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Abstract

Sliding-block puzzles have been studied extensively in both recreational mathematics and
theoretical computer science. In this thesis, we analyse such sliding-block puzzles through their
state spaces, with the aim of constructing maximally di cult puzzle instances. Puzzle di culty
is measured by the length of an optimal solution, de ned as the shortest-path distance between
con gurations in the associated state space graph. We create a sequence of increasingly general
algorithms to generate state space graphs, compute their diameters, and analyse how puzzle
properties in uence their di culty. The nal algorithm allows blocks of arbitrary polyomino
shape and does not x an initial con guration, goal con guration, or block set in advance.
Our results show that the resulting state space graphs di er signi cantly from classical random
graph models, achieving extremely large diameters, especially with a low average degree. We
identify recurring patterns in the number of blocks, the number of cells, and the distribution
of block shapes and sizes that consistently lead to maximally di cult puzzles. Using these
patterns allows us to eliminate a large portion of the search space when analysing larger
boards. As a result, we construct puzzle instances with optimal solution lengths exceeding
two thousand moves, which would otherwise require months of exhaustive search.
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1 Introduction state space graph and the resulting puzzle di -
culty. This leads to the research question of this

Sliding-block puzzles form a classical categoryhesis:

of motion-planning problems in which objects How can maximally di cult sliding-block puzzles

must move inside a bounded area without overpe systematically constructed using state space
lapping. Famous examples include the 15-puzzlgnalysis?

Klotski, and Rush Hour. Despite their seemingly

simple rules, these puzzles give rise to surpris- ' o .
ingly complex state space structures. This makesCont.rlbutlons. The main contributions of this
the puzzles relevant in recreational puzzle theorythesis are:

as well as in theoretical computer science.

The theoretical study of sliding-block puzzles ~ the development of e cient algorithms to
has mainly focused on computational complexity. generate and analyse state space graphs
Numerous variants are known to bePSPACE of sliding-block puzzles using polyomino-

complete, implying that their state space can shaped blocks;

grow exponentially with the size of the input.
While this explains why these puzzles can be
di cult, relatively little attention has been paid

to which puzzles instances are di cult, or to
how di cult instances can be systematically con-
structed.

In this thesis, we approach this problem from a
di erent perspective by analysing the state space . . .
graphs arising from these sliding-block puzzles-l.-he e_ntlre project can be found at this Github
Such a graph contains a node for each possibl@pos'toryl'

con guration of the puzzle, and an edge connects

two con guration§ if one can be obtained from Thesis overview

the other by a single block move. The puzzle

di culty is measured through distances in this This thesis was supervised by Rudy van Vliet
graph, especially via its diameter, i.e., the longestand Mark van den Bergh at the Leiden Institute
shortest-path distance between any two verticesof Advanced Computer Science (LIACS), Lei-
We consider a highly general puzzle model irden University. Section 2 provides background
which blocks may have any polyomino shape, i.einformation and an overview of related literature.
identical squares that are connected by edges. Section 3 describes the methodological frame-
Rather than xing an initial con guration, a goal work, including the program structure and the
con guration, or even a speci c block set, our algorithms used. In Section 4.1, the experimental
aim is to identify those puzzle instances that re-setup is presented, followed by the corresponding
guire the maximum number of moves to solve. Inresults in Section 4.2. Section 5 o ers a discus-
order to achieve this, we develop a sequence afon of these results, and Section 6 describes and
increasingly general stages, in which these comnalyses the algorithm used to compute graph
straints are removed one by one. We analyse howliameters, including a comparison with an exist-
properties such as the number of blocks, numbeing method. Finally, Section 7 summarises the
of occupied cells, and the distribution of block main conclusions and Section 8 provides some
shapes and sizes in uence the structure of thepotential directions for future research.

an analysis on how block composition and
empty-cell count in uence puzzle di culty;

the construction of maximally di cult
sliding-block puzzles with large optimal so-
lution lengths.

Ihttps://github.com/svprooijen/slidingpolyomino
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