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Abstract

Large language models (LLMs) and vision-language models (VLMs) are increasingly

deployed in settings where inference cost, rather than model accuracy, is the domi-

nant bottleneck. While recent models support longer contexts and stronger reasoning

capabilities, the memory and compute required for generative inference scale poorly

due to the growth of key-value (KV) caches and dense visual token representations.

Notably, such inefficiencies arise during inference and do not require modifying or re-

training model weights, motivating training-free approaches that adapt to deployment

constraints.

This thesis studies the problem of reducing inference cost in large-scale generative

models through training-free and model-agnostic algorithms. We identify three dis-

tinct bottlenecks: (i) long-context inputs that expand the KV cache during prefill, (ii)

chain-of-thought generation that inflates the cache during decoding, and (iii) vision–

language inference where dense visual tokens dominate compute. Across these settings

we introduce three mechanisms: (i) a geometry-aware KV pruning method based on

query-key mapping that preserves long-context retrieval accuracy while discarding

over 80% of keys, (ii) a redundancy-aware compression strategy for chain-of-thought

decoding that leverages block-wise patterns in the generation process to prune ver-

bose reasoning traces, and (iii) a gaze-guided token pruning framework that exploits

physiological attention priors to reduce visual tokens for VQA without retraining.

Together, the results show that considerable memory and compute savings can

be achieved at inference time through training-free mechanisms across text-only and

multimodal workloads, helping bridge the gap between foundation model capability

and practical on-device or resource-constrained deployment.
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Chapter 1

Introduction

1.1 Background

Large Language Models (LLMs) have become central to modern AI systems, demon-

strating strong capabilities across tasks such as conversational assistance [25, 14], au-

tonomous agents [26], and multimodal reasoning [27, 15]. Their effectiveness largely

arises from the transformer architecture and its ability to process long sequences via at-

tention mechanisms. As these models scale in size and capability, the cost of inference

has increasingly become a practical bottleneck, particularly in real-world deployments

where memory, energy, and latency constraints are non-negotiable.

One major source of inefficiency comes from long-context processing. Applica-

tions such as document understanding, code analysis, and multi-turn dialogue require

conditioning on long histories or large input documents. Recent advances have ex-

tended context lengths from tens of thousands to hundreds of thousands of tokens

[25, 31, 14, 1], but this reveals severe memory scaling challenges: the key–value (KV)

cache used for autoregressive decoding grows linearly with sequence length. In many

configurations, the KV cache can occupy more GPU memory than the model parame-

ters themselves. For instance, a single 8B-parameter model with a 128K-token context

can require over 100GB of cache memory [16], making long-context inference costly

to deploy. Prior inference-time sparsification strategies [2, 17] prune tokens based on

attention statistics, but static heuristics often fail in multi-step reasoning scenarios

where token relevance changes dynamically over the generation process [16].

In addition to long-context inputs, LLMs increasingly serve as reasoning engines

capable of chain-of-thought (CoT) style inference. Models such as DeepSeek-R1 can
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1.2. Research Questions

generate tens of thousands of tokens of self-dialogue to solve complex tasks [7], but

these traces have notable redundancy. This induces a different scaling problem: even

when input prompts are short, the KV cache can explode due to excessively long

decoding sequences. Furthermore, näıve attention-based pruning may either remove

scattered but important reasoning steps, or preserve repetitive self-reflections that

exhibit high self-attention [33]. This reveals a tension between preserving reasoning

fidelity and serving models under realistic memory constraints.

Beyond text-only LLMs, multimodal vision-language models (VLMs) extend these

capabilities to image captioning, visual question answering, and video understanding

[13, 27, 15]. Deploying such models introduces an orthogonal bottleneck: visual rep-

resentations are dense, and a single high-resolution image may produce hundreds of

visual tokens [19]. Visual token processing alone may exceed 90% of the compute cost

in typical image captioning pipelines [19]. This is problematic for edge deployments

such as AR/VR headsets, where compute and battery resources are constrained. In-

terestingly, many of these devices integrate real-time eye-tracking modules [24, 18, 23],

providing physiological signals about user attention. Human gaze thus offers a natural

supervisory signal for guiding efficient multimodal inference [5].

Collectively, these trends highlight that the practical limitations of modern LLMs

and VLMs increasingly arise not from model accuracy, but from the cost of inference.

Improving efficiency without retraining has therefore become a critical research di-

rection. In particular, training-free and model-agnostic inference methods provide a

promising path for making state-of-the-art models deployable under realistic memory,

energy, and latency constraints.

1.2 Research Questions

In this thesis, we investigate how to reduce the computational and memory cost of

large-scale language and vision-language model inference without modifying model pa-

rameters or requiring additional training. This direction is motivated by the increasing

deployment of LLMs in real-world settings where constraints arise from limited GPU

memory, energy budgets, and latency-sensitive applications. To this end, we formulate

three main research questions:

RQ1 (Chapter 3) How can we reduce the KV cache memory footprint of

long-context inference without sacrificing model accuracy?

Long-context LLMs encounter severe memory scaling issues due to the linear

2



Chapter 1. Introduction

growth of the key–value (KV) cache. Existing sparsification-based solutions

often prune tokens based on static attention heuristics, which may fail in multi-

step reasoning scenarios. Therefore, the first research question asks whether it is

possible to accelerate and reduce the memory footprint of long-context inference

while retaining full information and without retraining the model.

RQ2 (Chapter 4) How can we compress the KV cache during long chain-

of-thought generation to fit within practical deployment constraints?

Reasoning-oriented LLMs often generate excessively long and redundant self-

dialogue, which inflates the KV cache during decoding rather than during prompt

prefill. Unlike long-context input compression, output-side redundancy requires

compression to preserve semantic reasoning steps while discarding verbose self-

reflection. Thus, our second research question focuses on whether redundancy-

aware, training-free compression mechanisms can retain reasoning fidelity while

substantially decreasing memory consumption.

RQ3 (Chapter 5) How can we reduce the inference cost of vision-language

models by leveraging human physiological priors?

VLMs incur significant computation due to dense visual tokenization. While

pruning based on generic visual saliency is possible, AR/VR settings provide

access to real-time eye gaze signals. This raises the question of whether gaze

information can guide selective visual token reduction in a training-free and

plug-and-play manner, thereby improving efficiency under constrained device

budgets.

