems as
a language by using a suitable encoding. For example, the set of natural numbers N is not a finite set and
thus not an alphabet. We can still encode a positive integer with its binary representation.



The precise language representing a decision problem depends on the choice of encoding. So, we only
use encodings that a Turing machine can switch between in polynomial time. For this reason we will not
specify the encoding for a problem and, by abuse of notation, we identify an object with its encoding.

Any alphabet can itself be encoded by the binary alphabet {0,1}. Since any finite alphabet can be enumer-
ated, we can represent a symbol with the binary representation of its index. For this reason, unless specified
otherwise, we take {0, 1} as our default alphabet.

When solving decision problems, view any input « € {0,1}* as the binary encoding of a problem instance.
If a binary string « € {0,1}* is not the valid encoding of some problem instance, we assume that the Turing
machine solving the problem immediately rejects it.

2.1.3 Boolean formulas

When working with binary values, we identify 1 with true and 0 with false. A boolean formula over n binary
variables (z7...x,) is an expression built recursively from variables, negations, conjunctions and disjunc-
tions. We use the over bar ~ to denote negation. For example, 1 V (2 A ZT3) is a boolean formula.

A boolean formula ¢ over n variables naturally defines a function f, : {0,1}" — {0,1}, where the output is
the expression evaluated on the input binary string. By abuse of notation, we identify a boolean formula with
the function fs. We call a binary string a € {0,1}" an assignment for ¢ and say that a satisfies ¢ if ¢(a) = 1.

We denote ®,, for the set of all boolean formulas consisting of exactly n variables. An important deci-
sion problem involving boolean formulas asks whether a boolean formula ¢ is satisfiable. In other words,
does there exist a satisfying assignment for ¢? This problem is captured by the following language.

Definition 2.3.
SAT := | J{¢ € ®u|Fa € {0,1}", ¢(a) = 1}

neN

Note that the language should actually be defined as the set of encodings of satisfiable boolean formulas.
However, as discussed before, we omit specifying the encoding.

In many cases we work with a structured subset of boolean formulas. We call a variable z or its nega-
tion T a literal and we say that a boolean formula is in k conjunctive normal form (kCNF), if the formula
is a conjunction of clauses, where each clause is the disjunction of exactly k literals over distinct variables.
For example, the boolean formula

(x1 VT3 Vaz) A (T2 VT4V as5)

is a 3CNF formula. We define a language that captures the decision problem of deciding whether a 3CNF
formula is satisfiable. Let ®*“N¥ C ®,, be the set of all kCNF boolean formulas consisting of exactly n.

Definition 2.4.
KSAT := | J{¢ € ®;N"|3a € {0,1}", ¢(a) = 1}
neN

The notation EKSAT is commonly used for the problem of the satisfiability of kCNF formulas with each
clause containing exactly k literals over distinct variables. In this thesis however, we only work with kKCNF
formulas of this form, so we use the kSAT notation.

2.1.4 Karp reductions and NP

We say that a function f : X — Y is polynomial-time computable if there exists a polynomial-time Turing
machine that given € X outputs f(x).



Definition 2.5. Let L C {0,1}* and L’ C {0,1}* be two languages. A Karp reduction from L to L' is a
polynomial-time computable function f : {0,1}* — {0,1}* such that for all 2 € {0,1}* it holds that

rels flx)el

Let A be a Turing machine deciding the language L’ in polynomial time. We can use a Karp reduction f
from language L to L’ to decide L in polynomial time. Given z € {0,1}*, compute f(z) and run A on f(z)
to decide whether f(z) € L'. Since x € L < f(x) € L/, this determines whether z € L.

It is easy to verify that Karp reductions are closed under composition. We have already introduced the
complexity class P consisting of languages that can be decided in polynomial time by a Turing machine.
The complexity class NP consists of the languages that can be verified in polynomial time.

Definition 2.6. NP is the class of the languages where for each language L in NP the following holds.
There exists a polynomial-time Turing machine V' and a polynomial p : N — N such that for all € {0, 1}*,

e if x € L, then there exists some w € {0,1}* with |w| < p(Jz|) such that V(z,w) = 1.
e If x ¢ L, then for all w € {0,1}* with |w| < p(|z|) we have that V(z,w) = 0.

In other words, for any NP language L and any x € L, there exists a proof of membership of bounded size,
called a witness, that can be verified in polynomial time. For any x ¢ L, there exists no such witness. A
Turing machine that checks whether a proposed witness is correct is called a verifier.

Given a verifier V for an NP language L , we define the relation
Ry = {(:L',w)|V(x,w) =1}
By construction, it holds that

e r € L if and only if there exists a witness w such that (x,w) € Ry,.
e Ry is polynomial-time verifiable, meaning that membership in R;, can be decided in polynomial time.

e The size of a witness is bounded by a polynomial factor: there exists some polynomial p such that for
each (z,w) € R, we have that |w| < p(|z|).

We will make use of this relation for languages in NP in the proof of the main theorem. Many (representations
of) natural decision problems are in NP.

Lemma 2.1. SAT € NP and 3SAT ¢ NP

Proof. Let ¢ be a boolean formula over n variables. We define a verifier V' that takes the input ¢ and
a€{0,1}*. Ifa ¢ {0,1}", V rejects and otherwise, V' computes the value ¢(a) and accepts if it is 1. To see
that V runs in polynomial time, note that verifying |a| = n and computing ¢(a) both take polynomial time
in |@| + |al.

o If ¢ € SAT, a satisfying assignment a causes V' to accept.

o If ¢ ¢ SAT, there is no satisfying assignment for ¢, so no assignment causes V' to accept.

The same proof is valid for 3CNF formulas. O

In the search of proving whether P = NP, we would like to find universal problems for NP, that is, problems
such that if they can be solved in polynomial time, we can solve all NP problems in polynomial time.

A language L is called NP-hard under Karp reductions, or simply NP-hard, if for all languages L' € NP,
there exists a Karp reduction from L’ to L. A polynomial-time algorithm deciding an NP-hard language
would imply that every language in NP can be decided in polynomial time. We say that a language is
NP-complete if it is NP-hard and in NP. An important result in complexity theory shown independently
by Cook [8] and Levin [14] is that indeed such universal languages exist.

Theorem 2.2 (Cook-Levin [8], [14]). SAT is NP-complete.

Proof. A proof of this theorem is given in section 4.1. O



2.2 Search problems and optimization problems

A broader class of problems than decision problems is the class of search problems. The task for these
problems is to find a solution to the problem, rather than deciding whether one exists. We capture these
problems with a relation R C {0,1}* x {0,1}*, where the first component represents problem instances and
the second represents the solutions to these instances. As is the case with languages, a string z € {0,1}*
encodes an instance of the problem. Similarly, a string y € {0,1}* encodes a candidate solution for an
instance. Given an instance x € {0, 1}*, we denote

Sy ={y € {0,1}"

(z,y) € R}

for the set of valid or feasible solutions for x.

To effectively capture a search problem, we require the relation to be polynomial-time verifiable. The search
problem associated with the polynomial-time verifiable relation R C {0,1}* x {0,1}* is the computational
task: given some x € {0,1}*, compute y € {0, 1}* such that (z,y) € R.

Optimization problems are specified by the pair (R,m) containing a relation R and a target function m,
where for any € {0,1}* and any feasible solution y € S, m(z,y) € R is the value of y for = that we
want to optimize. For a maximization problem, the computational task is the following: given some problem
instance x € {0,1}*, compute a feasible solution y* € S, such that

m(z,y*) = ;réasxm(x,y)

Minimization problems are defined in a similar fashion, instead minimizing over the valid solutions instead
of maximizing. We denote
OPT (g,m)(x) :=m(z,y")

for the optimal value of . We often write OPT(z) when the optimization problem is clear from the context.

An important optimization problem is the maximization version of 3SAT. Let
¢:ClAACm

be a 3CNF formula over n variables, where each clause C; is the disjunction of exactly three literals. For an
assignment a € {0,1}", we denote N(¢,a) for the number of clauses in ¢ that are satisfied by a. Let

Rsone == | J{(¢,a)[¢ € 57N, a € {0,1}"} (1)
neN

define the relation of 3CNF formulas and any assignment to their variables.

The pair (Rscnr, N) now defines the maximization problem MAX-3SAT: given some ¢ € ®3°NF  compute
a* € {0,1}"™ such that

N(@a") = mex N(¢a)

2.2.1 Approximation algorithms

Finding the optimal solution to an optimization problem often requires a lot of resources. We relax the
requirement of finding an optimal solution to finding an approximately optimal solution.

Definition 2.7. Let 0 < a < 1, let R be a relation and let m be a target function. An «a-approzimation
algorithm for the maximization problem (R, m) is a Turing machine that given an instance x € {0,1}* with
Sz # (), outputs a valid solution y € S, such that

m(x,y) > a« OPT(x)



Approximation algorithms for minimization problems are defined analogously for any a > 1. We can %

8
approximate MAX-3SAT in polynomial time.
Lemma 2.3. There exists a polynomial-time %-appmacimation algorithm for MAX-3SAT.

Proof. A random assignment satisfies a % fraction of clauses in expectation. From this fact we can derive a
deterministic algorithm that gives a % approximation using the method of conditional expectation. We leave
the details to the interested reader. O

A key result shown by Hastad [12] is that this factor of approximation is optimal under the assumption that
P #NP.

Theorem 2.4 ([12]). For any € > 0, there exists no polynomial-time (% + €)-approzimation algorithm for
MAX-3SAT, unless P = NP.

Proof. The proof by Hastad will be shown in section 4.3. O

2.3 Promise problems

The final class of computational problems we introduce is the class of promise problems. A language L can
be viewed as a partition of {0, 1}* into two sets, L, the “yes-instances”, and {0,1}* \ L, the “no-instances”.
A promise problem partitions {0,1}* into three sets:

o L., the “yes-instances”
e L,,, the “no-instances”
e {0,1}*\ (Lyes U Lp,), the “irrelevant” instances

The pair Lyes, Lo defines the promise problem of determining, given an input & € Lyes U Ly,, whether
2z € Lyes or © € Ly,. The set Lyes U Ly, is called the promise. An algorithm solving a promise problem
is guaranteed to receive an input that lies in the promise. In the case of a promise problem, a string that
is not the encoding of some instance simply falls in the category of irrelevant instances. In many cases we
prefer working with promise problems instead of languages; see Goldreich [11] for further discussion.

We define many to one reductions from languages to promise problems and between promise problems.

Definition 2.8. Let L be a language, let L' = (L, L;,,) be a promise problem. A Karp reduction from

L to L’ is a polynomial-time computable function f : {0,1}* — {0,1}* such that for any x € {0,1}* the
following holds.

o If z € L, then f(x) € L]

yes:*
o If v ¢ L, then f(x) e L.

Definition 2.9. Let L = (Lycs, Ly,) be a promise problem, let L' = (L} .,, L!,,) be a promise problem. A

yes?
Karp reduction from L to L’ is a polynomial-time computable function f : {0,1}* — {0,1}* such that for

any z € {0,1}* the following holds.
o If v € Ly, then f(z) € L]

yes®

o If z € L,,, then f(x) € L.

2.3.1 Gap problems

We introduce terminology regarding the satisfiability of 3CNF formulas. Let ¢ be a 3CNF formula with m
clauses and let e € [0, 1] be a constant.

o We say that ¢ is at most e-satisfiable if OPT(¢) < em.

o We say that ¢ is at least e-satisfiable if OPT(¢) > em.



Many results on the hardness of approximation of optimizations problem rely on formulating the problem
in terms of a promise problem. An important example is the problem of distinguishing between at least
c-satisfiable 3CNF formulas and at most s-satisfiable 3CNF formulas, for some 0 < s < ¢ < 1.

Definition 2.10. Let 0 < s < ¢ < 1 be constants, let ®3cnr,. be the set of at least c-satisfiable 3CNF
formulas and let ®3cnr,s be the set of at most s-satisfiable 3CNF formulas.

GAP[c, s]-3SAT = (®3cnF e, PaonF,s)

An optimization problem naturally gives rise to an associated class of promise problems. Let (R,m) be
an optimization problem and let 1 > ¢ > s > 0 be constants. Let b : {0,1}* — R be a polynomial-time
computable upper bound on the optimal value, so OPT(z) < b(z) for all z € {0,1}*. Define

o Ly, :={z € {0,1}*| OPT(z) > ¢ b(z)} and

o Ly, :={xe{0,1}*

OPT(z) < s-b(x)}.

The promise problem associated with the optimization problem (R, m) is now given by the pair (Lyes, Lno)
and we call this problem a gap problem. We call the set Lyes U Ly, a set of instances with a gap (¢, s) and
we say that this gap has size ¢ — s.

In the context of gap problems, Karp reductions from a language to a promise problem and between promise
problems are called gap-producing reductions and gap-preserving reductions respectively.

2.4 Quantum computation and integer factoring

Quantum complexity classes are defined using quantum Turing machines. In this thesis we are not interested
in the low level details of such machines, so we do not provide a definition of a quantum Turing machine and
refer the reader to Bernstein and Vazinari [6]. We define three important complexity classes arising from
quantum Turing machines.

Definition 2.11. The complexity class BQP consists of languages L such that there exists a polynomial-
time quantum Turing machine A such that for any input z € {0,1}* the following holds.

e lfze Ll PA(x)=1] >

win wiN

o Ifx ¢ L, P[A(x) =0] >

Since the measurement of a quantum state is probabilistic in nature, most quantum algorithms come with
a certain error probability. It is possible to mitigate an error rate of % by independently repeating the
algorithm % times and deciding whether x € L by the majority outcome. As k grows, the error probability
decreases.

Since optimization problems are search problems and not decision problems, we define the class of search
problems solvable in polynomial time by a quantum Turing machine.

Definition 2.12. The complexity class FBQP consists of relations R such that there exists a polynomial-
time quantum Turing machine A such that on input = € {0,1}*, A outputs a string y € {0,1}*:

Pl(z,y) € R] >

[SCRR )

An important number-theoretic problem is that of integer factoring where we are tasked with computing a
prime factor of a positive integer. This search problem is called search-factoring.

Proposition 2.5 ([20]). search-factoring € FBQP



The problem of deciding whether a positive integer has a non-trivial prime factor, is in P due to the AKS
primality test by Agrawal et al. [2]. We define an alternative version of the factoring problem that is widely
believed to not be in P. We define

factoring := {(n, k)|n € N has a prime divisor d < k}

There is no known algorithm solving factoring in polynomial time and it is widely believed that there exists
no such algorithm. However, this has not been proven. The factoring problem is in NP.

Lemma 2.6. factoring € NP

Proof. Let (n, k) be a factoring instance. Let d be a positive integer that will be our candidate witness. We
can verify in polynomial time whether d is a prime divisor of n and d < k. O

An algorithm solving search-factoring in polynomial time can be used to decide factoring in polynomial time
by computing the prime factors and checking whether the smallest factor is at most k.

Proposition 2.7. factoring € BQP

Proof. Let N = (n,k) be a factoring instance. We decide N using the following algorithm. Use Shor’s
algorithm [20] to find a candidate factor d of n and check by dividing n with d. If d is a divisor of n, then
repeat this step on n/d and n. Else, repeat this step on n. Within a logarithmic number of steps, we have
found the prime factorization of n. Finally, we check if the smallest prime factor is at most k. O

Assuming factoring ¢ P, this result shows that on factoring, quantum algorithms achieve a super-polynomial
speed-up compared its classical variants. In this thesis we show that a similar increase in speed holds for
approximation algorithms of MAX-3SAT. We define a quantum approximation algorithm.

Definition 2.13. Let 0 < a < 1, let R be a relation and let m be a target function. A quantum «-
approximation algorithm for the maximization problem (R, m) is a quantum Turing machine that given an
instance x € {0, 1}*, outputs a valid solution y € S, such that

Plm(z,y) > a OPT(z)] >

Wl N

Quantum approximation algorithms for minimization problems are again defined analogously for o > 1.

In this thesis we show that there exists an optimization problem that admits a quantum approximation
algorithm that achieves a better approximation ratio than any classical algorithm.

3 Main theorem

The main result of this thesis is based on a theorem of Szegedy [22].

We prove a slightly different statement than that of Szegedy, who shows that there exists a subset of
MAX-3SAT instances such there is no classical (% + 0.01)-approximation algorithm for this subset, while
there is a quantum 0.99-approximation algorithm. We prove that these approximation properties hold for
a different maximization problem, namely a maximization problem whose instances are pairs of MAX-3SAT
instances and factoring instances. Additionally, we show that this statement is true for any sufficiently small
€. In this section we state the theorem and show the outline of the proof that is similar to the proof of the
theorem from Szegedy.