1.3 Contributions of this Thesis

The goal of this thesis is to improve the efficiency of large-scale language and vision-

language model inference without additional training. To this end, the main contri-

butions of this thesis are as follows:

1. A training-free KV cache pruning mechanism for long-context infer-

ence. We introduce a dynamic key selection strategy driven by query–query

similarity during generation, enabling the model to retain only the most rel-

evant KV entries. This substantially reduces memory footprint during long-

context inference without retraining or modifying model weights, and preserves

long-context task performance despite aggressive sparsification.

3



1.3. Contributions of this Thesis

2. A redundancy-aware KV cache compression method for chain-of-thought

reasoning models. We introduce a compression strategy that jointly consid-

ers token importance and token redundancy during autoregressive decoding. By

retaining only a small subset of non-repetitive and semantically critical tokens,

the method significantly reduces KV cache usage during long CoT generation

while maintaining or even surpassing baseline reasoning accuracy.

3. A gaze-guided token pruning framework for vision-language inference

on resource-constrained devices. We exploit human eye gaze as a physiologi-

cal attention prior to crop task-relevant regions of input images, thereby reducing

the number of visual tokens required for inference. This training-free framework

enables efficient inference for visual question answering (VQA) in AR/VR set-

tings while maintaining semantic coverage and reach similar accuracy in some

configurations.

Collectively, these contributions demonstrate that substantial savings in memory

and computation can be achieved through training-free, plug-and-play inference-time

techniques. Moreover, the methods presented in this thesis are model-agnostic and

applicable to open-source foundation models, which is an increasingly important de-

ployment constraint in industry settings.
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Chapter 2

Preliminaries

This chapter introduces the necessary background, terminology, and notation used

throughout this thesis. We first review the transformer architecture with emphasis on

attention and KV caching. We then discuss inference modes, chain-of-thought (CoT)

reasoning, and vision-language tokenization.

2.1 Transformer Architecture

Large language models are primarily based on the transformer architecture, which

processes a token sequence x = (x1, . . . , xT ) using multi-head self-attention. Each

input token is projected into queries, keys, and values:

Q = XWQ, K = XWK , V = XWV , (2.1)

with X ∈ RT×d and WQ,WK ,WV ∈ Rd×dh .

Scaled dot-product attention is defined as:

Attn(Q,K, V ) = softmax

(
QK⊤
√
dh

)
V. (2.2)

2.2 Autoregressive Inference and KV Cache

During inference, the next token xt is sampled conditioned on the previous tokens:

p(xt | x<t) = LM(x<t). (2.3)

5



2.4. Prefill vs. Decode

To avoid recomputing attention over the prefix, transformers store keys and values

in a KV cache:

Kℓ
1:t−1 = (k1, . . . , kt−1), V ℓ

1:t−1 = (v1, . . . , vt−1) (2.4)

for each layer ℓ.

Attention at step t becomes:

yt = Attn(qt, K
ℓ
1:t−1, V

ℓ
1:t−1). (2.5)

The KV cache memory cost scales linearly with context length:

MemKV = O(L ·H · dh · T ), (2.6)

where L is number of layers, H heads, dh head dimension, and T sequence length.

This scaling becomes a bottleneck for both:

1. long-context input prompts (large T during prefill)

2. chain-of-thought output sequences (large T during decode)

which motivates KV cache pruning strategies.

2.3 Prefill vs. Decode

Inference consists of two distinct phases. During prefill, the model processes

the entire prompt in parallel, constructs the key–value (KV) cache, and emits the first

token. After prefill, decode proceeds autoregressively, generating tokens one at a time

while extending and reusing the KV cache.

2.4 Chain-of-Thought Reasoning

Tools such as self-reflection and deliberative reasoning produce intermediate traces:

xCoT
1:T = (step1, . . . , stepm, answer). (2.7)

These traces exhibit:

1. Redundancy: repeated argumentation and verification.

6



Chapter 2. Preliminaries

2. Sparse semantic contribution: many tokens have negligible influence on the final

answer.

2.5 Vision-Language Tokenization

Vision-language models encode an image I ∈ RH×W×3 into N patches:

I = (p1, . . . , pN ) (2.8)

and embed them via

zi = fθ(pi) ∈ Rd. (2.9)

For high-resolution inputs, N may reach hundreds of tokens, dominating inference cost

in multimodal tasks.

7



Chapter 3

Training-Free Q–K Mapping

for Long-Context KV Pruning

In this chapter, we present a training-free method to reduce the key–value (KV) cache

of large language models (LLMs) during long-context inference. Concretely, we in-

stantiate our approach on a 7B-parameter LLaMA-2 chat model with a 4K context

window (llama2-7b-chat-4k) and evaluate it on the LongBench benchmark. All ex-

periments are run on a SLURM-managed GPU cluster using a single NVIDIA A100

GPU. The method builds a query–key (Q–K) mapping from attention statistics in the

prompt (prefill) phase and reuses it to select a small, context-dependent subset of keys

during decoding. This allows us to discard most KV entries from GPU memory while

retaining competitive task performance on LongBench.

The key properties of the proposed approach are:

1. It is entirely training-free: no fine-tuning or gradient updates are required; we

only modify the inference-time attention computation.

2. It is plug-and-play: it operates by wrapping the existing attention layer, without

changing the underlying LLaMA weights or tokenizer.

3. It supports multiple variants (layer-wise sharing, and confidence-aware gating)

within the same implementation framework and hardware setup.

8



Chapter 3. Training-Free Q–K Mapping for Long-Context KV Pruning

3.1 Problem Setting

We consider an autoregressive transformer with L decoder layers, model dimension

dmodel, and H attention heads. At time step t, layer ℓ maintains a KV cache

K
(ℓ)
1:t−1 ∈ R(t−1)×dk , V

(ℓ)
1:t−1 ∈ R(t−1)×dv ,

where dk = dv = dmodel/H.

For a single query token at step t, the standard scaled dot-product attention in

layer ℓ is

A
(ℓ)
t = softmax

Q
(ℓ)
t K

(ℓ)
1:t−1

⊤

√
dk

 ∈ RH×1×(t−1), (3.1)

O
(ℓ)
t = A

(ℓ)
t V

(ℓ)
1:t−1 ∈ RH×1×dv . (3.2)

The total KV memory at step t is proportional to

L∑
ℓ=1

(t− 1)dk + (t− 1)dv = 2L(t− 1)dk,

which grows linearly in the effective context length (t−1). For long prompts and long

chain-of-thought outputs, this KV memory becomes the dominant bottleneck.

Our goal is to define, for each layer ℓ and step t, a retained index set

S(ℓ)(t) ⊆ {1, . . . , t− 1}

such that:

1. only K
(ℓ)

S(ℓ)(t)
and V

(ℓ)

S(ℓ)(t)
need to be kept on GPU,

2. the key retention ratio

r
(ℓ)
t =

|S(ℓ)(t)|
t− 1

is small (e.g. 10%–20%),

3. and task performance on LongBench remains close to the full-KV baseline.

9



3.2. Background: Long-Context Attention and KV Redundancy

3.2 Background: Long-Context Attention and KV

Redundancy

Transformers cache past key and value tensors during autoregressive decoding to avoid

recomputing attention over the full prefix. While this mechanism reduces per-token

compute to linear time in the decode length, it incurs a memory cost proportional

to the context length. As the prompt grows to thousands of tokens, the KV cache

becomes a dominant memory component, particularly for multi-layer models with

many attention heads.

Recent long-context benchmarks such as LongBench [3] reveal that only a small

subset of prompt tokens meaningfully contributes to downstream outputs. Tasks such

as narrative QA, scientific QA, and multi-hop reasoning require reading long docu-

ments, yet empirical analyses show that attention mass during generation is often

concentrated on semantically relevant spans while large regions of the prompt receive

negligible attention. This suggests substantial semantic redundancy in the KV cache:

although all keys are stored for correctness, many have limited influence on the gen-

eration results.

This redundancy interacts with the inductive biases of transformer depth. Earlier

layers often emphasize local and positional structure, while deeper layers tend to in-

corporate broader semantic context [28, 6]. Such depth-dependent retrieval patterns

imply that relevance is unevenly distributed across both time and depth, creating

opportunities for selective retention.

As context length increases, the KV cache becomes the dominant bottleneck in

deployment scenarios such as retrieval augmented generation, chain-of-thought rea-

soning, multi-turn document chat, legal/financial analysis, and multimodal models

with visual tokens. Without compression, throughput degrades or multi-GPU shard-

ing is required, complicating serving.

Prior work on long-context efficiency has largely focused on modifying the at-

tention mechanism to reduce computational cost. Methods such as Reformer [21],

Longformer [4], and BigBird [32] introduce structured sparse attention patterns, while

Linformer [29] employs low-rank projections to approximate dense self-attention, en-

abling efficient processing of longer sequences.

A separate line of work targets the KV cache itself. Several approaches perform

inference-time eviction or retrieval of KV entries based on attention signals or learned

importance scores [10, 12, 11]. Other methods reduce KV memory through com-

pression or adaptive cache construction [9, 20], while system-level approaches jointly

10



Chapter 3. Training-Free Q–K Mapping for Long-Context KV Pruning

Figure 3.1: End-to-end illustration of the proposed training-free Q–K mapping approach
for KV pruning. During prefill (left), the model processes the prompt with full attention,
from which we average attention scores over heads and select non-local, semantically impor-
tant key positions to construct a sparse query–key mapping. During decoding (right), each
new query is projected into the prefill query space using a KNN search to retrieve similar
prompt queries, whose mapped key sets are aggregated and augmented with structurally im-
portant head and tail regions. Only the retained keys and values are then used to compute
attention, enabling substantial KV memory reduction without modifying model weights.

optimize compression and eviction to improve serving efficiency [8].

Finally, a complementary direction studies training-free KV reduction, leveraging

prefill signals to select a compact subset of useful keys without retraining or altering

model weights [16]. Our work follows this paradigm: we introduce a geometry-aware

selection mechanism that uses prefill queries to construct a semantic key mapping,

enabling aggressive KV sparsification during decoding while preserving downstream

task performance.

3.3 Proposed Method: Training-Free Q–K Mapping

With the preliminaries in Sections 3.1 and 3.2, we now present our training-free Q–K

mapping approach for KV pruning. Rather than modifying attention weights, we

constrain where attention is allowed to look while keeping the standard mechanism

for how attention is computed, and all changes are implemented as index selection

over existing KV entries:

1. During prefill, we observe the model’s full attention patterns once and transform

them into a per-layer mapping from each prompt query position to a small set

of semantically important key positions.

2. During decoding, each new query is projected into the prefill query space; its

11



3.3. Proposed Method: Training-Free Q–K Mapping

nearest neighbours “vote” for a set of likely relevant keys based on the per-layer

mapping we obtain in prefill, which we then augment with several structural

regions (head, tail, and generated tokens) before computing attention.

3.3.1 Prefill: Building the Per-Layer Q–K Map

In the prefill stage, the model processes the entire prompt of length T with full

attention, yielding per-layer attention tensors A(ℓ) ∈ RH×T×T and query tensors

Q(ℓ) ∈ RH×T×dk as described in Section 3.2. We use these tensors to construct a

compressed, geometry-aware summary (Q–K Map) of the model’s prompt-time be-

haviour.

Head-averaged attention. To remove head-specific noise and highlight keys that

are consistently important across heads, we average attention weights:

Ã
(ℓ)
i,j =

1

H

H∑
h=1

A
(ℓ)
h,i,j , i, j ∈ {1, . . . , T}. (3.3)

Each row Ã
(ℓ)
i,: describes the global dependency pattern of query position i within the

prompt at layer ℓ.

Tail masking to mitigate locality bias. Causal transformers tend to assign large

attention mass to the most recent positions purely due to locality, even when more

distant tokens are semantically crucial. If we directly extracted top-k keys from Ã
(ℓ)
i,: ,

the resulting map would heavily overfit to this recency bias and underrepresent long-

range dependencies (e.g. instructions or early evidence).

We therefore apply a simple tail masking heuristic: for each row i, we identify

the subset of indices in its causal past and mask a small suffix near i by setting their

scores to −∞ before ranking. Intuitively, we force the mapping to focus on nontrivial,

non-local dependencies and let locality be handled explicitly at decoding time.