Theorem 3.1. Assuming that factoring ¢ P, for any sufficiently small € > 0 there exists a mazimization
problem, defined by the pair (R,m) of a relation R := R, and a target function m such that

1. (Classical inapprozimability) There exists no classical polynomial-time ( % +¢)-approximation algorithm
for (R, m).
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2. (Quantum approximability) There exists a polynomial-time quantum (1 — €)-approzimation algorithm
for (R, m).

To prove this theorem, we reduce factoring to GAP[1 — e,% + €]-3SAT via a Karp reduction o/ and a gap-
producing reduction ', that is, the reduction 8 o a reduces factoring to GAP[1 — e, % + €]-3SAT. We show
that GAP[1 — e,% + €]-3SAT is NP-hard. We will show, as is well known in complexity theory, that along
with the assumption that P £ NP, this results in the classical inapproximability of MAX-3SAT.

For the quantum approximability, we need to recover the original instance N from an instance ¢ = '(a/(V)).
Using Shor’s algorithm, we can construct a witness for N. We show in this thesis that this witness can then
be transformed into an assignment that satisfies a (1 — ¢) - OPT(¢) clauses of ¢. To recover the original
instance N, we need a polynomial-time algorithm that given a GAP[1 —e, %+e]—3SAT instance ¢ in the image
of ' o o/, computes a factoring instance N such that ¢ = 8'(a/(N)).

We have not found a polynomial-time algorithm to construct such a pre-image N. We use a workaround
that was suggested by Szegedy in an online discussion [1]. The solution is to append the original factoring
instance N to the formula ¢y = B'(/(INV)), resulting in the pair (¢, N).

The instances of the relation R will be pairs of GAP[1 — 67% + €]-3SAT instances and factoring instances
in the image of 8o «a. To compute a pre-image of some (¢n,N), we can simply read out N. By let-
ting the target function output the value of the MAX-3SAT target function value of ¢x, we preserve the
(in)approximability factors from classical and quantum Turing machines.

We define the language 3SAT-N that contains the pairs (¢, N) of 3SAT instances and factoring instances
such that ¢ is satisfiable. The set of instances for MAX-3SAT-N and GAP[c,s]-3SAT-N contains all pairs
(¢, N) of 3SAT instances and factoring instances. As described earlier, the target function on input (¢, N)
outputs the value of the MAX-3SAT target function value of ¢.

We return to the reduction 8’ o’ from factoring to GAP[1—e, %+e]—3SAT. The first reduction, o, transforms
factoring instances into 3SAT instances. This reduction is a direct result of the Cook-Levin theorem [8] [14].

The second reduction, /', is a gap producing reduction from 3SAT to GAP[1 — e,% + €]-3SAT. This re-
duction actually consists of multiple reductions that can be categorized in two steps.

The first step is introducing a small, but constant gap to the 3SAT instances, meaning that the set has
a gap of (1,c¢), for some constant ¢ < 1 that is close to 1. This reduction is the result of the PCP theorem
proven by Arora et al. [5]. In this thesis, we go over a simplified proof by Dinur [9]. The second step, proven
by Hastad [12], reduces this set to a set of 3SAT instances with a gap (1—¢, £ +¢), for any sufficiently small e.

We show the reductions in the following graph.

1 /

factoring %, 35AT L GAP[1 — ¢, £ + €]-3SAT
In this thesis, we prove two claims that form the basis of the main theorem. Later in this section we will
follow the arguments of Szegedy to show that we can use these claims to prove the main theorem.
Claim 3.2. There exists a Karp reduction « from factoring to 3SAT-N with the following property.

1. Let N := (n,k) € factoring be a factoring instance and let d be a divisor of n with d < k. By the
definition of a Karp reduction it holds that (¢, N) := a(N) € 3SAT-N. On input N and d, we can in
polynomial time in |N| + |d| construct a satisfying assignment for ¢.

Claim 3.3. For any sufficiently small ¢ > 0, there exists a gap-producing reduction S := . from 3SAT-N
to GAP[1 — ¢, % + €]-3SAT-N with the following properties.
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1. Let (¢, N) € 3SAT-N and let a be a satisfying assignment for ¢. By the definition of a gap-producing
reduction it holds that (¢, N') := (¢, N) € Lyes. On input ¢ and a, we can in polynomial time in
|| + |a| construct an assignment for 1 that satisfies a 1 — ¢ fraction of its clauses.

2. Let (¢, N) = B(c(N)) be a GAP[1—¢,% +¢]-3SAT-N instance in the image of Boa. Given (¢, N), we can
in polynomial time in the size of (¢, N) compute a factoring instance (N') such that (¢, N) = S(a(N')).

These reductions will be chained together, resulting in the following chain of reductions.

factoring — > 3SAT-N N GAP[1 — ¢, I + ¢]-3SAT-N
N ——— (a/(¢),N) ——— (8'(a/(9)), N)

Most of the work in thesis consists of laying out the known theory that is used to prove claims 3.2 and 3.3.
In section 4.1 we construct a reduction from factoring to 3SAT. In the sections 4.2 and 4.3 we construct a
reduction from 3SAT to GAP[1 —e, % +€]-3SAT. In section 5, we complete the proof of both claims by adding
information on the original factoring instance.

Proof of theorem 3.1. We start the proof assuming the validity of claim 3.2 and claim 3.3. Let « be the
Karp reduction from claim 3.2 and let 8 be the gap-producing reduction from claim 3.3.

PICNF . _ {B(a(N))|N € {0,1}*}

factoring

We now define the following relation for our optimization problem.
R:= {(((Z)N,N),a)‘(qﬁN,N) € @?ggﬁiny,a € {0,1}" : ¢ has n variables}
Let m be the function that given ((¢n, N),a) € R, outputs the number of clauses of ¢ satisfied by a.

We show that for the pair (R, m), the two conditions of the theorem hold.

1. (Classical inapproximability) Assume for the sake of contradiction that there exists a classical polynomial-
time (% + €)-approximation algorithm for (R,m), say A. Given (¢, N) := 80 a(N), for some factoring
instance N, this algorithm outputs an assignment that satisfies at least a (% +¢€) - OPT(¢) frac-
tion of clauses of ¢. We show how this algorithm can be used to decide the problem factoring in
polynomial time. Let N = (n,k) be an arbitrary factoring instance and define the 3SAT-N instance
(¢, N) := B(a(N)). The algorithm A can find an assignment a of ¢ such that at least a £ + € fraction

of the optimal number of clauses are satisfied.
o If (n, k) € factoring, ¢ is at least (1—§)-satisfiable. This means that a satisfies at least a (1—8)(%+¢)
fraction of clauses of ¢.

e If (n, k) ¢ factoring, ¢ is at most (§ + 6)-satisfiable. In this case a satisfies at most £ + & of all
clauses of ¢.

Note that the value of § is not fixed. We choose & such that (1 —8)(Z +¢€) > £ +d, any 0 < § < 82:15
suffices. This choice lets us distinguish between “yes-instances” and “no-instances”. If (n, k) is a “yes-
instance”, a satisfies strictly more than a % + 6 fraction and if it is a “no-instance”, a satisfies at most

a % + § fraction of the clauses of ¢.

By evaluating the assignment a on ¢ and checking the number of clauses it satisfies, we can in polyno-
mial time decide whether N is a “yes-instance” or a “no-instance”, contradicting the assumption that
factoring ¢ P. We conclude that for any € > 0 there exists no polynomial-time (% + €)-approximation
algorithm for (R, m), unless factoring € P.

2. (Quantum approximability) Let (¢n, N) € (I)iggol‘;mg. By property 2 of claim 3.3, we can find N’ such

that (¢n, N) = B(a(N")). Note that this N’ is precisely N = (n, k). Using Shor’s algorithm, we decide
in polynomial time whether N € factoring and we distinguish between two cases.
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e If N € factoring, by proposition 2.5, we can in polynomial time compute a positive integer d < k
that is a divisor of n. By property 1 of both claims, we can transform this witness d into a witness
a of MAX-3SAT that satisfies a 1 — § fraction of the clauses of ¢. Since § < ¢ and OPT(¢) is at
most the number of clauses in ¢, this assignment satisfies a 1 — € fraction of OPT(¢). We conclude
that our algorithm is a quantum (1 — €)-approximation algorithm for (R, m).

o If N ¢ factoring, ¢ is at most (% + §)-satisfiable. The algorithm from lemma 2.3 outputs an

assignment that satisfies at least a % fraction of clauses of ¢. Since % (% + ) > 1 — € holds when
0 < 8:—;:157 this assignment satisfies at least a 1 — e fraction of OPT(¢) < %Jré. So, this algorithm
is a quantum (1 — €)-approximation algorithm for (R, m). O

We introduce a formalization of the first part of both claims. Namely, a witness transformation. The idea
of transforming one witness into another is not new. Many constructions of Karp reductions explicitly
state how the solution of one problem can be transformed into the solution of another. In this thesis we
introduce a formal definition of this idea that will be used to chain multiple witness transformations together.

First, we remind the reader that every language L in NP has a polynomial-time verifier and a corresponding
relation Ry;. We consider promise problems whose “yes-instances” are also polynomial-time verifiable. That
is, promise problems L = (Lyes, Lno) for which there exist a polynomial-time verifier V' such that for any
x € {0,1}* the following holds.

o If x € L., then there exists a witness w such that V(z,w) = 1.
o If z € L,,, then V(z,w) = 0 for every witness w.

For a polynomial-time verifiable promise problem L, we define the relation
Ry = {(m,w)|V(x7w) =1}

Let L, L' be polynomial-time verifiable languages or promise problems such that there exists a Karp reduction
f from L to L'. That is, L can be a language or a promise problem and so can L.

Definition 3.1. A witness transformation of f is a polynomial-time computable function g : Ry, — {0, 1}*
such that for any pair of a “yes-instance” and a witness (z,w) € Ry, we have that (f(x),g(z,w)) € Ry .

Property 1 of claim 3.2 and 3.3 states that such witness transformations exist for the given reductions.
Karp reductions are closed under composition, but witness transformations are not, because two witness
transformations do not directly compose. However, witness transformations can still be chained together by
carrying over information on the instance.

Lemma 3.4. Let Ly, Lo, L3 be polynomial-time verifiable languages or promise problems such that there
exist Karp reductions fi1 from Ly to Lo and fo from Lo to Lz that both admit a witness transformation.
Then the Karp reduction fo o fi admits a witness transformation.

Proof. Let g1 : R, — {0,1}* and g5 : R, — {0,1}* be witness transformations for f; and f, respectively.
Let (z,w) € Rp,, since g1 is a witness transformation it holds that

(fl(x)agl(wi)) € RL2

and by the witness transformation property of go, it holds that

(f2(f1(2)), g2(f1(2), g1 (2, w))) € R,

In other words, the function g : Ry, — {0, 1}* given by (z,w) — ¢2(f1(2), g1(z,w)) is a witness transforma-
tion for fs o f1(x). O

In the following sections, we prove that the polynomial-time reductions and polynomial-time witness trans-
formations from claim 3.2 and 3.3 exist. We do this in multiple steps, constructing a sequence of reductions
and witness transformations and chaining them together in section 5.
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4 Reductions

In this section we present the chain of reductions from factoring to GAP[1 — ¢, £ + €]-3SAT.

In subsection 4.1 we reduce factoring instances into 3SAT instances. This reduction is a direct result of
the Cook-Levin theorem [8] [14].

In subsection 4.2 we introduce a gap to the 3SAT instances: we reduce 3SAT to GAP[1,c]-3SAT, for some
constant 0 < ¢ < 1. The existence of this reduction is a direct consequence of the PCP theorem [5]. We use
the reduction that is given in the simplified proof of the PCP theorem by Dinur [9].

The gap introduced in subsection 4.2 is increased to the optimal size in subsection 4.3: we reduce the
problem GAP[1,c]-3SAT to GAP[1 — ¢, § + ¢]-3SAT. This reduction is given by Hastad [12] in his proof that
MAX-3SAT is not approximable with a factor greater than %.

Additionally, we prove that there exist witness transformations for these reductions.

4.1 Cook-Levin theorem

The first reduction of our chain follows from the Cook-Levin theorem. The theorem states that SAT is
NP-complete, meaning that SAT € NP and any language in NP is Karp-reducible to SAT. We then reduce
SAT to 3SAT. We follow the proof of the Cook-Levin theorem as presented in Introduction to the Theory of
Computation by Sipser [21, Chapter 7], but we make a slight change that will be made precise later.

To show that for each NP language L € NP, there exists a Karp reduction from L to SAT, Cook and Levin
analyze a non-deterministic Turing machine that decides L. We do not define what a non-deterministic
Turing machine, because we will work with a deterministic version that allows for an easier construction of
the witness transformation.

We change the proof of the Cook-Levin theorem by considering a deterministic verifier. Let L be a lan-
guage and let V = Vj, be a deterministic verifier for L. Let x € {0,1}* be an instance and let w € {0,1}*
be a candidate witness. We analyze V on the input (z,w) and express the inner mechanics in terms of a
boolean formula.

First, we introduce a string that represents the state of a Turing machine at some step of computation.
Consider a Turing machine M in some computation step where the symbols in the tape are given by
Z1,T9, ..., &n, L, L, ... and each symbol after z,, is the empty symbol. The read/write head is at z; and the
current state symbol is g;. We represent the state of M with the following string:

T1T2...24—-145T; ... Tn
We call this string the configuration of M.
We are now in the position to prove the Cook-Levin theorem.

Theorem 4.1. SAT is NP-complete.

Proof. By lemma 2.1, SAT is in NP.
Next, we prove that for any NP language L, there exists a Karp reduction from L to 3SAT. Let Vi be
a verifier of L. Our reduction takes an instance x € {0,1}* as input and describes the inner workings of V7,

on z and a witness. This description will be written in terms of a 3CNF formula such that the formula is
satisfiable if and only if there exists a witness causing V, to accept.

Let L € NP and let z € {0,1}* with size n := |z|. Let V := V}, be a verifier for L with state set @,
tape alphabet Y, input alphabet I" and transition function 4. Since V runs in polynomial time, given input
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x and for some k € N, V makes at most N := n¥ computational steps for sufficiently large n. We are usually

interested in the asymptotic behavior of the time complexity of a reduction. For this reason, it suffices to

assume that V runs time time n*.

We now define a tableau for V on input (z,w), for some w € {0,1}* that will represent the calculations done
by V on input (x,w). A tableau for V on input (z,w) is a n*-n¥ table of symbols in C := QUXU{#}. Each
row of a tableau corresponds to a configuration of V. We write tableau[i, j] = s if the symbol in position
(i,4) of the tableau is equal to s € C.

To enforce that a tableau correctly represents the computation of V, we will require it to have the fol-
lowing properties:

e The first row is the following concatenation: #|x|w|#. Without loss of generality, we assume that w
is of size |w| = n* —n — 2. This is equal to the maximum number of bits read from w, since V runs in
time n*. If w is smaller, we can add n* —n — 2 — |w| characters L’ to the end that the Turing machine
will interpret as the empty symbol L.

e For convenience later in the proof, we define the left- and rightmost characters of every row to be #.

e Besides the first row, a row can only represent the configuration that follows from the transition
function and the configuration represented by the row above.

We call a tableau satisfying these properties an accepting tableau if any of the rows contain the accepting
state gaccept- An accepting tableau represents an accepting internal computation of V. In other words, V'
accepts on input (z,w) if and only if there exists an accepting tableau for V on (z,w).

We will construct a 3CNF formula ¢ = ¢y, that is satisfiable if and only if there exists some w € {0,1}*
such that there exists an accepting tableau for V on (z,w). We introduce the |C|(n*)? variables z; ; s, with
s€ Cand1<i,j<nP The formula ¢ will correspond to a tableau. The variable Z; 4,5 being equal to 1
corresponds to position (i, j) of the tableau containing s.

We construct ¢ such that it checks four different aspects of the corresponding tableau:
e Each position in the tableau contains exactly 1 symbol,
e the first row is the state of V on input z and w,
e the rest of the configurations follow from the first row by the rules of the transition function
e and the tableau is an accepting tableau.

We construct four boolean formulas, ¢ceii, Pstarts Pmove,3cNF aNd @gecept corresponding to these four items.
A formula is only satisfied when the tableau satisfies the corresponding item.

These formulas are not in 3CNF, but they are structured such that it is easy to transform them into
3CNF.

We first enforce that each position in the tableau contains exactly one symbol. We define
bee =\ [( oz ) A (A w]vﬂw)]
1<i,j<nk seC s,teC,s#t

This formula equates to true if and only if for all cells, there is at least one symbol is this cell and for each
pair of symbols, they are not both contained in the cell.

Next, we construct a formula that enforces that the first row of a tableau is the starting state of V' on
input (z,w). We achieve this by constructing two formulas.

15



First, the head starts at the first symbol and V is in state gg. The first n symbols after gy are the symbols
of . We also enforce that the first and last symbols are #.

(bstart,base = xl,l,#/\
T1,2,g0N
132, N oo NT1nt22, N
T1nk 4
Second, for the rest of the variables in the first row (except for the last #), we disallow symbols that are not

input symbols or the empty symbol. Once an empty symbol has been written, all symbols to the right of it
are the empty symbol. This ensures that we do not use the empty symbol as part of a witness.

¢witness = /\ T1,n+3,s AN UA /\ T1nk—1,s /\ L1,5,u \ L1,5+1,U
seC\(Tu{u}) seC\(Tu{u}) n+2<j<nk—1

We now define
¢start = ¢start,base A ¢witness

The following requirement is that the tableau is an accepting one. For this, we simply require the symbol
Jaccept tO appear at least once in the tableau.

¢accept = \/ Li,j,qaccept

1<i,j<n*

Finally, we require each row to represent a configuration that follows from the transition function and the
previous row. First, we define an (4, j)-window to be the set of cells

{tableau[i,j — 1], tableauls, j], tableau[s, j + 1],
tableau[i + 1,5 — 1], tableau[i + 1, j], tableau[i + 1,7 + 1]}

We say that an (¢, j)-window is a legal window if the values of tableau[i + 1,j — 1], tableauli + 1, j] and
tableau[i + 1, j + 1] follow from the values of tableau[s, j — 1], tableauls, j] and tableau[i, j + 1] according to
the transition function. We now construct a boolean formula that enforces that an (i, j)—window is a legal
window. We construct the formula as follows.

D(i,j)-window is legal ‘= \/ (Zij—1.a1 Aigjan ATiji1as ANTig1j—1as ATit1 jas ATit1 j41a0)

ai,...,ag is a legal window

We require every possible (4, j)-window to be legal. It is not difficult to convince ourselves that if for some
fixed row number 1 < i* < n* all (5%, j)-windows are legal, then row i* + 1 follows from the transition
function and row i*. We leave the details to the interested reader. We construct a formula that reflects this
requirement for each row.
¢move = /\ ¢(i,j)-window is legal
1<i<nk 1<j<nk

We have created four formulas that each enforce a different aspect of an accepting tableau. Define the
formula ¢ as follows.

¢ = ¢cell A ¢start A ¢move A ¢accept

By construction, this formula is satisfiable if and only if there exists some w such that V' (z,w) = 1. In other
words, if and only if x € L.

We now give some motivation that this process runs in polynomial time. First, we argue that the size
of ¢ polynomial in n.
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The formula ¢ consists of |C|n?* variables. So, writing a variable takes up O(log(n)) space. We con-
sider the size of each sub-formula.

First, ¢ce;; has a block of constant size for each of the O(n2*) variables. The formula ¢gq.¢ is of size
O(n*). Next, Gaccept contains exactly one variable for each of the O(n?*) locations of the tableau. Finally,
note that for each (7,7), there are at most |C|° different legal (i,j)-windows, so the formula ®(i,j)-window is legal
is of constant size. Since there are O(n?*) windows, ¢oue is of size O(n2*).

We do not go into detail as to why this reduction runs in polynomial time. The fact that ¢ is of poly-
nomial size should gives us a good intuition as to why it can be constructed in polynomial time. O

We now show that every boolean formula constructed in this manner can be reduced to a 3CNF formula,
thus showing that 3SAT is also NP-hard.

Theorem 4.2. 3SAT is NP-complete.
Proof. By lemma 2.1, SAT is in NP.

Let L € NP be a language, we show that we can construct a Karp reduction from L to 3SAT. Let « € {0,1}*
be an instance and let @ceir, @starts Pmove aNd Paccept be the formulas as constructed in the proof of theorem
4.1. Due to their structure, each formula can be transformed into 3CNF formulas in polynomial time.

For ¢cey;, we observe that by the distributive rules of disjunctions and conjunctions, we can arrange the
variables and gates such that ¢y is in kCNF for some k € N.

We transform this kKCNF formula into a 3CNF formula. Let C := 13 Vis V...V I, be a clause of ¢,
where [; is a literal, so either x; or its negation. We replace C with the clauses I1 VIs Vy1, 71 VI3 Vya, ...,
Yn—3 Vln_1 V1, where y; is a new variable. This set of clauses is satisfiable if and only if C is satisfiable.
We perform this process for each clause of ¢y to construct the 3CNF formula ¢ccp 3cvrF that is satisfiable
if and only if ¢.¢y; is satisfiable.

This process can be used to transform the other formulas into 3SCNF formulas. Let ¢start.3cNFs Pmove,3CNF
and @gceept,3cNF be the resulting 3CNF formulas. Our final formula is the conjunction of these four formulas.

d) = ¢cell,3CNF A ¢start,3CNF A (bmove,SCNF A ¢accept,SCNF

This formula is satisfiable if and only if there exists some w such that V(z,w) = 1. In other words, if and
only if x € L.

Each clause is replaced with a clause that is larger by a constant factor. This process can be performed in
polynomial time in the size of x. O

We show that the reduction described in theorem 4.2 has an accompanying witness transformation.

Lemma 4.3. Let L € NP be a language and let oy be the reduction from theorem 4.2. There exists a
polynomial-time witness transformation for ay, .

Proof. Let V' = Vi, be the verifier for L that was used to construct ay. Let x € L, and let w be a witness
for z. Run V on input (z,w) and fill in the accepting tableau for V' on (z,w). The symbols in the accepting
tableau give us an assignment to the variables x; ; ; that satisfies a(z). This assignment is a witness for
ar(x). This transformation runs in polynomial time in |2| and thus in polynomial time in |(x, w)|. O

In this thesis we are specifically interested in the reduction o := Qfactoring. Let (n, k) € factoring and let d < k
be a divisor of n. By lemma 4.3 we can transform d into a satisfying assignment of «(n, k) in polynomial
time. By lemma 4.3, we have an accompanying polynomial-time witness transformation for a.
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4.2 PCP theorem

We have shown that 3SAT is NP-complete, meaning that we can reduce any language in NP to 3SAT. The
PCP theorem, first proven by Arora et al. [5] and later simplified by Dinur [9], reduces this set of 3SAT
instances to a set of 3SAT instances with a gap of (1, «), for some 0 < a < 1. Equivalently, the PCP theorem
states that for every NP language, there exists a probabilistically checkable proof verifier.

4.2.1 Probabilistically checkable proofs

The PCP theorem states that we can construct a specific verifier for each language in NP, called a verifier

in a probabilistically checkable proof system (PCP verifier).

This verifier is a probabilistic Turing machine. Besides to the tools of a deterministic Turing machine, a
probabilistic Turing machine has (read-only) access to a string r € {0,1}*. Because we are only interested
in polynomial-time machines, given an input = € {0, 1}*, we limit the size of r to p(|z|), for some polynomial p.

At the start of computation of a probabilistic Turing machine, a string r of size p(|z|) is given uniformly at
random. This allows the machine to make random decisions by reading the bits of r.

The PCP verifier also has oracle access to a function = : {0,1}* — {0,1}, which we will call an oracle.
A Turing machine M that has oracle access to 7 can query the value 7(z) in a single computational step, for
any « € {0,1}*. We write M7 for a (deterministic or probabilistic) Turing machine M with query access to .

We write P[M™(z) = b] for the probability, taken over the random strings r, that M™ outputs b.

Definition 4.1. Let ¢, : N — N be functions. The complexity class PC' P[g(n), r(n)] contains the languages
L for which there exists a probabilistic polynomial-time Turing machine V' such that for any input = € {0, 1}*,
V makes at most ¢(]z|) oracle queries, uses r(|z|) random bits and satisfies the following properties.

e (Completeness) If x € L, then there exists an oracle 7 such that P,.[V™(x) = 1] > 1.
e (Soundness) If x ¢ L, then for any oracle m we have that P,.[V™(z) =1] < 1.

The PCP theorem states that every language in NP is recognized by a PCP verifier with constant query
complexity and logarithmic randomness.

Theorem 4.4 (PCP theorem [5]). NP = PCP[O(1),O(log(n)]
We prove an equivalent version of the PCP theorem that is useful for our purposes.
Theorem 4.5 (PCP theorem). For some 0 < o < 1, there exists a reduction from 3SAT to GAP[1,a/-3SAT.

We refer the reader to [9] for a proof of this equivalence.

In this section we follow the proof of the PCP theorem as given by Dinur [9]. At the end of this sec-
tion we provide a short proof stating one way of the equivalence, showing that theorem 4.4 follows from
theorem 4.5.

4.2.2 Constraint graphs

Dinur uses the problem of satisfying constraint graphs to prove the PCP theorem. The idea is to reduce
each language in NP to a set of constraint graphs and introduce a constant sized gap to this set. This set
with a gap can then be reduced to 3SAT with a gap.

Definition 4.2. A constraint graph is a tuple G = ((V, E), X, C) such that
e (V,E) is an undirected graph,

e Y is a finite alphabet,
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e For each edge e € E, there is a constraint c(e) C X x ¥ and C = {c(e) }eck-

We call (V, E) the underlying graph of the constraint graph G and often write G for either. We say that a
constraint c(e) is satisfied by (a,b) € ¥ x X if (a,b) € c(e). An assignment for a constraint graph G is a
mapping a : V — X. We say that this assignment satisfies G if for each e = (u,v) € E, (a(u),a(v) € c(e).
In words, an assignment satisfies G if the assignment satisfies each constraint. If such an assignment exists,
we say that G is satisfiable.

Definition 4.3. The language CG is the set of satisfiable constraint graphs.

We write F, := {(u,v) € E : (a(u),a(v)) ¢ c(e)} for the set of edges whose constraints are not satisfied by
some assignment a.

Definition 4.4. For any constraint graph G = ((V, E), ¥, C) and assignment a, we define

F,
UNSAT,(G) := ||E|

UNSAT(G) := min UNSAT,(G)

We call this the the unsat-value or simply the unsat of G. Dinur defines the unsat value to analyze the gap
of a set of constraint graphs. We use the unsat-value to define a gap version of CG.

Definition 4.5. Let 0 < o < 1. GAP[1,a]-CG is the pair of constraint graphs with UNSAT = 0 and the
constraint graphs with UNSAT(G) > 1 — a.

Dinur shows that we can increase the gap size of a set of constraint graphs to a constant size, while only
increasing the size of the constraint graphs by a polynomial factor. Let G = ((V, E),%,C) be a constraint
graph, we define the size of G as follows.

size(G) == |V |+ |E|

The alphabet will remain bounded during the reduction and the size of the constraint set is linear in the size
of the edge set. So, the actual size of a constraint graph G will always be a constant factor of size(G).

Dinur shows proves the following theorem from which the PCP theorem follows.
Theorem 4.6. For some 0 < o/ < 1, there exists a reduction from 3SAT to GAP[1,a']-CG.

To prove this theorem, Dinur first introduces a set of constraint graphs that has a gap size dependent on the
size of the constraint graph. The problem of 3-coloring has a gap size that is a function of the graph size.
We say that a graph G = (V, E) is 3-colorable if there exists a function ¢ : V' — {1,2,3} such that for all

(u,v) € E, c(u) # c(v).
Definition 4.6. The language 3-coloring is the set of 3-colorable graphs.
Lemma 4.7. 3-coloring is N P-complete.

Proof. Given a graph G = (V, E) and a function ¢ : V' — {1, 2,3}, we can in polynomial time check whether
¢ satisfies c(u) # c(v) for all (u,v) € E. So, 3-coloring is in NP. Due to Karp [13], we can reduce 3SAT to
3-coloring and 3-coloring is NP-complete. O

Lemma 4.8. Let 3 be the reduction from lemma 4.7. There exists a polynomial-time witness transformation

for B.

Proof. The witness transformation follows directly from the reduction and can clearly be computed in poly-
nomial time. O

Lemma 4.9. Given a constraint graph G = (V, E),%,C) with |X| = 3, it is NP-hard to decide whether

UNSAT(G) = 0 or UNSAT(G) > L.

19



Proof. Let G’ be a 3-coloring graph and let ¥ = {1,2,3} be the 3 different colors. We define the constraint
graph G = ((V, E),%,C) as follows. Let the underlying graph of G be the graph G’ and set the constraint
of an edge (u,v) to be the values where u and v are unequal. This reduction is a Karp reduction.

The set of constraint graphs resulting from this reduction has a gap that is dependent on the size of the
graph. The unsat value of a graph with unsat value unequal to 0 is at least IT{J\ > ﬁ O

Lemma 4.10. Let 8 be the reduction from lemma 4.9. There ezists a polynomial-time witness transformation
for B.

Proof. Let G € 3-coloring be a 3-colorable graph, let G’ = 8(G) be the constraint graph resulting from the
reduction and let ¢: V — {1,2,3} be a coloring for G. By the construction of G’, this coloring satisfies the
constraints of G’. O

Lemma 4.9 shows that we can reduce any NP problem to a set of constraint graphs with a gap of (1,1— ﬁ)

This set will be reduced to a set of constraint graphs with a gap of (1,«’), for some constant o’. In the
following subsection, we present the methods used by Dinur to achieve this constant gap.

4.2.3 Proof overview

The important contribution of Dinur is the amplifying reduction. This step increases the unsat value of a
constraint graph by a constant factor t. It does so by creating new edges that represent a walk of ¢ edges.
Dinur proves that such an edge checks O(+/t) different constraints at once. An edge not satisfied by an
assignment in the original graph results in O(v/t) edges not being satisfied in the amplified graph.

To apply the amplifying step, the graph requires a fixed structure. In the first section we transform the
graph into a graph fitting for the amplifying step, while only inducing a linear blowup in the size and a
constant reduction of the unsat value.

The amplifying step does however increase the alphabet size. To solve this issue, we replace a constraint
with a smaller constraint graph that simulates this constraint over a smaller alphabet.

Combining all steps results in doubling the unsat value of a constraint graph. Repeating this process a
logarithmic number of times finally results in a constant unsat value.
4.2.4 Preprocessing

The effectiveness of the amplifying step relies on the structure of the constraint graph. The underlying graph
should have constant degree and a self-loop on each vertex. Besides these properties, the graph should have
a large enough expansion rate, meaning that two independent subset of nodes are connected with a high
number of edges.

Given a graph G = {V, E} and two subsets of vertices S,7 C V we denote E(S,T) := |S x T'N E| for
be the number of edges between S and T. For a subset of nodes S C V we denote S := V' \ S for the
complement of S.

Definition 4.7. The edge expansion rate of a d-regular graph G = {V, E'} is defined as:
. E(S,S)
h(G) := min = ———
©) s:si<ivisz |9
We use a result that shows there exists a family of expander graphs.

Lemma 4.11 ([9]). There exists constants do € N and hg > 0 such that there is a polynomial-time con-
structable set (family) of { Xy }nen of do-regular graphs X, = (V,,, E,,), with |V,,| = n and h(X,,) > ho.

We give some definitions and prove some technical lemmas to aid with making a constraint graph have the
right expansion properties.
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Definition 4.8. Let G = (V, E) be a (multi)graph with V' = {v1, va,...,v,}. We define the n - n adjacency
matrix Ag, or just A, by setting A;; = k if there are k edges connecting v; and v;.

Definition 4.9. Let A = Ag be the adjacency matrix of some graph G and let A, Aa, ..., A\,_1 be the
spectrum of A. We define A(G) := max (A2, | Ap—1])-

This is the second largest eigenvalue in absolute value. This value is closely related to the expansion rate of
the graph, as shown by the following technical lemma’s.

Lemma 4.12 ([9]). Let A = Ag be the adjacency matriz of some graph G, then

(=, Agrz)|

AG) =
( x#@,(m,f):O |<.’£, £U>|

Lemma 4.13 ([9]). Let G be a d-regular graph and let A be its adjacency matriz with eigenvalues Ay > Ao >
... > An. Then
hG)?

2d

We use these lemmas to construct a family of regular expander graphs with A value.

A2 <d—

Lemma 4.14. There exists constants dj, € N and 0 < Ao < dfj, such that there is a polynomial-time
constructable family {Gp}nen of di-reqular graphs G, = (Vy, Ey), with |V,| = n and MN(G,) < A.

Proof. We use lemmas 4.11 and 4.13 to construct a graph with the desired properties. For any n € N, let
X,, = (V, E,) be the do-regular graph from lemma 4.11. Let E}, be the set of dy self loops on each vertex
v € V,,. Define E/, = E, UE} and G,, = (V,,, E.,), a d}, = 2dg-regular graph with |V,,| = n. Since there are
no vertices and no edges between vertices added, h(G,) = h(X,) > ho.