Top-k per-query key selection. For each query position i, we then select a small

set of important keys:

T (ℓ)(i) = TopK
(
Ã

(ℓ)
i,: , k

)
⊆ {1, . . . , T}, (3.4)

12



Chapter 3. Training-Free Q–K Mapping for Long-Context KV Pruning

where k = ⌊αT ⌋ for some fraction α ∈ (0, 1]. The set T (ℓ)(i) can be interpreted as

the semantic support of query i under full attention at layer ℓ: keys that collectively

carry most of its attention mass once trivial locality has been removed.

Collecting all such sets yields a sparse query–key graph,

M(ℓ)
prefill : {1, . . . , T} → 2{1,...,T}, i 7→ T (ℓ)(i),

which serves as a compact summary of prefill attention patterns. Importantly,M(ℓ)
prefill

is constructed once per prompt and reused for all subsequent decoding steps.

Building a prefill queries space. To apply the prefill map to future decoding

queries, we need a way to relate unseen queries to prefill queries. We therefore project

prefill queries into a shared Euclidean space by concatenating all heads:

Q̂(ℓ) ∈ RT×dq , dq = Hdk,

where the i-th row is

q̂
(ℓ)
i = concat

(
q
(ℓ,1)
i , . . . , q

(ℓ,H)
i

)
.

The rows of Q̂(ℓ) form a query manifold: positions with similar hidden representations

at layer ℓ tend to share similar attention patterns. We build a nearest-neighbour

index over Q̂(ℓ) via FAISS, which will later be used to transfer prefill key preferences

to decoding queries via nearest-neighbour voting.

Algorithm 1 Prefill: Building Query–Key Mapping

1: Input: Layer index ℓ, prompt length T , per-head attention A(ℓ), per-head queries
Q(ℓ), fraction α ∈ (0, 1].

2: Output: MappingM(ℓ)
prefill, flattened queries Q̂(ℓ), nearest-neighbour index.

3: Compute head-averaged attention:

4: Ã
(ℓ)
i,j ← 1

H

∑H
h=1 A

(ℓ)
h,i,j

5: Apply tail masking to rows of Ã(ℓ)

6: k ← ⌊αT ⌋
7: for i = 1 to T do
8: T (ℓ)(i)← TopK(Ã

(ℓ)
i,: , k)

9: end for
10: Flatten into Q̂(ℓ) ∈ RT×dq

11: Build NN index on rows of Q̂(ℓ)

12: returnM(ℓ)
prefill, Q̂

(ℓ), index
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3.3.2 Decoding: Query-Space Neighbours and KV Selection

During decoding, the model generates tokens one by one. At step t, layer ℓ produces

a new query q
(ℓ)
t (per head); we again flatten it to

q̂
(ℓ)
t ∈ Rdq ,

and use the prefill objects to define a compact retained set S(ℓ)(t).

Neighbour queries and semantic voting. We first retrieve the n nearest neigh-

bours of q̂
(ℓ)
t among prefill queries:

N (ℓ)(t) = KNN
(
q̂
(ℓ)
t ; Q̂(ℓ), n

)
, n = ⌊βT ⌋,

for β ∈ (0, 1]. Each neighbour i ∈ N (ℓ)(t) contributes its precomputed key set T (ℓ)(i),

and we aggregate these via a union:

S(ℓ)
map(t) =

⋃
i∈N (ℓ)(t)

T (ℓ)(i). (3.5)

This semantic vote captures keys that were important for prefill queries geometrically

similar to the current decoding query. Intuitively, if q̂
(ℓ)
t lies near positions that con-

sistently attend to a particular evidence span or instruction, that span is likely to

reappear in S
(ℓ)
map(t).

Head and tail regions as structural anchors. The semantic map alone is not suf-

ficient: some regions of the prompt are structurally critical even if their instantaneous

attention mass is modest. We therefore define two global index sets:

1. A head region Shead = {1, . . . ,Hhead} containing the first Hhead tokens. These

typically encode system prompts, instructions, or task definitions. Dropping

them can lead to catastrophic failures (e.g. ignoring the question or changing

the requested format), even if their attention weights at deep layers are low.

2. A tail region Stail = {T − Htail + 1, . . . , T} containing the last Htail prompt

tokens. This region captures the most recent user turns or clarifications. While

tail tokens are deliberately excluded from map construction by the tail mask (to

avoid degeneracy), we always include them at decoding time to preserve recency

and disambiguation cues.
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Note that head and tail preservation are intentionally symmetric: the head stabi-

lizes global behaviour; the tail preserves recent context, and the semantic map focuses

on long-range, nontrivial dependencies in between.

Always keeping generated tokens. Let T denote the prompt length, so that

positions T + 1, . . . , t− 1 correspond to generated tokens before step t. We define

Sgen(t) = {T + 1, . . . , t− 1}.

We always retain Sgen(t) for two reasons:

1. Generation continuity. Many LongBench tasks require coherent generation

over long output spans. During decoding, the model repeatedly attends to pre-

viously generated tokens to maintain stylistic and contextual consistency across

the sequence. If earlier generated tokens were pruned, the model would lose ac-

cess to preceding generation context, leading to degraded continuity and unstable

outputs.

2. Asymmetric budget. In long-context settings, T (prompt length) dominates

t − T (decode length) for most of the generation. Pruning aggressively on the

prompt side while keeping all generated tokens therefore yields a strong memory

reduction with negligible additional cost from Sgen(t).

In addition, keeping all generated tokens implicitly captures short-range locality on

the decode side: recent tokens that the model is likely to re-attend to remain available,

without needing to be re-identified by the semantic map.

Final retained set and induced sparsity. Combining the semantic map, struc-

tural anchors, and decode-side locality yields:

S(ℓ)(t) = S(ℓ)
map(t) ∪ Shead ∪ Stail ∪ Sgen(t). (3.6)

Attention at step t and layer ℓ is then computed only over S(ℓ)(t) ⊆ {1, . . . , t − 1}
instead of the full history:

A
(ℓ)
t,j = 0 for j /∈ S(ℓ)(t),
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and the corresponding keys and values outside S(ℓ)(t) need not be kept on GPU for

that layer and step. The resulting key retention ratio

r
(ℓ)
t =

|S(ℓ)(t)|
t− 1

can be tuned via α, β, and (Hhead, Htail), enabling a continuum of trade-offs between

KV memory and approximation quality.