Note that if \; < —dp is an eigenvalue with eigenvector v; of X,,, then A, = \; +dp > 0 is an eigen-
value of the same eigenvector of GG,,. This means that all eigenvalues of GG,, are positive, so now we have that

A(Gn) = Aa. Let A = dy — $9= < di, now A(G) = Ao <y — G0 <y — Gol” = 5. O

We are now in the position to introduce the first preprocessing step. This step consists of transforming a
graph into a graph with constant degree. We achieve this by, for each original vertex v, adding a “cloud” of
vertices with one vertex for each edge incident to v. We connect the vertices of a cloud with an expander
graph with no constraints. We also connect each pair of clouds with one edge if their original vertices were
connected, these edges inherit the constraint that was on the original edge.

Definition 4.10 (Preprocessing step 1). Let G = ((V, E),%,C) be a constraint graph, we define G’ :=
prep1 (G) = (V' E'),3,(’) as follows:

e For each v € V, we define [v] := {(e,v) | e € E is incident on v} and we define V' := Uv[v].
veE

e For cach v € V, let X, = (V,, E,) be a d{-regular graph on [v] with edge expansion at least hg, whose
existence is guaranteed by lemma 4.11. Let

and let
By == {((e,v), (v, €))[(v,0) € E}

Finally, we define E' := E; U E>.
e For each ¢’ € E we define the constraints as follows.

— Ife' € By, c(e/) ={(0,0)|0 € &}.
—Ife =((v,e), (v e)) € Eg, c(e') = c(e) € C.
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Dinur shows that this process results in the required properties and only changes the graph size and the
unsat value by a constant factor.

Lemma 4.15. There are constants dg,c > 0 such that for every constraint graph G = ((V,E),%X,C), the
constraint graph G' = prepi(G) = (V', E'),3,C’) is (do + 1)-regular, with Size(G) = O(Size(G")) and has
the properties that |V'| < 2|E| and

¢+ UNSAT(G) < UNSAT(G') < UNSAT(G)

Proof. Let df, be the constant from lemma 4.14. G’ is (dj + 1)-regular. For every edge in G, there are
two vertices in G’, or one in the case of a self-loop. So clearly |V’/| < 2|E|. We now also have that
Size(G') = |E'|+|V'| < djy - |[V| + |E| + 2| E| = O(Size(G)).

Next, we show that UNSAT(G’) < UNSAT(G) by showing that an assignment a : V' — 3 can be used
to construct an assignment a’ : V' — ¥ such that UNSAT, (G’) < UNSAT,(G). Let a be an assignment
such that UNSAT,(G) = UNSAT(G) and let a’ : V' — X be the assignment (v,e) — a(v). This new
assignment satisfies c(e) for all e € E; and satisfies exactly |Es| - (1 — UNSAT(G)) of the constraints on Es.
The following holds.

UNSAT(G') < UNSAT, (6") = e Ll < SRS (0

We now show that there exists some global constant ¢ such that ¢ - UNSAT(G) < UNSAT(G’) by showing
that an assignment o' : V! — X can be used to find an assignment a : V' — ¥ such that ¢- UNSAT,(G) <
UNSAT, (G’). Let a' : V! — X be an assignment. For every v € V, we define an assignment for a vertex v
by taking the most “popular” opinion on v by the assignment a':

= UNSAT,(G) = UNSAT(G)

a(v) := argg1g§|{(v,e) € [v]:d'(v,e) =}

Let d = dj + 1 and note that |E| < d|E’'|. Fix some assignment a’ : V' — ¥ and define a : V' — ¥ according
to (4.2.4). Let F := F, C E and F' := F!, C E’ be the set of edges not satisfied by a and a’. Let S C V'

be the set of vertices that are assigned a different value than the most popular value by a’:
S = U {(v,e) € [v] : d'(v,e) # a(v)}
veV
For e € F we have that either ((v,e)(v’,e)) € F’ or at least one of v and v’ is in S. This means that

|F'| +|S| > |F| = UNSAT,(G)|E|. We now separate two cases:

UNSAT(G)|E F’ UNSAT,(G)|E UNSAT,(G)|E
o If || > DNSATOIEL then UNSAT, (GY) = I > UNSAT(OIEL > UNSIT(IEL — LUNSAT,(G)

and we are done.

o If |F'| < w, then |S| > w. Pick any v and let S¥ = [v] NS be the set of vertices

not agreeing with the plurality assignment, clearly |S”| < @ Define

SY = {(v,e) € S|a(v,e) =0}

We have that |SY| < @, so by the expansion property of the graph on [v], E(SY,[v] \ S%) > ho|SZ|.
All of the edges incident to SY within [v] have equality constraints that are rejected by a’. Ranging
over every o € ¥ the sets SY are pairwise disjoint and span S". So, there are

1 v v hO v
5 Z E(Sa7[v]\sa)2 ?|S |
ceX\a(v)
edges rejected by o’ in the cloud [v]. So in total, there are at least

% Z |Sﬁ ['UH _ %|S| 2 hOUNSAIa(G)‘E| > @UNSATG(G)‘E/l
veV

~ 4d
edges rejected by a’. In other words UNSAT, (G') > Z—SUNSATQ(G).
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>

We conclude that ¢ - UNSAT(G) < UNSAT(G’), with ¢ = min (55, 49). O

Next, we add a self-loop to each vertex and add the edges of an expander graph with the same vertex set.
This increases the expansion rate of the graph. We add no constraints to the new expander edges and the
self-loops.

Definition 4.11 (Preprocessing step 2). Let G = ((V, E),%,C) be a constraint graph, we define G’ :=
preps(G) = ((V, E'),%,C') as follows.

e Let H = (V, E1) be a dj-regular expander graph with A(H) < A < df, as guaranteed by lemma 4.14
and let Ey := {(v,v)|v € V'} be the set of self-loops on each vertex. Finally, we define E' := EUE;UE,.

e For each ¢/ € E we define the constraints as follows.
—Ife € E, c(¢) = cle).
— If e’ € By UEy, ¢(¢) = X x X, the null constraint that is always satisfied.
Dinur shows that the new graph has the desired properties.

Lemma 4.16. There are constants dfy > Ao > 0 such that for any d-regular constraint graph G, the constraint
graph G’ := prepa(G) has the following properties:

o G is a (d+ djy+ 1)-regular constraint graph with a self-loop on every vertez.
e MG <d+X+1<deg(@).

o Size(G') = O(Size(G)).

e If some assignment a : V — X satisfies G, then a satisfies G'.

. W%UNSAT(G) < UNSAT(G') < UNSAT(G).

Proof. Clearly, G' is a (d + d{, + 1)-regular constraint graph with a self-loop on every vertex.

Since \g < dj, we have that d + Ao + 1 < deg(G). We show that A(G') < d + A9 + 1 using lemma
4.12.

MG = max_ [(z,Ag )]
llzll=1,(z,1)=0
< max_ |(z,Agz)|+ max  [(z,Axz)|+ max_ [(x,[z)]
llz||=1,(z,1)=0 [lz]|=1,{z,1)=0 lz||=1,(z,1)=0
=AMG)+AX)+1
<d+ XM +1
We also have that Size(G') = |E'| +|V'| = HTEHW‘ + V| = O(Size(G)).

Let a : V — ¥ be an assignment and let F' := F, C F and F’ := F, C E’ be the sets of edges not
satisfied by a. Noting that |F| = |F’|, the following equations hold.

N B L A L
UNSAT(C) = 5 = B 18 ~ drdy v 118 drdyil

UNSAT,(G)

So, we have that ¢y - UNSAT(G) = UNSAT(G'), with ¢3 =
a satisfies G'.

WEH' If a satisfies G, then |F| = |F’'| =0, so,

Now, let a be an assignment such that UNSAT,(G) = UNSAT(G), we have the following inequality:

UNSAT(G) = UNSAT,(G) UNSAT, (G) = UNSAT,(G') > UNSAT(G)

>
T d+dy+1
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Let a’ be an assignment such that UNSAT,,(G’) = UNSAT(G’), we have the following inequality:

d

UNSAT(G') = UNSAT/(G') = ————
d+dy+1

UNSAT . (G) UNSAT(G) O

>
“d+dy+1
Combining the two preprocessing steps, we get the following proposition for prep := preps(prepi(G)).

Proposition 4.17. There exists constants 0 < A < d and 1 such that any constraint graph G can be
transformed into a constraint graph G' := prep(G) := preps(prep: (G)) such that

o (' is d-reqular with a self-loop on each vertex.
e \NG')<A<d.

e G’ has the same alphabet as G.

e size(G') = O(size(G))

e 01 - UNSAT(G) < UNSAT(G') < UNSAT(G).

Proof. This proposition follows directly from lemma 4.15 and 4.16. O

4.2.5 Amplification

The properties of the preprocessed graph allow us to apply the amplification step. The intuition for this
step is as follows. Given a constraint graph G = ((V, E), %, C), instead of each constraint checking one edge
at once, we would like to check multiple, say ¢, edges. Then, the probability of hitting a “bad” edge at least
once is roughly multiplied by ¢. In this section we omit most technical details of this steps and only cover
the construction of the amplified graph. For details, we refer the reader to [9].

We create a new graph where each edge represents a t-step walk through G and a constraint checks whether
any of the ¢ edges in this walk is “bad”. This process increases the unsat value of a preprocessed constraint
graph by approximately a factor v/%.

Definition 4.12. Let G = (V, E) be a graph. We define a t-step walk on G to be a sequence of nodes
(vo,v1,...,v). We call vg the start and v, the end of the t-step walk and say that this is walk goes from vy
to vg.

Consider the following probabilistic algorithm for randomly selecting a t-step walk on G.
1. First, pick a vertex v = vy uniformly at random and let ¢ = 0.
2. Pick an edge (u,v;) connected to v; uniformly at random and let v;1.
3. Repeat step 2 until ¢ = t.

Note that a double edge has twice the probability to get chosen in step 2. This probability distribution
naturally defines a weighted graph, where the weight of an edge (u,v) is the probability that a random
walk starting from v ends in v. From a weighted graph we can construct a multigraph without weights by
multiplying each weight with the total number of walks.

Definition 4.13. Let G = ((V, E), %,C) be a d-regular constraint graph. We define the constraint graph
t
Gt:= ((V,E'), 24" ") as follows.

e The vertex set remains the same.

e Let wu € V and v € V be two vertices. Let p be the probability that a random walk that starts at u
ends in v and let w be the total number of random walks on G. Add p - w edges between u and v.
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e For every node v € V, let
P(v) :=={u e V|(v=wuo,u1,...,ufzy =u) is a t-step walk in G}
t
Since |['(v)| < dl21, we can interpret a value a € 542" for v as an assignment a : I'(v) — X. We write
a, for the value a assigns to some v’ € I'(v).

e We describe C’ by stating which values satisfy a constraint on an edge. Let ¢ = (u,v) € E’ and
t
a,be 24" Now (a,b) satisfies c(e’) if there is an assignment o : I'(u) UT'(v) — ¥ such that:

— For each e € EN (I'(u) x I'(v)), c(e) is satisfied by o.
— For each v’ € T'(u) and v’ € T'(v), it holds that o(u') = a,s and o(v') = by.
The amplifying step with parameter ¢ increases the unsat value of a graph with a factor of O(y/%).

Proposition 4.18. Let 0 < A < d be constants and let 3 be an alphabet of constant size. There exists a
constant Bo = Ba(A,d,|X|) such that for every t € N, given a d-regular constraint graph G = ((V, E),%,C)
with a self-loop on every vertex and A\(G) < X it holds that Size(G') = O(Size(G)) and

UNSAT(G") > BoV/tmin( UNSAT(G), %). (2)

Lastly, we have that if UNSAT(G) = 0, then UNSAT(G?) = 0.

Proof. The number of edges increases by a factor of at most d/2] and the vertex set remains the same. So,
the size of the constraint graph increases by only a constant factor.

We use the following technical lemma to prove that the amplification step increases the unsat value of
a graph by this factor.

t
Lemma 4.19. Leta' 1V — %42 be an assignment, we define an assignment a : V. — X as follows. For
every v, let a(v) be the value for v that appears the most in the assignment o :

t
a(v) := max arg, s {P[4A random f§] -step walk from v has a vertex u for which a’(u), = o as endpoini]}.

Then,
1
UNSAT,(G') > Bav/t min( UNSAT,(G), )
Proof. The proof of this lemma revolves around analyzing the probability that the “middle section” of a

random walk contains at least one edge that is not satisfied by the popular opinion. We refer to the proof
of Dinur for details of this proof [9]. O

From this lemma, we can prove equation (2). Let a’ be an assignment such that UNSAT,, (G') = UNSAT(G").
We have that
1 1
UNSAT(G') = UNSAT,/(G") > BoVHUNSAT,(G), 1) > BoVEHUNSAT(G), -).
In the case that UNSAT(G) = 0, we can assign each v € V a value a(v) such that all constraints in G are

satisfied. Looking at G*, we assign each v € V a value a’(v) € 3¢ 2" such that for each u € T'(v), d/, = a(u).
This assignment satisfies all constraints of G* and thus UNSAT(G") = UNSAT, (G*) = 0. O
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4.2.6 Alphabet reduction

The amplification steps results in a graph with an increased gap size. However, the size of the alphabet is
increased by a large factor. Repeating amplification would result in the alphabet size increasing rapidly. To
resolve this issue, we perform a standard alphabet reduction step. We reduce the alphabet to one of constant
size, while decreasing the unsat value and increasing the size of the graph by only a constant factor. We use
the methods from Dinur [9].

The alphabet reduction step makes use of an assignment tester. First, we define an assignment tester
and show how it can be used to reduce that alphabet of a constraint graph (. Later in this section, we
explicitly construct one.

An assignment tester takes as input a boolean circuit. A boolean circuit formalizes the concept of a computer
circuit. We refer to [21, Chapter 9] for a formal definition.

Given a boolean circuit ® over variable set X = {x1,22,...,2,}, we identify an assignment to the vari-
ables, a : X — {0,1}, with the binary string a € {0,1}" by letting the k-th bit of the string be equal to the
value a(xy). We write SAT(®) for the set of assignments that satisfy .

Definition 4.14. Let a,b € {0,1}" be two strings of equal length, the distance between a and b, denoted
dist(a,b), is the number of positions where the corresponding values are different between the two strings.
The relative distance is defined as

1
rdist(a,b) := Edist(a, b)
The relative distance between a and a set of length n strings C' C {0,1}" is defined as

rdist(a,C) = min rdist(a, c)

We encode the alphabet Y into binary using an encoding e : ¥ — {0,1}. We say that an encoding has
relative distance p if for each 01,09 € ¥ with 07 # 02 we have that

rdist(e(cy),e(o2)) > p

We require our encoding to have strictly positive relative distance. We call such an encoding an error
correcting code. We also require our encoding to be of linear dimension, meaning that ! = O(log, |X]).

Definition 4.15. Let Yy be a finite alphabet and let € > 0 be a constant. An assignment tester with
rejection probability € is a Turing machine P that takes as input a boolean circuit ® over variable set X
and outputs a constraint graph G = ((V, E),X,C) with X C V. Define V! = V' \ X. For any assignment
a:X — {0,1} the following holds.

e (Completeness) If a € SAT(®), there exists b: V' — X, such that UNSAT, ,(G) = 0.
e (Soundness) Ifa ¢ SAT(®), then for any b : V' — X, it holds that UNSAT,,(G) > e-rdist(a, SAT(P)).

Proposition 4.20 ([9]). There exists an assignment tester with alphabet Y = {0,1}3 and fized rejection
probability € > 0.

Later in this section we prove this statement by explicitly constructing an assignment tester with these
properties. Using this assignment tester, we reduce the alphabet size of a constraint graph.

Definition 4.16. Let G = ((V, E),%,C) be a constraint graph and P be an assignment tester. Let [ :=
[log|X|] and let enc : ¥ — {0,1}! be an arbitrary but fixed encoding with linear dimension and relative
distance p > 0. Let X = {0,1}3. We define the constraint graph G o P = ((V', E’), %0,C’) as follows.

e First, we convert each constraint c(e) € C into a circuit é(e). For each variable v € V, let [v] :=
{v1,v2,...,v;} be a set of [ boolean variables. For each edge e = (u,v), é(e) will be a circuit on the
2 variables [u] U [v]. Given an assignment a : [u] U [v] — {0,1}?!, &(e) outputs 1 iif there exists some
01,09 € ¥ such that enc(o1) = [u], enc(o2) = [v] and (01, 02) € c(e).
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o Let (Ve,Ee),Xo,Ce) = (¢(e)) be the constraint graph resulting from running P on é(e). We
finally define Go P = ((V’ E’), %0, C’) with

- ‘/IZLJEGE"/e
B E/:UeEEE
- Cl:UeEEce

Proposition 4.21. There exists a constant B3 > 0 that depends only on P and a constant ¢ that depends
only on P and |X|, such that the following holds. Given any constraint graph G = ((V,E),%,C), the
constraint graph G' = G o P from definition 4.16 can be computed in time linear in size(G) such that
size(G') = ¢ size(G) and

B3 - UNSAT(G) < UNSAT(G') < UNSAT(G)

Proof. First, we prove that UNSAT(G’) < UNSAT(G). Let a : V — X be an assignment such that
UNSAT,(G) = UNSAT(G). Given a, we construct an assignment o’ : V! — X and show that UNSAT,/ (G') <
UNSAT,(G). For each v € V, set a'([v]) = enc(a(v)) € {0,1}}, where a’([v]) is the concatenation of
a'(vy),a (vg),...,a (v;). The value of a’ for the variables {v1,...,v;} corresponding to v is the encoding of

a(v).

The assignment a’ is now defined for |J, .i-[v], so it remains to define values for V. \ [u] U [v], for each

e = (u,v) € E. We separate two cases.

veV

o If c(e) is satisfied by a, then by definition of é(e), this circuit is satisfied by a/([u] U [v]). Now, by the
completeness property of the assignment tester, there exists an assignment o’ : V. \ [u] U [v] = X such
that UNSAT /iy (Ge) = 0. We now define o’ (Ve \ [u] U [v]) :== b (Ve \ [u] U [v]).

o If c(e) is not satisfied, we assign values to V¢ \ [u] U [v] arbitrarily.

Since each E, has the same cardinality, say equal to k, we have that

F/| 1
UNSAT, (G') = |Fo = — g Fu e 3
‘Fa e 1 ‘Fa’e|
— ) 4
\E| ;E W TE 2 B @
g NSAT,,
\E| eeEU S [ve (Ge) (5)

Where the second equality holds because the set of E. partition E’ and thus the violated edges in E’ are
partitioned by the violated edges of F..

UNSAT,/ (G) |E| > UNSAT,,. (Ge)
ecE

Where the second equality holds because when an edge e € F is satisfied by a, the resulting graph G, is
satisfied by o/, by construction of a’. We conclude that

UNSAT(G') < UNSAT, (G') < UNSAT,(G) = UNSAT(G).
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Next, we show that for some 33 > 0, it holds that f3 - UNSAT(G) < UNSAT(G’). Let o/ : V! — 34 be an
assignment such that UNSAT, (G’) = UNSAT(G’). We construct the assignment a : V — ¥ by for each
v € V defining a(v) := arg min, ¢y, [rdist(e(o),a’([v]))], interpreting the values 000,111 € ¥ as the values 0
and 1 respectively. In other words, we let a(v) be the value whose encoding is closest to a’([v]).

Let e = (u,v) € Fy be an edge whose constraint is not satisfied by a and consider the relative distance
of a/([u] U [v]) and SAT(é(e)). First, we note that a'([u] U [v]) ¢ SAT(¢(e)). The opposite would imply that
(a(u),a(v)) € ¢ and (u,v) ¢ F.

We analyze the minimum number of bits that a'([u] U [v]) differs from any satisfying assignment of é(e).
Without loss of generality we can assume that a’([v]) is the encoding of some ¢’ € ¥. Consider altering the
value of a’([u]) to a value that is an encoding of some o € ¥ such that (o,0’) € ¢. To achieve this, we need
to change at least § bits. Assume for the argument of contradiction that we could change a’([u]) to a value
encoding o by altering no more than £ bits, then rdist(enc(o),a’([u])) < rdist(enc(a(uw)),a’([u])), which is
in contradiction with the definition of a(u). So, it holds that

rdist(a’([u] U [v]), SAT(¢(e))) >

1

By the soundness of P, we have that UNSAT /|, (G.) > €§. We define 83 := ¢. Now, by the assumption
that |E.| is equal for each e € E and using equation (5), we have that

UNSAT(G') = UNSAT (@)

|E| > UNSAT,,, (Ge)

ecE

Z UNSAT

ecF,

(Ge)

a’lv,

= B3UNSAT,(G) > UNSAT(G).

It remains to show that this reduction runs in linear time. Note that in proposition 4.20 we do make a claim
about the run-time of the assignment tester. We show that still the assignment tester runs in time linear in
size(Q@).

Let f : N — N be the function that, given the size n of a boolean circuit, outputs the number of operations
performed by the Turing Machine P. Consider the size of a boolean circuit as constructed in definition 4.16.
This circuit can be constructed in time O(2!), which is still constant as a function of size(G). The maximum
size of this circuit is a function of only ! and |X|. Since [ itself is a function of |X| and |X| stays bounded, we
conclude that the size of any circuit stays bounded by some constant k. Given a circuit with size bounded
by k, the run time of P is at most f(k), which is again a constant. We construct |E| < size(G) circuits. So,
our computation is done in time linear in size(G). A direct consequence is that the size of G’ is also linear
in size(G), so size(G') = ¢ - size(G) for some constant c. O

Lemma 4.22. The reduction G o P has a linear time witness transformation.

Proof. Proposition 4.21 tells us that we can indeed transform a witness for G into a witness for GoP. Given
an edge e = (u,v) and given an assignment a’ : [u] U [v] satisfying é(e), we can construct the assignment
b Ve \ [u]U[v] such that UNSAT /iy (Ge) = 0 in time O(f(1)). Here f : N — N is a function depending only
on I. We can in time O(2') construct a}([v]) = enc(a(v)) and in similar time construct a4 ([v]) = enc(a(v)).

So, we can construct an assignment for V. in time that is dependent only on [. By the same reasoning

from proposition 4.21, this value is a constant, since |X| and thus [ is bounded. We construct an |E| number
of such assignments. This can be done in linear time. O
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Constructing an assignment tester

Dinur explicitly constructs an assignment tester with alphabet ¥ = {0,1}® and error probability € > 0. To
achieve this, Dinur constructs two PCP verifiers and a constraint graph that mimics the behavior of these
verifiers in a deterministic manner.

We introduce the long code of an assignment. The long code is a redundant encoding of a binary string.
This redundancy is used to test whether an assignment is valid by checking a low number of bits in the long
code.

Let X = {x1,%9,...,2,} be a set of binary-valued variables. We denote {0,1}* for the set of all pos-
sible assignments to X, that is, all binary strings of size | X|, or equivalently, all functions a : X — {0, 1}.
Let Fx = {f :{0,1}* — {0,1}} be the set of functions from {0, 1}* to {0,1}.

Definition 4.17. The long code of assignment a € {0,1}% is the function A, : Fx — {0,1} defined by
[ fla).

The verifier T} is given as input a boolean circuit ® over variable set X and has oracle access to a function
A Fx — {0,1}. Tt tests whether A is the long code of some assignment satisfying ®. The verifier T} is
defined by the following algorithm.

Verifier T}

Input: A boolean circuit .
Proof: A function A : Fx — {0,1}.

1. Pick f,g € Fx uniformly at random.
2. Define function p € Fx, by for each y € {0,1}% setting
e uly) =1if f(y) =0.
e u(y) = 0 with probability 5, u(y) = 1 with probability 15, if f(y) = 1.

3. Define function h € Fx as follows. For each y € {0,1}X, let h(y) := g(y) ® u(y), where @ denotes the
XOR operation.

4. Accept unless A(f) = A(g) = A(h) = 1.
We prove the following lemmas on the completeness and soundness of T7.
Lemma 4.23. If SAT(®) # (), then there exists some A : Fx — {0,1} such that P[T{* = 1] = 1.

Proof. Let a € SAT(®) be any satisfying assignment, let A = A, and let f,g € Fx be functions. If

A(f) = f(a) = 1, then p(a) = 1 and A(h) = h(a) = g(a) ® pu(a) = g(a) = A(g). This means that
A(g) # A(h) and Ty accepts. If A(f) =0, T3 also accepts. So, the probability that T} accepts is 1. O

Lemma 4.24 ([9]). Let LONGSAT(®) := {A, : Fx — {0,1} | a € SAT(®)} be the set of long codes of
assignments satisfying ®. There exists a constant ¢ > 0 such that for every 6 € [0,1], if for the function
A: Fx — {0,1} it holds that rdist(A, LONGSAT(®)) > §, then P[T{* = 0] > c- 6.

The second verifier, T5, also takes a boolean circuit ® over variable set X as input. However, T, has oracle
access to both a function A : Fx — {0,1} and a function a : X — {0,1}. The verifier 75 is defined by the
following algorithm.

Verifier Ty

Input: A boolean circuit ®.
Proof: A function A : Fx — {0,1} and an assignment a : X — {0,1}.

1. Pick z; € X and f € Fx uniformly at random.
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2. Accept if a(z;) = A(f) D A(f+e;), where e; : {0,1}* — {0, 1} is the function that given an assignment
b€ {0,1}%, outputs b(z;).

We prove two statements on the completeness and soundness of T5.

Lemma 4.25. If SAT(®) # 0, then there exists some A : Fx — {0,1} and a : X — {0,1} such that
P[T5" =1] = 1.

Proof. Let a € SAT(®) be any satisfying assignment and let A = A,. Now
A(f) @ A(f +ei) = fla)® (f @ei)a) = fa) ® fla) B ei(a) = ei(a) = alz;).
O

Lemma 4.26. If for assignment a : X — {0,1} it holds that rdist(a, SAT(P)

)
A Fx —{0,1} it holds that rdist(A, LONGSAT(®)) < 3, then P[T;"* = 0] >

0 for some § >0 and for
J.

N Y

Proof. Let a’ € SAT(®) be an assignment such that rdist(A4, Ay ) < %. We compare a and a’. Since
a’ € SAT(®) it holds that

P;la(z;) # ' (x;)] = rdist(a,a’) > rdist(a, SAT(®)) =6
For every ¢ we have

Prer[(A(f) & A(f + ei) = a'(xi)] = Prery [(A(f) = f(d') and A(f +e;) = (f @ &) ()
=1- Pfe}'x[(A( ) # fla') or A(f +ei) # (f @ ei)(a’)]

21-(3 )

When a(z;) # o' (z;) and A(f) @ A(f + e;) = d’(x;), T> rejects. These two events happen with probability
at least ¢ and at least 1 — § respectively, so T5 rejects with probability at least (1 — §)d > %. O

We combine T and T5 to construct the verifier T'. This verifier also takes a boolean circuit ® over variable
set X as input and has oracle access to both a function A : Fx — {0,1} and a function a : X — {0,1}. T
runs either T or Tb with equal probability.

Verifier T

Input: A boolean circuit .
Proof: A function A: Fx — {0,1} and an assignment a : X — {0, 1}.

1. With probability %, run 7} and accept if 771 (®) = 1.
2. Else, with probability %, run Ty and accept if TQA’G(@) =1.
We use this verifier T' to explicitly construct an assignment tester.

Proof of proposition 4.20. We describe a Turing machine that takes as input a boolean circuit ® and re-
turns a constraint graph G. We then prove that this Turing machine is an assignment tester with alphabet
Yo = {0,1}3 and constant rejection probability ¢ > 0. Note that we do not make any claims about the
runtime of the Turing machine.

We consider applying the test T to ®. We introduce a new set of variables Z containing a new variable z,. for
each roll of the random coins in 7. These variables take values in {0, 1}, representing the values of the 3 bits
in the proof queried by T'. Using this test, we construct the following constraint graph G = ((V, E), X9,C):

e The vertices are the set V := X U Fx U Z.
e For each z,. € Z, let y,1,¥yr2,yr3 € X U Fx be the variables queried by T on the string r. We define
the set of edges to be E 1=, (27, yr1) U (2, Yr2) U (2r, Yr3)-
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e The alphabet is 3¢ = {0,1}3.

e For each edge e = (2,,yr;) € E, we have the constraint c¢(e) that checks whether the value given to z,
would cause the test T to accept and that checks whether the bit in z, corresponding to y,; has the
same value as y,;. Here 000,111 € {0, 1}3 represent 0 and 1 respectively and a constraint immediately
rejects if the value of y,; is not 000 or 111.

Clearly X C V. Define V! =V \ X = Fx U Z. We show that the completeness of the assignment tester is 1
and the soundness is at most 1 — e - rdist(a, SAT(P)).

e (Completeness) Let a € SAT(®) be a satisfying assignment. We define b : V' — X to be the following
assignment. Let A := A, and assign to each z, € Z the value that would make T  accept on randomness

r and is consistent with the assignment of X and Fx. By the completeness lemmas 4.23 and 4.25 of
Ty and Ty, this means that UNSAT,,(G) = 0.

e (Soundness) Let a ¢ SAT(®) with rdist(a, SAT(®)) > 6. Let b: V' — % be an assignment, b defines
the function A : Fx — {0,1}.

Let r be a random string causing T to reject on the proof A,a. We consider two cases:

— The value b(z,) is consistent with A and a. In this case 3 of the 3 constraints associated with r
are rejected.

— The value b(z,) is inconsistent with at least one of the 3 values of A and @ queried by T". In this
case at least 1 of the 3 constraints associated with r are rejected.

. . . . . .. . Qs
Any r is rejected with probability §2(d), so the probability of an edge rejecting is at least % So
UNSAT.s(G) > € - rdist(a, SAT(P)). O

4.2.7 Full reduction

We have presented all steps necessary for the final reduction that increases the gap of a constraint graph to
a gap of constant size.

Let G be a constraint graph. We define
step(G) := (prep(G))' o P

Here, prep is the operation from proposition 4.17, the power t is the operation from definition 4.12 and
oP the operation from definition 4.16. Dinur shows that the operation step doubles the unsat value of a
constraint graph, unless that value is larger than some constant.

Proposition 4.27. For any finite alphabet X, there exists constants C' and 0 < v < 1 such that, given
a constraint graph G = ((V,E),X,C), one can in polynomial time construct the graph G' = step(G) =
(V' E"),%0,C), where X9 = {0,1}3, such that

o Size(G') < C - Size(G).

o If UNSAT(G) = 0, then UNSAT(G'") = 0.

o If UNSAT(G) > 0, then UNSAT(G') > min(2 - UNSAT(G), 7).
Proof. We describe the steps taken in constructing G’ := (prep(G))t o P.

e Let H; := prep(G). By proposition 4.17, H; is d-regular and has a self-loop on each vertex. Further,
we have that A(H;) < A for some global constant A and S; - UNSAT(G) < UNSAT(H;) < UNSAT(G)
for some global constant 8; > 0.

e Let Hy := H{. By proposition 4.18 it holds that UNSAT(Hz) > 2yt min (UNSAT(H;), 1) for some
global constant 8y > 0.
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e Let G’ := Hy o P. By proposition 4.21 the alphabet of G’ is ¥y and we have that 83 - UNSAT(H3) <
UNSAT(G') < UNSAT(H>) for some global constant 83 > 0.

The size of the graph only increases linearly for each step, so size(G') = O(size(G)).
If UNSAT(G) = 0, then clearly UNSAT(H;) = 0, UNSAT(H>) = 0 and UNSAT(G’) = 0.

Note that we have not fixed a value for ¢ yet. We choose a value such that the reduction results in the
doubling of the unsat value.

Let ¢ := [(5727)?] and define 7 := 53@3. If UNSAT(G) > 0, it holds that

UNSAT(G') > B3UNSAT(Hy)
1

7

> fyfov/Emin(AUNSAT(G), 1)

> 32Vt min(UNSAT(H,),

= min(61 8255 V/E - UNSAT(G), 1)
> min(2 - UNSAT(G), 7). O

Applying this operation a logarithmic number of times to a constraint graph with a gap of (1,1— ﬁ) results
in a constraint graph with a gap of constant size. The size of this graph is only increased by a polynomial
factor, because in each step the size of a graph is only increased by a constant factor. We make this precise
in the proof of the PCP theorem.

Theorem 4.6 ([9]). For some 0 < &’ < 1, there exists a reduction from 3SAT to GAPI[1,/]-CG.

Proof. Tt follows from lemma 4.9 that we can transform any instance I of any NP problem II into a con-
straint graph Gy = ((Vp, Eo), 2,Co), with |X| = 3, such that if I is satisfiable, UNSAT(Gy) = 0 and if T is
not satisfiable, UNSAT(Gy) > 0.

We transform this constraint graph into a new constraint graph with a gap of constant size « from propo-
sition 4.27. We consider repeating our steps k = log|Ey| = O(log(Size(G))) times. For each 1 < i < k,
let G; = step(Gi—1). Clearly, if UNSAT(Gy) = 0, then for each i, UNSAT(G;) = 0 and specifically
UNSAT(Gj) = 0. If UNSAT(Gp) > 0, then UNSAT(Gy) > \Eilol By a simple reduction argument, we can

proof that UNSAT(G;) > min(2°UNSAT(Gy),~y). We now have

1
UNSAT(G}) > min(2¥UNSAT(Gy),~) = min(\E0|@,’y) =7

The theorem now holds for o/ =1 — 7. O

For the final result in this section, we follow a standard reduction as shown in [4] to reduce the set of
constraint graphs to a set of 3CNF formulas. This set also has a gap of constant size.