Algorithm 2 Decoding: Training-Free KV Selection per Layer

1: Input: Layer ℓ, time step t, prompt length T , flattened queries Q̂(ℓ), prefill map-

pingM(ℓ)
prefill, KNN index, current query q

(ℓ)
t .

2: Output: Retained index set S(ℓ)(t).

3: Flatten query: q̂
(ℓ)
t ← flatten(q

(ℓ)
t ).

4: Retrieve neighbours N (ℓ)(t) in query space.

5: Aggregate map votes: S
(ℓ)
map(t)←

⋃
i∈N (ℓ)(t)M

(ℓ)
prefill(i).

6: Construct regions Shead, Stail, and Sgen(t).
7: Combine into final set S(ℓ)(t) via Eq. (3.6).
8: return S(ℓ)(t).

In summary, the proposed method uses prefill-time attention to learn a compact

semantic index over the prompt, then reuses this index at decoding time through query-

space nearest neighbours, while explicitly preserving structurally important regions.

All mechanisms are implemented as index selection on top of standard attention,

making the approach training-free, model-agnostic, and compatible with existing long-

context LLaMA-style deployments.

3.4 Variants of the Mapping Strategy

Within the framework of Sections 3.3–3.3.2, we describe three orthogonal extensions

that enrich the base mapping mechanism along semantic, architectural, and confidence

dimensions:

1. position-invariant mapping, which constructs the Q–K mapping using queries

without rotary positional embedding to emphasize semantic similarity over token

position;

2. layer-shared mappings, which reduces the cost of building query–key maps across

layers; and
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3. confidence-aware gating, which discards unreliable query–key recommendations

coming from nearly uniform attention.

3.4.1 Position-Invariant Mapping

The base Q–K mapping relies on query representations that combine semantic content

with positional information due to the rotary positional embedding (RoPE) applied

during attention. This positional component causes queries that are semantically

similar but located at different places in the prompt to be separated in the query

space, even when they attend to similar evidence spans.

To decouple content from position, we introduce a position-invariant variant that

constructs the mapping from queries before applying RoPE. This adjustment causes

the query space to cluster tokens by semantic similarity rather than by token location,

making it more likely that repeated entities, concepts, or evidence scattered throughout

long documents vote for the same key regions.

The structural retention strategy remains unchanged (head, tail, and generated

tokens are always preserved), while only the geometry of the query space is altered.

Empirically, this variant improves retrieval-style and multi-hop tasks where relevant

information may appear at diverse positions in the context, as demonstrated in Sec-

tion 3.6.

3.4.2 Layer-Shared Mapping

The base method builds a separate prefill mappingM(ℓ)
prefill : i 7→ T (ℓ)(i) for every layer

ℓ. In practice, we observe that attention patterns in early, middle, and late layers are

structurally similar: within each depth band, queries tend to look at comparable

regions of the prompt. This motivates a layer-shared variant that reuses the expensive

part of the mapping across layers.

Let B ⊂ {1, . . . , L} be a small set of base layers (e.g. B = {1, ℓmid, L}). For each

base layer b ∈ B we run Algorithm 1 and obtain

M(b)
prefill and Q̂(b) ∈ RT×dq .

For every non-base layer ℓ /∈ B, we assign it to the nearest base layer in depth,

b⋆(ℓ) = argmin
b∈B
|ℓ− b|,
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and reuse its query–key map:

T (ℓ)(i) ≡ T (b⋆(ℓ))(i), ∀i ∈ {1, . . . , T}.

In addiction, only the mapping M(ℓ)
prefill is shared; the query geometry used at

decoding remains layer-specific. For each layer ℓ, we still flatten its own queries Q(ℓ)

into Q̂(ℓ) ∈ RT×dq and build a nearest-neighbour index on Q̂(ℓ). Thus, during decoding,

a new query q
(ℓ)
t is always compared against queries from the same layer, but the votes

it collects refer to key sets T (b⋆(ℓ))(i) learned in the corresponding base layer.

This design reduces the cost of prefill mapping construction roughly by a factor of

L/|B| (only base layers need to compute top-k sets from full attention), while keeping

the decoding stage fully layer-aware. Empirically we find that this approximation has

negligible impact on LongBench accuracy when the base layers cover early, middle,

and late depths.

Algorithm 3 Layer-Shared Prefill Mapping

1: Input: Layers 1, . . . , L; base-layer set B; attention tensors A(ℓ); queries Q(ℓ);
fraction α.

2: Output: Layer mappingsM(ℓ)
prefill, query indices for all ℓ.

3: for each base layer b ∈ B do

4: Run Algorithm 1 on (A(b), Q(b), α) to obtainM(b)
prefill and Q̂(b).

5: end for
6: for each non-base layer ℓ /∈ B do
7: Find nearest base layer b⋆(ℓ)← argminb∈B|ℓ− b|.
8: Share mapping: M(ℓ)

prefill ←M
(b⋆(ℓ))
prefill .

9: Flatten layer-specific queries: Q̂(ℓ) ∈ RT×dq .
10: Build a nearest-neighbour index on rows of Q̂(ℓ).
11: end for
12: return all {M(ℓ)

prefill, Q̂
(ℓ)}Lℓ=1.

3.4.3 Confidence-Aware Gating

The base mapping from Eq. (3.4) assumes that the head-averaged attention Ã
(ℓ)
i,: is

sufficiently peaked so that its top-k entries identify meaningful key positions. In prac-

tice, however, some queries exhibit nearly uniform or noisy attention—for example,

tokens that play a purely syntactic role or appear far from any task-relevant content.

For such rows, forcing a non-empty T (ℓ)(i) yields essentially arbitrary key recommen-

dations, which can harm pruning quality and unnecessarily increases the number of
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query–key pairs stored in the map, leading to a longer and less efficient Q→K lookup

table.

We therefore introduce a confidence-aware gating mechanism that detects diffuse

attention rows and discards their contributions to the map. Given a row Ã
(ℓ)
i,: and its

top-k set T (ℓ)(i), we first define normalized probabilities

pi,j =
Ã

(ℓ)
i,j∑T

k=1 Ã
(ℓ)
i,k + ε

, j = 1, . . . , T,

and let Ni = |{j : Ã(ℓ)
i,j > 0}| be the number of active entries.

We then consider two scalar confidence scores:

1. Top-k mass ratio

ρi =

∑
j∈T (ℓ)(i) Ã

(ℓ)
i,j∑T

j=1 Ã
(ℓ)
i,j + ε

,

which measures how much of the row’s mass is concentrated on the selected keys.

2. Normalized entropy

Hi = −
T∑

j=1

pi,j log pi,j , H̄i =
Hi

logNi
,

which lies in [0, 1] and approaches 1 when the distribution is close to uniform.

If ρi is small or H̄i is large, the attention pattern is too diffuse to support a reliable

semantic recommendation. Instead of committing to arbitrary keys, we set T (ℓ)(i) = ∅
and let this query rely solely on the structural priors in Eq. (3.6): the global head region

Shead, the prompt tail Stail, and the generated-token region Sgen(t). During decoding,

such low-confidence queries simply cast no votes in Eq. (3.5), which empirically reduces

over-pruning on LongBench without increasing the KV ratio.

3.5 Experimental Setup

3.5.1 Datasets, Prompts, and Metrics

We follow the LongBench protocol and report results on seven representative tasks

that require processing long contexts:

1. NarrativeQA (NQA) for narrative reading comprehension;

19



3.5. Experimental Setup

Algorithm 4 Confidence-Aware Filtering of a Query Row

1: Input: Row Ãi,:, candidate set T (i), thresholds τmass, τent, metric type
(topk mass or entropy).

2: Compute row sum Z ←
∑

j Ãi,j and probabilities pj ← Ãi,j/(Z + ε).

3: Compute top-k mass ratio ρi ←
(∑

j∈T (i) Ãi,j

)
/(Z + ε).

4: Let Ni ← #{j : Ãi,j > 0} and normalized entropy H̄i ←
−
(∑

j pj log pj
)
/(logNi + ε).

5: if metric is topk mass and ρi < τmass then
6: T (i)← ∅.
7: else if metric is entropy and H̄i > τent then
8: T (i)← ∅.
9: end if

10: return T (i).

2. Qasper (Qsp) and MultifieldQA-en (MFQA) for long-context question answer-

ing over academic or multi-field documents;

3. HotpotQA (Hp) and 2WikiMultihopQA (2Wk) for multi-hop reasoning;

4. Passage retrieval in English (PR) for long-context retrieval; and

5. TREC (TRC) for long-context classification.

We adopt the standard LongBench metrics: F1 for question answering, ROUGE-

style scores for reading comprehension, retrieval accuracy for passage retrieval, and

classification accuracy for TREC. For each instance, the official evaluation procedure

compares the model output against all reference answers, keeps the best-matching

reference, and averages scores across the dataset.

3.5.2 Q–K Mapping Hyperparameters and Variants

Our method introduces a mapping from queries to keys that is constructed during the

prompt-processing (prefill) stage and reused during decoding to decide which keys to

retain. The mapping is controlled by two global fractions:

1. a mapping fraction that specifies what proportion of keys are selected as impor-

tant for each prompt query, and

2. a neighbour fraction that specifies what proportion of prompt queries are re-

trieved as nearest neighbours in query space for each decoding query.
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These fractions correspond to the parameters α and β in Section 3.3. They are

set to control the key retention ratio across all pruned configurations; the effective

key retention is then further shaped by structural design choices (such as always keep-

ing head/tail regions and generated tokens) and by when and where the mapping is

applied.

During generation we also log, for each layer, the ratio between the number of

unique keys retained by our method and the full sequence length. Averaging these

ratios across layers and tokens yields an empirical key-retention range for each config-

uration (e.g. 10–12% or 17–19%), which is reported in Table 3.1.

We compare the full-KV baseline with five pruned variants:

1. Full KV (L2-7B-chat-4k): the unmodified model using full attention over the

entire KV cache; this serves as the reference.

2. Q–K: the basic form of query–key mapping in which a semantic mapping is

constructed during the prompt-processing stage at every transformer layer, and

decoding queries attend only to mapped prompt keys together with all previously

generated tokens.

3. Q–K Pro: a structurally enhanced variant that always retains a head segment

at the beginning of the prompt, a tail segment at the end, and all generated

tokens. The mapping is constructed only on the remaining prompt span in order

to avoid purely locality-driven keys and to preserve reasoning continuity across

the generated outputs.

4. Non-positional Q–K Pro: identical to Q–K Pro in structural design, but the

mapping is built from query and key representations with positional information

removed so that the query space reflects primarily semantic similarity rather

than token position. This adjustment encourages clustering by content rather

than proximity and improves robustness on tasks where evidence may appear at

highly variable locations within the input.

5. Layer-wise Q–K Pro: a layer-sparse variant of Q–K Pro in which only a small

subset of designated transformer layers construct and apply the mapping, while

the remaining layers rely solely on the structural retention of head, tail, and

generated tokens. This reduces the computational overhead of building multiple

mapping indices and probes how layer depth affects the formation of semantic

relevance.
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6. Confidence Q–K Pro: a confidence-aware extension of Q–K Pro in which the

mapping is gated on the sharpness of the model’s attention distribution. When

attention is confidently concentrated, the mapping is applied; when it is diffuse,

the method falls back to structural retention alone. This mechanism prevents

aggressive pruning in ambiguous contexts and is particularly relevant for multi-

hop queries where the model may need to preserve multiple competing evidence

spans.

3.6 Results on LongBench

3.6.1 Compression–Performance Trade-off on Qasper

To characterize how Q–K pruning behaves under different memory budgets, we eval-

uate Qasper while varying the retained-key fraction from 12% to 17%, keeping the

structural retention strategy (head/tail + generated tokens) fixed. Figure 3.2 reports

accuracy as a function of key retention.

Within the compressed range (12–17%), Qasper accuracy increases monotonically

as additional prefill-selected keys are preserved. At approximately 17% retention, ac-

curacy approaches the full-KV baseline while using over 80% fewer keys. This indicates

that pruning can remove substantial amounts of KV state without harming multi-hop

evidence retrieval.