Theorem 4.5. For some 0 < o/ < 1, there exists a reduction from 3SAT to GAP[1,a[-3SAT.

Proof. Let ¢ be a 3CNF formula. By theorem 4.6, we can reduce this formula into a GAP[1, a/]-CG instance
G = ((V,E),X,C). We transform this constraint graph into a 3CNF formula with a smaller, but still con-
stant gap size.

For each vertex v € V, we introduce three new binary variables .1, 42, Z,3, Where x,; represents the
value of the i-th bit of an assignment for v. Given an edge e = (v,v’) € E the constraint c(e) accepts if and
only if (y1Zp2%03, Ty1Ty2Ty3) € c(e). We express this condition as a set of 6CNF clauses. Let ). be the
following 6CNF formula. For each assignment a € {0, 1}° such that (ajaqa3,asasas) ¢ c(e), add a clause of
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the six variables, where a variable z is negated in the clause if a(z) = 1. By construction, if a € {0,1}°® does
not satisfy c(e), then at least one clause of v, is not satisfied. Note that 1. contains at most 2¢ clauses.

Now define the 6CNF formula ¢' := (J,cpe. Given a satisfying assignment a : V' — {0, 1}3 for G, we
define an assignment for the set of variables of ¢’. For each v € V, let the values of x,1, T,2 and x,3 be
a(v)1, a(v)a, a(v)s respectively, where a(v); is the i-th bit of a(v). For each e = (v,v’) € E, we have that
(a(v),a(v")) € c(e), so there is no clause in 1. that is not satisfied by a. The formula ¢’ is satisfiable because
a is consistent on each v.

If G is at most «-satisfiable, then for any assignment an « fraction of c(e) € E are not satisfied, so an
a fraction of v.’s of ¢’ are not satisfied. Since for each edge, we only add 2° clauses, this is still a constant
fraction of clauses in ¢.

It is easy to transform this 6CNF formula ¢’ of m clauses into a 3CNF formula ¢ of 4m clauses. Con-
sider a clause l,1 V lyo V I3 V Iy V lyio V L3, where 1,; is a literal, so either z,; or its negation, for each
v € Vand i € {1,2,3}. We replace this clause with the clauses 1,1 V 1o V y1, T1 V 1wz V Y2, T2 V L1 V s
and 73 V ly9 V l,y3. Clearly, an assignment to the variables z,,; satisfying ¢’ also satisfies ¢. Any clause in ¢’
not being satisfied by some assignment a results in four clauses of which one is not satisfied by a. So, the
number of unsatisfiable clauses in an unsatisfiable instance is only reduced by a constant factor.

Any constraint graph that is satisfiable is reduced to a 3CNF formula that is satisfiable. A constraint
graph that is at most a-satisfiable is reduced to a 3CNF formula that is at most «-satisfiable, for some
constant o. O

Lemma 4.30. Let 8 be the reduction from theorem 4.6. There exists a polynomial time witness transfor-
mation for B that transforms a satisfying assignment for a SCNF formula ¢ into a satisfying assignment for
the constraint graph 3(¢).

Proof. The proof of lemma 4.15 contains a linear-time witness transformation, the witness for the second
preprocessing step does not change as seen in the proof of lemma 4.16. In proposition 4.18, the size of the
constraints increases by a factor O(|E|dt). However, since d and t are constant and the size of ¥ remains
bounded, the size of the constraints and thus the size of the witness is only increased by a constant factor. By
lemma 4.22, the reduction G oP also admits a linear time witness reduction. We conclude that we can trans-
form a satisfying assignment for a constraint graph G into a satisfying assignment for G’ := (prep(G))t o P
in linear time.

Now, applying this witness transformation k times, for k£ from proof of theorem 4.6, results in a polynomial-
time witness transformation that outputs a satisfying assignment for the resulting graph. O

Lemma 4.31. Let 8 be the reduction from GAP[1,d/]-CG to GAP[1,a]-3SAT as described in the proof of
theorem 4.5. There exists a polynomial time witness transformation for B that transforms a satisfying
assignment for a constraint graph G into a satisfying assignment for the SCNF formula B(G).

Proof. Let G = ((V, E),X,C) be a satisfiable constraint graph, let ¢ be the 3CNF formula resulting from the
reduction and let a : V — {0, 1} be a satisfying assignment for G.

We define assignment b as follows. For each v € V', let b(zy1) := a(v)1, b(xy2) := a(v)2 and b(z,3) := a(v)s.
Let b take arbitrary values on the rest of the variables. This assignment satisfies ¢. O

PCP theorem

We have shown that there exists a gap producing reduction from 3SAT to GAP[1, a]-3SAT and thus from any
language in NP to GAP[1,a]-3SAT. The existence of this reduction is sufficient the purposes of this thesis
this is enough. However, because of the impact of the PCP theorem, we provide a short sketch of the proof
as given by Dinur. The reduction can be used to prove the version of the PCP theorem that states that for
each language in NP, there exists a PCP verifier that uses logarithmic randomness and has constant query
complexity.
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Proof of theorem 4.4. Let L be a language in NP and let 8 be the gap-producing reduction from L to
GAPJ[1, a]-3SAT as described in corollary 4.5. We construct a PCP verifier for L. Given an instance = €
{0,1}*, define the formula ¢ := B(x). A valid proof for the verifier is an assignment to the variables of ¢.
The verifier chooses one clause uniformly at random and queries the values of this clause.

e (Completeness) If x € L, then ¢ is satisfiable and there exists a satisfying assignment. This proof
causes the verifier to accept with a probability of 1.

e (Soundness) If z ¢ L, then ¢ is at most a-satisfiable. So, given an assignment a to the variables of
¢, the probability that the verifier picks a clause that is not satisfied by a is at least 1 — a. So, the
probability that the verifier rejects is at least 1 — «, which is a constant.

We can repeat this process a constant number of times to achieve a soundness of %

The verifier queries only 3 bits, so the repetition queries a constant number of bits. To see that the verifier
uses logarithmic randomness, we observe that the number of clauses m in ¢ is polynomial in the size of
x and that we require O(log(m)) random bits to query an integer in [1,m] uniformly at random. Since
O(log(poly(|z|))) = O(log(]x|)), we conclude that the verifier uses logarithmic randomness. O

4.3 Optimal inapproximability of MAX-3SAT

We have constructed a set of 3CNF formulas with a gap of (1,«), for some 0 < a < 1. Hastad [12] shows
that this gap can be improved to a gap of (1 — e,% + ¢), for any sufficiently small e. The reduction from
Hastad goes as follows.

First, Hastad reduces the set of 3CNF formulas to a set of more structured 3CNF formulas where each
variable appears in exactly 5 clauses. This reduction is constructed such that the new set retains a constant
gap size.

Next, Hastad introduces two different probabilistic verifiers that test whether such a 3CNF formula is
satisfiable. The first is a verifier with access to two oracles and the second is a PCP verifier with logarithmic
randomness that queries only three bits.

By writing down all possible random strings that the PCP verifier uses, Hastad constructs a system of
equations over these three bits. Using the properties of the verifier with access to two oracles, Hastad shows
that this system has a gap of (1 — ¢, % + ¢€), for any sufficiently small e. Furthermore, we show that the size
of this gap is optimal for this type of system.

Finally, using a standard reduction in PCP theory, Hastad transform the resulting set of system of lin-
ear equations with a gap of (1 — e, % + ¢€) into a set of 3CNF formula with a gap of optimal size, namely a
gap of (1 —e, % + ¢), for any sufficiently small e. The optimality of this gap is based on the assumption that
P # NP.

4.3.1 Transforming 3-SAT to 3-SAT5

The verifier with access to two oracles that Hastad constructs randomly picks a clause and a variable in that
clause. We require that the following methods result in the same probability distribution for any pair of a
clause and a variable in that clause.

e Picking a clause uniformly at random and a variable in that clause uniformly at random.
e Picking a variable uniformly at random and a clause containing that variable uniformly at random.

This property is obtained by transforming a 3CNF formula into a formula where every clause contains ex-
actly 3 literals and every variable appears in exactly 5 different clauses. We will call such a formula a SCNF5
formula and for any 0 < s < ¢ < 1 we will write GAP[c,s]-3SAT5 for the gap problem of 3CNF5 formulas
with the gap (c, s).
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There exists a reduction that transforms 3CNF formulas into 3CNF5 formulas. We simply replace each
instance of a variable x with a new variable z; and enforce equality of the variables representing = with the
clauses z; V T;11 and @; V x;41. This new formula contains each variable 5 times in different clauses and we
use dummy variables to increase the size of each clause to 3.

This reduction, however, does not guarantee that the gap size remains constant. For this reason, we first
transform a 3CNF formula into a 3CNF formula where every variable appears at most B times, for some
constant B. This 3CNFB formula is then transformed into a 3CNF5 formula. For any 0 < s < ¢ < 1, we
write GAP[c,s]-3SATB for the gap problem of 3CNFB formulas with gap (c, s).

Due to Feige [10], there exists a gap-preserving reduction from 3CNFB formulas to 3CNF5 formulas. Feige
sketches a proof, we work it out in more detail.

Proposition 4.32. Let 0 < ¢ < 1 be a constant. For some constant 0 < k < 1, there exists a reduction from
GAP[1,c]-35ATB to GAP[1,kc]-3SATS.

Proof. Let ¢ be a 3CNFB formula over some variable set X. We transform ¢ into a 3CNF5 formula ¢’ over
some variable set X’ in the following manner.

For every variable x € X we replace each of the b, occurrences of x in ¢ with a new variable z;, where
0<i<b,—1.

Let ¢’ contain the clauses of ¢, over the new variable set. Additionally, for each 0 < i < b, — 1, we
add the equality clauses Z; V x;+1 and z; V T; 11, where we compute ¢ + 1 modulo b,.

we have replaced each variable occurring b times with b new variables and for every new variable we have
added two clauses ensuring equality between these variables. In the resulting formula, each variable appears
exactly 5 times and no variable appears in the same clause more than once.

However, some clauses still contain only 2 literals. We solve this issue by introducing dummy variables
variables y, z1, zo. We then add 7 to the clause of length 2 and add the extra clauses yV 21 V 22, y V 21 V 23,
yVziVzand yVzVzs.

Now, ¢’ is a 3CNF formula where no variable appears in the same clause more than once. Some dummy
variables (of the type z; and z3) still appear only 4 times. We add dummy variables w until the total number
of variables is divisible by 3 and add dummy clauses containing different non-negated dummy literals of the
type z1, 22 or w, until each dummy variable appears exactly 5 times.

Note that for each clause of ¢ we add a constant number of clauses to ¢’. So, the number of clauses
increases by at most a constant factor. We show that the new instances have the desired gap. Let 5 denote
the reduction that on input ¢ constructs ¢’'.

Lemma 4.33. There exists a witness transformation for B that transforms a satisfying assignment for a
3CNFB formula into a satisfying assignment for the SCNF5 formula ¢' = 3(¢).

Proof. Let a be a satisfying assignment for ¢. First, assign the value a(z) to each x; that replaces the
variable z. Next, assign all dummy variables the value 1. This assignment satisfies ¢'. O

Lemma 4.34. If ¢ is at most c-satisfiable, then ¢’ is at most c - d-satisfiable, for some constant d > 1.

Proof. The dummy clauses can always be satisfied by setting the dummy variables to 1. Since there are only
a constant number of dummy clauses, this brings down the fraction of unsatisfied clauses by only a constant
factor.

Consider the clauses containing x;’s or y’s. Letting a clause of the form Z; V x;41 V § equate to true
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by setting y to 0 only reduces the number of unsatisfied clauses by a constant factor, since this results in 1
of the 4 clauses y V z1 V 22 is not being satisfied.

Now only the clauses of the type @; V z;41 V¥, z; V T;x1 V¥ and the original clauses of ¢ remain. Let
a be an assignment with the largest number of clauses satisfied, which is at least ¢. We show that the
number of unsatisfiable remaining clauses can only be decreased by a constant factor compared to that of a.

All clauses T; V z;41 VU, ; V Ti11 V § are satisfied, so our only strategy for improving the number of
satisfied clauses is to look at changing some new variables that represent the same original variable to
be unequal to the rest. Now, the only method to increase the number of satisfied clauses is to change
multiple new variables x; within a range of indices. We call this process of negating multiple new variables
representing the same original variable a swap. For example, a swap negates the values of a(x;) for i € [iy, 4]

A swap results in at least 2 of the 4 equality clauses to be not satisfied. Since the equality clauses are
cyclic, at most half of the variables can be swapped to increase the number of satisfied clauses. For the sake
of contradiction, assume that swapping more than half of the clauses results in more extra satisfied clauses
than swapping at most half. Then there exists an assignment for ¢, namely a with the value of x negated,
that satisfies clauses than a. This is contradiction with the fact that a is an optimal assignment.

Since the number of occurrences of a variable is bounded by B, at most g extra clauses are satisfied

by a swap. Note that any assignment for ¢ causes at least cm clauses to be unsatisfied. This means we have

would have to do at least fQCBm] swaps to make all of ¢’s clauses in ¢’ be satisfied. Since each swap causes
2 equality clauses to be unsatisfied, we have at least 2 [22%] > (4[5])cm unsatisfied clauses in ¢'. So, the

lemma holds for d = (4[4£]) > 1. O

O

The analysis of proposition 4.32 falls apart when the number of occurrences of a variable is not bounded:
it is possible to sacrifice some number of equality clauses to satisfy a (potentially) unbounded number of
clauses. If we reduced any set of 3CNF formulas to 3CNF5 formulas in this manner, we are not guaranteed
that the resulting set has a constant sized gap.

Papadimitriou and Yannakakis [16] show that there exists a reduction from 3SAT to 3SATB that retains
a constanta gap size.

Proposition 4.35. There exists a gap preserving reduction from GAP[1,c]-3SAT to GAP[1,¢’[-3SATB, where
c 1s the constant from corollary 4.5 and ¢’ is a constant factor of c.

In their proof, Papadimitriou and Yannakakis use expander graphs to ensure that negating some number of
variables requires us to sacrifice a high number of equality clauses. For the completeness of this section, we
repeat the relevant definition for expander graphs from section 4.2.

Given a graph G = {V, E} and two subsets of vertices S,T C V we denote E(S,T) = |[S x T N E| for
be the number of edges between S and 7. If S and T' partition V, we call the set S x T'N E a cut of the
graph. For a subset of nodes S C V we denote S := V '\ S for the complement of S.

Definition 4.18. The expansion rate of a d-regular graph G = {V, E} is defined as:

_ . E(S,S)
(@)= s:|sr\r£\r\1/|/2 |S|

The reduction of proposition 4.35 relies on the connectivity of expander graphs. Similar to the reduction
from 3CNFB to 3CNF formulas, we introduce new variables z;. Equality is ensured in a different manner.
We construct a highly connected graph with nodes x; and add the equality clauses x; V¥; and T; V x; when
the variables z; and z; are connected. We construct the graph such that changing the value of some number
of new variables, compared to the best assignment, results in a high number of equality clauses that are not
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satisfied. We will work out the details in the proof of proposition 4.35.

We construct an expander graph to achieve this high connectivity.

Lemma 4.36 ([3]). Given n € N, there exists some ¢ € Rsg, such that in polynomial we can construct a
3-reqular graph G = {V, E}, with expansion rate h(G) > ¢ and |V| = n.

Using this expander graph, Papadimitriou and Yannakakis construct the following graph. For a variable
with m occurrences, the graph will contain O(m) nodes to ensure the connectivity of the nodes.

Lemma 4.37. Given m € N, in polynomial time we can construct a graph F,, = {V, E} with the following
properties:

1. F,, has bounded degree.
2. F,, has O(m) total nodes, including a set D of m “distinguished” nodes.

3. Let (T,T) be a partition of V and let Sy = D NT and S; = DN T be the sets of distinguished nodes
on each side of the partition. It holds that E(T,T) > min(]S1|, |S2])-

Proof. Fix some 0 < ¢ < 1. We construct the graph F;,, as follows: Take m disjoint full binary trees with
at least % leaves and connect the leaves with the edges of a 3-regular graph with expansion rate c. The
resulting graph has (1) bounded degree and (2) O(m) nodes, where the set D of distinguished nodes is the
set of roots of the trees. We now show that F,,, satisfies property (3).