Beyond the near-linear improvement observed between 12% and 17% retention,

the curve suggests a diminishing-return regime as the retained-key fraction approaches

the full-KV setting. In other words, a relatively small subset of prefill-selected keys

already captures most of the task-relevant context, while additional keys primarily

provide marginal refinements rather than qualitative gains. This behavior supports

the hypothesis that long-context reasoning in Qasper relies on a sparse set of salient

evidence spans rather than uniformly distributed information. Consequently, Q–K

pruning offers an effective operating point where memory consumption can be drasti-

cally reduced while maintaining accuracy close to the uncompressed baseline, making

it particularly attractive for long-context inference under strict memory constraints.

3.6.2 Benchmark Comparison on LongBench

Table 3.1 reports results across seven LongBench tasks for the full-KV baseline and

five Q–K pruning variants. Although the pruned configurations retain only 10–19% of

the KV cache, several maintain competitive accuracy relative to the unpruned model.
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Figure 3.2: Qasper accuracy as a function of key retention for Q–K pruning. The left panel
shows monotonic accuracy gains as the retained-key fraction increases from 12% to 17% for a
head/tail-preserving Q–K variant. The slim right panel isolates the full-KV baseline at 100%
of keys, showing that several compressed configurations outperform the unpruned model.
The broken x-axis highlights the gap between the compressed regime and the full-KV point.

This demonstrates that substantial KV sparsification is feasible without retraining and

without catastrophic accuracy degradation.

The Full KV configuration achieves the strongest scores on NarrativeQA, Qasper,

2WikiMultihopQA, and TREC, reflecting the advantage of dense context for tasks

requiring long-range retrieval or structured classification. At the same time, multiple

pruned variants outperform Full KV on other workloads: QK attains the best results

on MultifieldQA-en and HotpotQA, while Pro-NP is highest on passage retrieval.

The fact that these gains occur under 80–90% KV reduction indicates that dense KV

storage contains substantial redundancy that can be removed without harming—and

in some cases improving—semantic retrieval and reasoning.

Overall, these results suggest that training-free KV pruning can reduce memory

requirements significantly while preserving performance across heterogeneous long-

context tasks.

3.6.3 Ablation: Positional vs. Non-Positional Mapping

We compare Non-positional Q–K Pro (Pro-NP) against the standard Q–K Pro to iso-

late the role of positional information during prefill. Both variants share the same

structural retention (head/tail + generated tokens), but Pro-NP removes rotary po-

sitional embeddings before nearest-neighbor lookup, producing a more content-based
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Model Keys(%) NQA Qsp MFQA Hp 2Wk PR TRC

Full KV 100 19.13 21.72 36.68 27.72 31.78 5.5 64.5
QK 17–19 18.2 20.81 37.62 31.02 27.49 7.5 64.5
Pro 11–13 17.72 20.26 35.65 27.03 30.18 7.0 64.5
Pro-NP 10–12 17.79 21.12 37.15 27.83 30.08 8.5 64.0
Pro-LW 11–13 17.50 18.00 31.84 26.82 29.93 3.75 55.5
Pro-CF 11–13 17.24 20.22 35.36 26.64 31.08 7.0 64.5

Table 3.1: LongBench performance comparison for six KV pruning configurations. Full
KV uses unpruned attention. QK is the basic query–key mapping applied at every layer.
Pro adds structural head/tail & generated-token retention. Pro-NP removes positional
information when constructing the mapping (“non-positional”). Pro-LW applies mapping
sparsely at layers 0, 5, 14, and 20 (“layer-wise”). Pro-CF introduces entropy-based gating
(“confidence”). Columns: Keys = retained key percentage. Best results are in bold; second-
best are underlined.

query space.

Despite retaining fewer keys (10–12% vs. 11–13%), Pro-NP achieves higher scores

on Qasper (21.12 vs. 20.26), MultifieldQA-en (37.15 vs. 35.65), and passage retrieval

(8.5 vs. 7.0). These improvements indicate that position-invariant similarity helps to

find semantically related evidence that may appear at distant or irregular positions.

3.6.4 Ablation: Layer Sharing

Layer-wise Q–K Pro applies mapping only at layers 0, 5, 14, and 20, reducing mapping

overhead but leaving intermediate layers without semantic key selection. The perfor-

mance degradation is substantial: MultifieldQA-en drops from 35.65 to 31.84, passage

retrieval from 7.0 to 3.75, and TREC from 64.5 to 55.5. These reductions suggest

that relevance decisions evolve with depth: early layers capture local and syntactic

patterns, while deeper layers integrate global semantic relations. Limiting mapping to

a sparse set of layers prevents intermediate layers from refining which keys to retain,

which negatively impacts retrieval-heavy tasks.

3.6.5 Ablation: Confidence Gating

Confidence Q–K Pro adds an entropy-based gate that applies mapping when attention

is sharp and disables it when attention is diffuse. This prevents aggressive pruning in

cases where evidence spans are ambiguous or distributed.

Relative to Pro, the differences are modest: MultifieldQA-en and HotpotQA de-
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(a) True top-k attention mass

(b) Pruned vs. full recall

Figure 3.3: Layer–step heatmaps for Q–K Pro on Qasper (sample 2), which retains
only ∼ 12% of keys. Top: true top-k attention mass (using top ∼ 12% keys) shows how
concentrated the model’s ideal attention distribution is across depth and decoding time.
Bottom: recall between pruned keys and true top ∼ 12% keys. High recall aligns with regions
of concentrated attention mass, indicating that Q–K Pro preserves salient keys even under
aggressive sparsification.

crease slightly, while 2WikiMultihopQA improves (31.08 vs. 30.18) and passage re-

trieval remains stable. The improvement on 2WikiMultihopQA is consistent with the

dataset’s dispersed multi-hop evidence, where suppressing uncertain pruning prevents

removal of relevant context.

3.6.6 Depth–Time Dynamics of Attention Mass and Recall

To analyze how pruning decisions evolve during long-context decoding, we examine

the dynamics of attention mass and the corresponding retention of ground true keys

as a function of both layer depth and generation step. The top panel of Fig. 3.3 shows
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that true top-k attention mass is not uniform: early layers exhibit diffuse attention,

while deeper layers concentrate mass on a small subset of positions, consistent with

evidence aggregation and multi-hop reasoning.