Let (T,T) be a partition of V and let S; = DNT and Sy = D NT be the sets of distinguished nodes
on each side of the partition. Let Ry, Ry be the set of distinguished nodes whose trees are entirely contained
in respectively T, T and let R3 be the rest of the distinguished nodes.

Let V' be the set of leaves and let G' = {V’, £’} be the expander graph on the leaves. Note that within G
the (V' NT,V'NT) is a partition. By definition 4.18 it holds that

, E(V'NT,V'NT) E(V'NT,V'NT)
C S h(G ) S " — S B 1 1
min(|V/'NT|,|V'NT]) ~ min(;|R], 7| Ral)

Where the last inequality comes from the fact that V/N7T contains at least the 1 leaves from the |R;| number
of trees entirely contained in 7. In the same way it holds that [V/ NT| > 1|Ry|. Now we have the following
inequality about the number of edges from the expander in the cut:

E(V'NT,V'NT) > min(| Ry, |Ra|) (6)
This is a lower bound for the number of edges from the expander graph that are in the cut.

We now look at a lower bound for the number of edges from the trees that are in the cut. For every
distinguished node whose tree is not entirely contained in T" or T" at least one edge from the tree is contained
in the cut. This means that there are at least |R3| edges from trees in the cut. So

EV'NTVNT)+EV“NT, V' NT)+ E(V*NT,V'*NT) > |Rs]|

We need the following technical lemma

Lemma 4.38. Given a graph G = {V,E} and a partition T, T and a set of vertices V' C V, we have that
E(T,T)=EV'nT, V' NT)+ EV'NT,V°NT)+ EV*NT, V' NT)+ E(V*NT,V'*NT)

Proof. This lemma follows from the definition of E(T,T) and the fact that (V' NT), (V'*NT), (V'NT) and
(V'*NT) partition V. O

37



Using equations (6) and (4.3.1), and lemma 4.38, we now have that

E(T,T)=EV'NnT, V' NT)+ EV'NT,V°NT)+ EV*NT, V' NT)+ E(V*NT,V'°*NT)
> min(| R, [Rz|) + [Ra|
> min(|S1], |S2|) O

We are now in the position to prove proposition 4.35.

Proof of proposition 4.35. For each variable x that occurs m times we add the O(m) variables x1, za, ... of
F,,. We replace the occurrences of x in ¢ with the distinguished variables and for each edge (x;,x;) in Fiy,,
we add the equations @; V x; and x; V ;. Since F, has bounded degree and each edge adds two clauses, the
number of clauses of ¢’ increases by at most a constant factor compared to ¢. Let 3 be the gap-preserving
reduction that on input ¢ constructs ¢’.

Lemma 4.39. There exists a witness transformation for B that transforms a satisfying assignment for a
3CNF formula into a satisfying assignment for the SCNFB formula ¢' = (o).

Proof. Let a be a satisfying assignment for ¢. Assign the value a(x) to each z; that replaces the variable z.
This assignment satisfies ¢’. O

Lemma 4.40. If ¢ is at most c-satisfiable, then ¢’ is at most c - d-satisfiable, for some constant d > 1.

Proof. Let a be a an assignment with the largest number of clauses satisfied. Let a’ be the corresponding
assignment for ¢’ where every new variable z; is assigned the value a(zx).

All equality clauses are satisfied. So, the only method to increase the number of clauses satisfied by o
is to swap some new variables z; to the negation of . We observe that negating a set of variables z; cor-
responds to a partition (7,T) of the variables. Let S; and Sy be the variables on each side of the partition
corresponding to the distinguished nodes, these are precisely the variables that are contained in the the
clauses of ¢’ corresponding to the clauses of ¢. Assume without loss of generality that |S1]| < |Sa]. The
variables of S7 are negated, since if the variables of S; can be negated resulting in less clauses unsatisfied,
there would be an assignment for ¢ with less variables unsatisfied, namely a, but with = negated.

E(T,T) is equal to the number of edges in the cut, representing the equality clauses now unsatisfied af-
ter a swap. By property (3) of the graph F,, we have that E(T,T) > |S;|. This means that if we want to
satisfy |S1| extra clauses by negating S, we sacrifice at least |S1| equality clauses. So, no swap of variables
can result in an increase of satisfied clauses. The number of unsatisfied clauses of ¢ is a constant factor of
the number of unsatisfied clauses of ¢, since the length of ¢’ is only a constant factor longer than the length
of ¢. O

O

4.3.2 Two prover one round systems for 3-SAT5

In a two prover one round system, we run a polynomial-time probabilistic Turing machine V', called the
verifier, that has access to two oracles, Py : {1,—1}* — {1,—1}* and P, : {1,-1}* — {1, —1}* called the
provers. The verifier is allowed to only access the oracles once.

On input « € {1,—1}*, V computes a pair of strings (q1,¢2), which we interpret as a pair of questions.
In constant time complexity V receives the values Pj(¢q1) and P5(g2), which we interpret as the answers
from P; and P, to the questions. A prover does not have access to the question of the other prover, it only
has access to the input of V and its own question. We do not limit the size of the output of the provers.
However, since V' runs in polynomial time, it will read at most a polynomial number of bits of the output.

We write VT for the verifier with access to P = (Pp, P,) and we write P[VF(x) = b] for the probabil-
ity, taken over the random strings 7, that V' outputs b € {1, —1}.
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Definition 4.19. Let L be a language and let 0 < s < ¢ < 1 be constants. Let V be a verifier in a two
prover one round system. We say that V' recognizes L with soundness s and completeness c if for any input
x, the following conditions hold:

e (Completeness) If x € L, there exists a pair P of provers such that P[V?(z) = 1] > c.
e (Soundness) If z ¢ L, for every pair P of provers we have that P[VF(z) = 1] < s.

Hastad makes use of a known two prover one round system for 3SAT5. First, we describe a basic two prover
one round system that will form the basis of the two prover one round system from Hastad. The verifier
takes a 3CNF5 formula ¢ as input and the provers give a proof to show that ¢ is satisfiable.

The input for the verifier V' is a 3CNF5 formula ¢ = {C;}2, over variable set X, where C; contains
literals of the variables x,,, xp, and z.,;. V is defined by the following algorithm.

Two prover one round verifier V'

Input: A boolean formula ¢ over variable set X.
Proof: A pair of provers (P;, P) outputting values for variables in X.

1. Choose j € [m] and k € {a;,b;, c;} both uniformly at random.
2. Construct the question (:Eaj,xb]. , xcj) for P; and construct the question zj for Ps.
3. Accept if Pi(xq,), Pi(x,), Pi1(z.,) satisfies C; and Py(zx) = Pa(zg).

If ¢ is satisfiable, then there exist provers P, and P, such that the acceptance probability of the verifier is
1. To see this, let a € {0,1}" be a satisfying assignment for ¢. Given the question (x,,, s, Z.,), P1 outputs
the values (a(zq, ), a(zy,), a(z.;)) and given the questions xx, P> outputs the value a(xy).

If ¢ is not satisfiable, then for any pair of provers P = (P;, P,) the acceptance probability of V¥ is strictly
less than 1.

Lemma 4.41. Let ¢ be a SCNF5 formula that is at most c-satisfiable. For any strateqgy P, V' accepts with
probability at most %

Proof. Since the answers for the questions to P; and P, are returned independently, the value Py (zy,) is fixed
for any k € [n]. For this reason, P, fixes the assignment a : x — {0,1} defined by = — P (zy).

Now let P; be any prover. If the verifier chooses a clause not satisfied by a, P; has two options.
e Return the values a(z,,),a(y,), a(z.,).
e Change the value of at least one of the three variables such that this new assignment satisfies C}.

In the first case, the verifier always rejects. In the second case, the probability of the verifier rejecting is at
least %, namely the probability that V chooses a variable whose value is changed by Ps.

The probability of V' choosing a clause that is not satisfied by a is at least a 1 — ¢. So, the probability

of V rejecting is at least lgc and the probability of V accepting is at most % O

This basic two prover one round system for 3SAT5 has completeness 1 and soundness 2'56 on a set of 3CNF5H
formulas with a gap of (1, ¢), for any constant 0 < ¢ < 1. It is possible to decrease the soundness by repeating

the system u times and only accepting when all of the individual runs accept. This results in a soundness of
2+4c
T

However, in this system we ask multiple questions to the provers. To solve this issue, we ask u ques-
tion to the provers in parallel and only accept when each independent pair of answers accept. The following
theorem by Raz [18] shows that if the answer size remains bounded, then the soundness in such a parallel
repeated system decreases exponentially with w.
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Proposition 4.42 ([18]). For all d € N and s < 1, there exists a constant cq s such that given a two
prover one round system with soundness s, completeness 1 and answer size bounded by d, for any u € N, the
soundness of u protocols run in parallel is at most cy .

In our two prover one round system, the answer size is potentially unbounded. However, we can treat the
answer size as bounded, because the verifier reads only a bounded number of bits from the answer. We show
a variant of the basic two prover one round system that asks u € N questions. This verifier V,, is given as
input a 3CNF5 formula ¢ = {C;}, over variable set X. It then computes the following algorithm.

u-parallel two prover one round verifier V,,

Input: A boolean formula ¢ over variable set X.
Proof: A pair of provers (P;, P;) outputting values for variables in X.

1. For each ¢ € [u] choose both j; € [m] and k; € {aj,,b;,, cj,} uniformly at random.

2. Construct the questions Tay,, Tp and Te,, for P; and construct the questions xy, for Ps.

Ji
3. Accept if for all i € [u], Pi(zq,,), P1(wy;, ), P1(2,,) satisfies Cj, and Pi(zx,) = Pa(xy,).

We have the following result on the completeness and soundness of this system.

Lemma 4.43. V,, has completeness 1 and there exists a constant c. such that the soundness of V,, is ci.

Proof. For the completeness, similar to the completeness of the basic two prover one round system, let P;
and P; return the values of some assignment a that satisfies ¢. Now, the verifier accepts with probability 1.
The soundness is an immediate result of proposition 4.42 and lemma 4.41. O

4.3.3 PCP system for 3SAT

We set aside the two prover one round system to introduce some theory on long codes and to introduce the
PCP verifier. At the end of this section, we show how Hastad makes use of the two prover one round system
to provide an upper bound of the soundness of this PCP system.

Definitions and notation

The PCP verifier of Hastad queries three bits and accepts based on the XOR, of these three bits. We will
write this condition in terms of a linear equation in three variables. For this reason, we work with the binary
set {1, —1} instead of {0, 1}, where —1 represents true and 1 represents false. Binary operations on {1, —1}
are calculated by their truth value. For example 1V1 =1 and 1V —1 = —1. Now, the XOR of two binary
variables over {0, 1} is equivalent with the multiplication of two binary variables over {1, —1}.

Let A ={ai,...a,} be a finite ordered set and let f: A — {1,—1} be a function. In some cases, it is more
practical to work with the truth table of f. For this reason, we identify f with the string f(a1)... f(ay) of
length n.

Let X = {x1,23,...,7,} be a set of binary-valued variables. We denote {1, —1}% for the set of all possible
assignments of X, that is, all binary strings of size | X|, or equivalently, all functions a : X — {1, —1}. Let
Fx :={f:{1,-1}* — {1,-1}} be the set of functions from {1,—-1}* to {1,—1}.

The PCP verifier of Hastad checks whether a 3CNF formula is satisfied by some assignment. A valid
proof will be an encoding of this assignment. Hastad builds this encoding upon the long code encoding of
an assignment.

Definition 4.20. The long code of assignment a € {1, —1}% is the function A, : Fx — {1, -1} defined by
[ fla).

The long code is an overly redundant encoding. Because of this, we can test the consistency of a string
A Fx — {1,—1} using a low number of bits. By consistency we mean that each coordinate of A indeed
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contains the function value of the same assignment a.

Hastad constructs a verifier that tests whether a function 4 : Fx — {1,—1} is a long code of some as-
signment a € X and proves that this verifier has large enough soundness by analyzing the Fourier expansion
of A. Hastad shows that if A has a small set of large coefficients, then it is a long code of some assignment a.
The details of this Fourier analysis is beyond the scope of this thesis and we refer the reader to the analysis
of Hastad [12].

Given a set of variables X and some assignment a € {1, —1}, the long code A, satisfies A,(f) = —A.(—f)
for all f € Fx. We want to enforce this property on an arbitrary function A : Fx — {1, —1}. This helps en-
sure that there are no large coefficients in the Fourier expansion of A that do not correspond to an assignment.

Hastad achieves this by folding A over true. The definition of folding relies on an arbitrary, but fixed
method that given a pair of functions (f, —f) picks f or —f.

Definition 4.21. Let A : Fx — {1,—1} be a function. We define the function A_; as follows. For each
pair (f,—f), where f € Fx and —f € Fx, pick f or —f and define

o A\(f) = A(f) and A_y(—f) i= —A(f) if we pick f.
o A1(f)i= —A(~f) and A_y(—f) i= A(—f) if we pick /.

The function A_q is called A folded over true

Given a set of variables X and a function A : Fx — {1, —1} the following two lemmas clearly hold.

Lemma 4.44. For any f € Fx, A_1(f) = —A_1(—f).

Lemma 4.45. Leta € {1, —1}* be an assignment and let A, be the long code of a. We have that A, = A_;.

Proof. For any f € Fx it holds that either

A(f) = —A(=f) = = = fla) = f(a) = A(f)
O

The long code of some assignment is unchanged by folding it over true. The PCP verifier that Hastad
constructs test whether some function A : Fx — {1, —1} is the long code of an assignment a : X — {1, —1}.
Besides this, we want to simultaneously test whether this assignment satisfies some formula ¢, that we
interpret as a function h. We achieve this by conditioning A over h.

Definition 4.22. Let A : Fx — {1,—1} and h € Fx be two functions. We define the function A, as
follows. For each f € Fx, define Ay(f) = A(f A h). Here we define the conjunction of a function by the
conjunction of each input: (f A g)(a) = f(a) A g(a) for any functions f,g € Fx and assignment a € {0, 1}¥.

Hastad show that a long code A, of some assignment a : X — {1, —1} conditioned over h depends on A,
only if a satisfies h.

Lemma 4.46. Let a € {1,—1}% be an assignment and let A = A, : Fx — {1,—1} be the long code of a.
For all f,h € Fx, we have that

A i ha) =1
Ah(f){1 if h(a)=1
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Proof. By definition:

EN|

An(f) = A(f A h) (7)
= (f AR)(a) (
= f(a) Ah(a)

—~
© oo
=

If h(a) = —1, we have

If h(a) =1, then

O

Finally, Hastad defines a method to apply both folding and conditioning over some function h. We make
a pairing of every function of the form f A h and every function of the form (—f) A h and fix a method of
choosing either one. We write —f A h for (—f) A h when it causes no ambiguity.

Definition 4.23. Let A: Fx — {1,—1} and h € Fx be functions. We define A_; j, as follows. For every
pair of functions (f A h,—f A h), pick either f A h or —f A h and define

o A1 h(f):=A(fANh)and A_q p(—f) == —A(f A R) if we pick f Ah.
o A1 4h(f):=—A(—fAh)and A_1 p(—f) := A(—f A h) if we pick —f A h.

Lemma 4.47. Let a € {1,—1}* be an assignment and let A= A, : Fx — {1,—1} be a long code of a. For
all functions f,h € Fx, if h(a) = —1, then A_1 1,(f) = A(f) and if h(a) = 1, then An(f) is a constant that
is only dependent on the method of folding.

Proof. If h(a) = —1

A(fAh) = (f Ah)(a)
= f(a) A h(a)
= fla)A -1
= f(a)
= A(f)
—A(=f Ah) = —(=f AR)(z)

Il
A+AA
===

B

>

|

—

S~—"
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So, A1 (f) = A(f).

If h(a) =1, then

= f(a) Ah(a)
= fla) A1
=1
and
—A(=f Ah) = —(=f Nh)(a)
= —(=f(a) A h(a))
=—(=fla) A1)
=1
So, A_1 1(f) is a constant depending on whether we choose f A h or —f A h in our folding method. O

Hastads PCP verifier
We are now in the position to construct Hastads PCP verifier for 3SAT.

An oracle 7 in a PCP system with verifier V' is often interpreted as a finite, but possibly unbounded
string that proves a statement: for each question ¢ € {0,1}* that can be asked by V, the value P(q) appears
in the string. The verifier can query a value in this written proof at any location in constant time.

Before introducing the PCP verifier, Hastad introduces a format for a proof in this system.

Definition 4.24. Let ¢ be a formula with n variables. A standard written proof for ¢ with parameter u
(SWP,) is the concatenation of for each set V' C [n] with |V| < 3u a binary string of size 22",

For each set V' C [n], the string of size 22! represents some function Ay : Fy — {0,1}. A verifier tests
whether there exists a satisfying assignment a € {0,1}" for ¢ such that for each V' C [n] with |V| < 3u, Ay
is the long code of z|y .

Definition 4.25. Let ¢ be a formula with n variables. We say that a standard written proof SW P, for ¢
is a correct standard written proof if there exists some assignment a € {0, 1}™ that satisfies ¢, such that for
each V C [n] of size at most 3u, Ay is the long code of z|y.

Let a € {0,1}"™ be an assignment of some ¢ of n variables. Given u, we can construct a natural SW P, for
¢. For each V' C [n] with |V| < 3u, let Ay be the long code of z|yy. We interpret this function as a string of

size 22" and let SW P, be the concatenation of these strings.
Lemma 4.48. Given u, if x € {0,1}" satisfies ¢, then SW P, as constructed above is a correct SWP for ¢.
Proof. SW P, is the concatenation of Ay ’s that are the long codes of x, which satisfies ¢. O

The verifier in our PCP system for 3SAT5 has oracle access to a proof SW P, and reads only three bits. The
verifier, with parameters € and u, takes as input some 3CNF5 formula ¢. It attempts to decide whether ¢ is
satisfiable, by determining whether the given proof is a correct standard written proof for ¢.

Using a low number of bitsThe formula ¢ has the form ¢ = Cy A Ca A ... A Cy,, with C; containing
the variables x,,, zy,, z.,. We define the verifier L¢(u) by the following algorithm.

Verifier L¢(u)
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Input: A boolean formula ¢.
Proof: A SW P with parameter u.

1. For i € [u], pick j; € [m] and k; € {aj,,bj,,c;, } uniformly at random.
2. Set U := {ki1,ka,... . ku}, set W:=;_ {a,,bj,,c;,} and define h:= A\?_, Cj,.
3. Pick both f € Fy and g; € Fw uniformly at random.

4. Define the function p € Fy as follows: for each y € {0,1}W, let u(y) = 1 with probability 1 — € and
let p(y) = —1 with probability e.

5. Define the function go € Fy as follows: let go = fgipu, that is, for every y € {0,1}W, let go(y) =
FWlv)g(y)uly).

6. Query from the oracle m := SWP, the values of the following bits: (Ay)—_1(f), (Aw)-1,n(g1) and
(Aw)-1,n(g2)-

7. Accept if 7((Av)-1(f)) ((Aw)-1,1(91)) T((Aw)-1,n(g2)) = 1.

Lemma 4.49. The completeness of L¢(u) is 1 — €.

Proof. Let ¢ be a satisfiable 3CNF5 formula with n variables and let a € {0,1}" be a satisfying assignment
for . By lemma 4.48 we can construct a correct SW P, for ¢. Now by lemmas 4.45 and 4.47 and the
definition of go, we have that

(Av)-1(f) - (Aw)—1.n(91) - (Aw)-1.n(g2) = f(lw)gr(zlw) f (@lw)gr (zlw)p(zlw) = plzlw)

The value p(z|w) is equal to 1 with probability 1 — e. So, if ¢ is satisfiable, the verifier can be made to
accept with at least probability 1 — e. O

Hastad shows that if the soundness of the system is high enough, then we can make the u-parallel two prover
one round system system accept with high probability.

Lemma 4.50 ([12]). For any sufficiently small €,6 > 0, if P.[L*(u) accepts] > ITJ“S for some SWP,, then
there is a strategy for Py and P, that makes the u-parallel two prover one round system system accept with
probability at least 4e2.

Systems of binary linear equations

We use this PCP system to reduce the set of 3CNF5 formulas to the problem problem of solving a system
of equations with binary valued variables. The important contribution of Hastad in [12] is constructing this
reduction and showing that it increases the gap size to an optimal value.

The set of systems with an optimal gap size is then reduced to a set of 3CNF formulas with an opti-
mal gap size. We introduce the problem of satisfying a specific type of system of linear equations, as well as
a maximization version and a gap version.

Let X = {z1,22,...,2,} be a set of binary variables. We will only work with systems of binary linear
equations with exactly 3 variables. The system then contains linear equations of the form z;x;x), = b,
with b € {1,—1} being a constant. Note that this system is allowed to be inconsistent. An assignment
a: X — {1,—1} satisfies a system of binary linear equations L if the assignment satisfies all equations in
the system.

The language 3LIN2 contains (encodings of) satisfiable systems of binary linear equations over exactly 3
variables. The maximization version MAX-3LIN2 is the problem of maximizing the number of equations

simultaneously satisfied by an assignment.

Let L be a system of m binary linear equations. We say that L is c-satisfiable if OPT(L) > ¢m and
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we say that L is s-satisfiable if OPT(L) < sm. For any 0 < s < ¢ < 1, the gap problem GAP]c,s]-3LIN2 is
defined by the pair of at least c-satisfiable and at most s-satisfiable systems of binary linear equations over
exactly 3 variables.

Inapproximability of MAX-3LIN2
The most important contribution from Hastad is reducing a set of 3CNF formulas with a small gap to a set
of system of binary linear equations over exactly 3 variables with an optimal gap. From this result we can

conclude the optimal inapproximabilty of this problem, as well as that of multiple other problems. Most
notably MAX-3SAT.

For each internal random string r of the verifier L.(u), we have an acceptance condition of in the form
of an equation, namely the XOR of three bits. Hastad lists each in a system of linear equations and shows
that this process results in a set of systems with the desired gap.

Proposition 4.51. For sufficiently small § > 0 there exists a reduction from GAP[1,k]-3SAT5 to GAP[1 —
5,%5]—3LIN2 where k is the constant from proposition 4.32.

Proof. Let ¢ be a 3CNF5 formula. Set u such that c¢* < 463, where c is the constant from proposition 4.42.

Let n := |¢| and let SWP, be a proof for ¢. For each bit b in SWP, we introduce the variable xy.
We consider applying the test L%(u) to ¢. We denote the bits corresponding to (Ay)_1(f), (Aw)_1.4(g1)
and (Aw)-1,n(92) by @by ;5 Ty 1., a0d Zpy, ,  respectively. The acceptance condition for the test is equiva-
lent to @b, ; Ty, o Ty, ,, = b, where b’ is a constant. This constant is dependent on our method of folding.

We create a system of linear equations L as follows. For every possible internal random string r the verifier
uses, we add the linear equation zy,, , = b to our system. A SWP now defines an assignment
to the variables of the system.

Low,n,g1 Tow,n,g5

We now show that this system is either at least (1 — §)-satisfiable or at most 1‘QL‘s—sautisﬁauble.

Let ¢ be a satisfiable 3CNF5 formula and let a € {0,1}" be a satisfying assignment for ¢. Let SWP,
be a correct standard written proof as given by lemma 4.48. By lemma 4.49, L accepts with probability
1 —0 on SWP,. Let the values of the variables x,, ., Thy ) 4, a0d Zpy,, - be determined by SW P,, based

on its values for Ay and Ay,. Each equation in L represents a run of L%(u) on a different random string.
Since the probability that L°(u) accepts on SW P, is at least 1 — 6, at least a 1 — § fraction of equations in
L are satisfied by the assignment given by SW P,,.

Let ¢ be a 3CNF5 formula that is at most (1 — k)-satisfiable for some constant 0 < k& < 1. By propo-
sition 4.42, the probability that the u-parallel two prover one round system accepts on input ¢ is at most

c*, for some constant 0 < ¢ < 1. Assume for the sake of contradiction that L is at least (1;5 )-satisfiable.

By lemma 4.50 there exists a strategy for P, and P, such that the u-parallel two prover one round system

accepts with probability at least 46°. This is a contradiction with the fact that ¢* < 483. So, the system is

at most (%H)—satisﬁable.

We conclude that the set of systems of binary linear equations over exactly 3 variables we have constructed

has a gap of (1—5,#). O

Corollary 4.51.1. For any € > 0, there exists no polynomial time (% + €)-approximation algorithm for
MAX-3LIN2, unless P = NP.

Proof. Set § to a negative power of 2 such that % < % + €. Let L be any language, let € {0,1}* be
an instance. Let ¢ = ¢, be a 3CNF5 formula resulting from the Cook-Levin reduction, the PCP theorem,
proposition 4.35 and proposition 4.32 and let M := My be the system of linear of linear equations resulting
from theorem 4.51.

Assume there exists a (% + €)-approximation algorithm for MAX-3LIN2. Consider the following cases
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o If x € L, then M is at least (1 — §)-satisfiable. Now A outputs an assignment that satisfies at least
(1 =9)(1 —€) clauses.

o If x ¢ L, then M is at most 1TJ“S—satisﬁable.

Since % < 1 4¢, we have that (1+6)/2 < (1 —6)(3 +¢€). So, such an algorithm can be used to decide

whether x € L in polynomial time. This is not possible unless P = NP. O
In the proof of theorem 4.51, Hastad constructs a witness transformation for the reduction.

Lemma 4.52. Let 8 be the reduction from theorem 4.51. There exists a polynomial time witness transfor-
mation for 5 that transforms a satisfying assignment for a 3CNF5 formula ¢ into a satisfying assignment
for the system of linear equations B(¢).

Proof. Let ¢ be a satisfiable SCNF5 formula and let Ly be the resulting system of linear equations from
proposition 4.51. We have seen that a satisfying assignment for ¢ can be transformed into an accepting SWP
for ¢. This SWP can again be transformed into an assignment for L. O

4.3.4 MAX-3LIN2 to MAX-3SAT

The final reduction that Hastad introduces is standard in PCP theory.

Theorem 4.53. For any sufficiently small 6 > 0, there exists a reduction from GAP[1 — 6,17“5]—3LIN2 to
GAP[1 — 35,1 + 16]-35AT.

Proof. Let L be a system of linear equations over variable set X with |L| := m. We create a 3CNF formula
¢ over this same variable set in the following manner. For every equation z;z;z, = b we add 4 clauses to ¢.
We separate two cases.

e If bis 1, then we add the following clauses:
TiVa;V g, ;i VT;V xg, z; Vx; VI, Ty VTV Tg.

e If bis —1, then we add the following clauses:
TIVT;Vag, VT VTE,  TVr; VTR, VoV,

Note that ¢ contains 4m clauses. Let a € {1, —1}¥ be an assignment. Consider any equation e in L.
e If e is satisfied by a, then all 4 clauses in ¢ corresponding to e are satisfied by a.
e If e is not satisfied by a, then precisely 3 of the 4 clauses are satisfied by a.

Using this observation Hastad proves that these instances have a gap of (1 — %5, % + %5). We observe that
in the proof, Hastad constructs a witness transformation for the reduction.

Lemma 4.54. Let 8 be the reduction described in 4.53. There exists a witness transformation for [ that
transforms an assignment satisfying at least (1 — ) fraction of equations in a system of linear equations L
into an assignment that satisfies at least a (1 — %5) fraction of clauses of B(L).

Proof. Let L be a (1 — §)-satisfiable system of linear equations and let ¢ = 3(L). Let a € {1,—1}* be an
assignment that satisfies at least (1 — d)m equations of L. This assignment satisfies at least 4m — 3md =
(1 — 26)4m clauses of ¢. So ¢ is at least (1 — 34)-satisfiable. O

Lemma 4.55. If L is at most (152)-satisfiable, then ¢ is at most (I + £6)-satisfiable.

Proof. Let a € {1,—1}X be an assignment that satisfies at most (2£2)m equations of L. This assignment
satisfies at most 4m(1£2) 4+ 3m(152) = (I 4+ £8)4m clauses of ¢. So ¢ is at most (I + §6)-satisfiable. O

O

By the same argument as corollary 4.51.1, Hastad shows that the %—approximation algorithm for MAX-3SAT
is optimal.
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Corollary 4.53.1. For any € > 0, there exists no polynomial-time (g + ¢€)-approximation algorithm for
MAX-3SAT, unless P = NP.

Let L be a language in NP and let = € {0,1}* be an instance. By the same reasoning from corollary 4.51.1,
we can reduce x to a system of linear equations L = L, and by theorem 4.53 we can reduce this system to
a 3CNF formula ¢ = ¢, that is either at least (1 — €)-satisfiable or at most % +e A % + € can be used to
distinguish between these instances and thus decide whether x € L. Unless P = NP, this is not possible in
polynomial time.

5 Proof of claim 3.2 and 3.3

We are now in the position to complete the proof of theorem 3.1 by proving claim 3.2 and 3.3.
Claim 3.2. There exists a Karp reduction « from factoring to 3SAT-N with the following property.

1. Let N := (n,k) € factoring be a factoring instance and let d be a divisor of n with d < k. By the
definition of a Karp reduction it holds that (¢, N) := «(N) € 3SAT-N. On input N and d, we can in
polynomial time in |N| + |d| construct a satisfying assignment for ¢.

Proof. Let o be the Karp reduction as laid out in theorem 4.1 and let o map a factoring instance N to the
pair (o/(N), N). By lemma 4.3, property 1 holds. O

Claim 3.3. For any sufficiently small € > 0, there exists a gap-producing reduction 5 := f3. from 3SAT-N
to GAP[1 — ¢, % + €]-3SAT-N with the following properties.

1. Let (¢, N) € 3SAT-N and let a be a satisfying assignment for ¢. By the definition of a gap-producing
reduction it holds that (¢, N') := B(¢,N) € Lyes. On input ¢ and a, we can in polynomial time in
|¢| + |a| construct an assignment for 1 that satisfies a 1 — § fraction of its clauses.

2. Let (¢, N) be a GAP[1 — 4,Z + 6]-3SAT-N instance. Given (¢, N), we can, in polynomial time in the
size of (¢, N), decide whether there exists a factoring instance (N') such that (¢, N) = S(a(N')) and
if it exists, we can compute it in polynomial time.

Proof. Let B1, B2, B3, Ba, Bs, Bs, b7 := Br.c and Pg := Ps. be the reductions from lemma 4.7, lemma 4.9,
theorem 4.6, corollary 4.5, proposition 4.35, proposition 4.32, proposition 4.51 and theorem 4.53 respectively.
A visualization of all reductions can be seen below.

o B1 B2 B3 Ba

factoring ——> 3SAT ———> 3-coloring ———> CG ———> GAP[1,¢1]-CG ———> GAP[1,¢2]-3SAT

Bs

GAPJ[1,c3]-3SATB LN GAP([1,c4]-3SAT5 ., GAP[1 — ¢, L + ¢-3LIN2 _b GAP[1 — ¢, T + ¢]-3SAT

Define 3’ to be the chain of these reductions, applying $; first and g last:
Bli=Pgo...0b

We define 8(¢, N) := (8(¢), N) for a 3SAT-N instance (¢, N). Since 3’ is the composition of polynomial-
time reductions, 5 can be computed in polynomial time.

By the accompanying lemmas there exists a witness transformation for each reduction ;. By lemma 3.4,
the composition of these transformations is again a witness transformation. This transformation outputs an
assignment for the formula resulting from 3’ that satisfies at least a 1 — € fraction of clauses. So, property 1
holds.

Let (¢, N) be a GAP[1 — §,Z + 6]-3SAT-N instance. We can simply read out N and compute B(a(N))
to see if it is the pre-image of (¢, N). So, property 2 holds. O
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6 Expansion of the main theorem

The Cook-Levin theorem allows us to reduce any NP problem to 3SAT and thus to GAP[1 —e, % + €]-3SAT.
We introduce a different NP problem that can be used as an alternative for the factoring problem.

Definition 6.1. Let G be a cyclic group and let h, g € G be elements in this group. A positive integer k is
called a discrete logarithm of h with base g, denoted k := logg(h) if g* = h.

Let (g,h) € G and let | € N. We consider the decision problem of deciding whether there exists a discrete
logarithm less than some [. It is widely believed that this problem is not in P. This problem is clearly in
NP, because we can verify for some candidate witness & € N whether k£ < [ and whether £ is the discrete
logarithm of h with base ¢ in polynomial time. Due to Shor, we can in polynomial time compute the discrete
logarithm of A with base g, so we can find a witness in polynomial time.

In the proof of the main theorem we assume that factoring ¢ P and use the fact that factoring € NP
and a witness can be found in polynomial time using a quantum Turing machine. We do not rely on any
other properties of the factoring problem. So, the proof of main theorem is still valid if we assume that the
decision version of the discrete logarithm problem is not in Pand interchange it with the problem of integer
factoring.

Generally, instead of factoring we can base the proof on any problem with the correct requirements. In-
stead of assuming that factoring ¢ P, we assume that there exists any NP decision problem for which we
can find a witness using a polynomial time quantum Turing machine, but that is not decidable in polyno-
mial on a classical Turing machine. Note that the condition that we can find a witness is stronger than the
condition that the problem is in BQP. The arguments of theorem 3.1 still hold when we use such a problem
rather than factoring.
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