The bottom panel reports the recall between the pruned key set and the oracle

top-k keys. Recall remains consistently high (≥ 0.9 for the majority of layer–step

pairs), demonstrating that sparsification largely preserves the keys that the unpruned

model relies on. This aligns with the strong task-level results in Table 3.1, despite

retaining only 10–13% of KV entries.

Importantly, localized dips in recall coincide with regions where the oracle atten-

tion redistributes its mass, typically at boundaries between reasoning phases. These

correspond to semantic transitions (e.g., retrieving new evidence spans) where the

model temporarily shifts which tokens are relevant. Such transitions highlight that

effective pruning must adapt to both depth and time rather than rely on static filters.

Overall, this analysis reveals that KV redundancy exhibits structured depth–time

dependencies: attention mass becomes more concentrated in deeper layers, and prun-

ing accuracy must follow these transitions to avoid degrading semantic retrieval. Q–K

Pro succeeds at this alignment, explaining its ability to aggressively reduce memory

while preserving long context performance.

3.7 Discussion

The results show that training-free Q–K mapping is a viable approach for KV pruning

in long-context LLaMA-2 inference. Several variants operate with retention ratios as

low as 10–13% while remaining competitive with the full-KV baseline across a diverse

set of LongBench tasks. This indicates that dense KV caching contains substantial

redundancy and that only a small subset of prompt keys is needed to support long-

context retrieval and reasoning.

A second observation concerns the geometry of the query space. The non-positional

variant outperforms the positional one on evidence-heavy tasks such as Qasper, Multi-

fieldQA, and passage retrieval, despite retaining slightly fewer keys. Removing rotary

positional components before nearest-neighbor mapping yields a more content-based

semantic similarity measure, which is beneficial when relevant evidence may appear

at distant or variable locations within long documents.

A third observation relates to depth and uncertainty. Layer-wise ablations show

that relevance estimation evolves across transformer depth, and that applying the

mapping at all layers is important for preserving retrieval and classification accuracy.
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Confidence gating further stabilizes pruning in settings where attention is diffuse,

improving performance on multi-hop benchmarks by avoiding premature elimination

of uncertain evidence spans. These results suggest that both depth and confidence are

meaningful axes for controlling inference-time sparsification policies.

Overall, Q–K mapping functions as more than a KV compression mechanism. By

removing weakly relevant context and retaining semantically informative keys, it regu-

larizes attention during decoding without modifying model parameters. This behavior

enables substantial reductions in KV memory footprint while maintaining accuracy,

making the approach compatible with zero-shot and production inference settings

where GPU memory allocated to KV caching is a primary deployment constraint.
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Chapter 4

BlocKV: Blockwise Query

Similarity for KV Cache

Pruning

In this chapter we focus on long reasoning rather than long input contexts. Modern

reasoning models such as DeepSeek-R1 can generate tens of thousands of chain-of-

thought (CoT) tokens even when the initial prompt is short. In these settings, the

dominant bottleneck is not the prefill phase but the autoregressive decoding phase:

the key–value (KV) cache grows linearly with the number of generated tokens, quickly

exhausting GPU memory and slowing down inference.

We propose a training-free, plug-and-play attention modification, which we call

BlocKV, to reduce the KV cache during long reasoning. The core idea is to group

consecutive decoding steps into blocks whose queries are geometrically similar and

show highly similar attention patterns. For tokens inside such a block, we restrict

attention to a compact set of keys discovered when the block was created, so that only

a fraction of the KV cache needs to be accessed and stored. Our implementation wraps

a LLaMA-style attention layer and is instantiated on AIME 2024 and MATH-500 math

reasoning tasks.

A central empirical observation is that, during long reasoning, query similarity

and attention similarity follow similar patterns over time. This chapter formalizes

that observation and uses it as the foundation for block construction and pruning.
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Figure 4.1: Illustration of a long-form mathematical reasoning query and model response.
The input describes a structured word problem that requires the model to set up unknown
variables, consider multiple hypothetical scenarios, and integrate constraints over several
steps before producing the final answer. Such tasks benefit from extended context windows
(up to 30k tokens) that allow models to retain intermediate deductions and revisit earlier
premises during multi-stage reasoning.

4.1 Problem Setting

We consider an autoregressive transformer with L decoder layers, hidden size d, and

H attention heads. Let x1:T0 = (x1, . . . , xT0) denote the (short) input prompt, and

let yT0+1:T denote the chain-of-thought tokens generated by the model up to step T ,

where typically T ≫ T0. At decoding step t > T0, the model outputs a new token

yt ∼ pθ(· | x1:T0
, yT0+1:t−1),

and we write t = 1 for the first decoding step (t = T0 + 1 in absolute indexing) when

convenient.

At layer ℓ ∈ {1, . . . , L} and step t, the multi-head self-attention module computes

Q
(ℓ)
t ∈ RH×1×dh , (4.1)

K
(ℓ)
1:t−1 ∈ RH×(t−1)×dh , (4.2)

V
(ℓ)
1:t−1 ∈ RH×(t−1)×dh , (4.3)
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where dh = d/H is the per-head dimension. The (causal) attention distribution and

output are

A
(ℓ)
t = softmax

Q
(ℓ)
t K

(ℓ)
1:t−1

⊤

√
dh

 ∈ RH×1×(t−1), (4.4)

O
(ℓ)
t = A

(ℓ)
t V

(ℓ)
1:t−1 ∈ RH×1×dh . (4.5)

The KV cache at layer ℓ after t decoding steps has size

(t− 1)Hdh︸ ︷︷ ︸
K cache

+ (t− 1)Hdh︸ ︷︷ ︸
V cache

= 2(t− 1)d,

so that total KV memory over all layers scales as

MKV(t) = 2L(t− 1)d ∝ t.

When t reaches 10K–30K CoT tokens, the KV cache can exceed the parameter foot-

print, dominating both memory and runtime.

Our goal is to define, for each layer ℓ and decoding step t, a retained key index set

S(ℓ)(t) ⊆ {1, . . . , t− 1}

such that attention accesses only K
(ℓ)

S(ℓ)(t)
and V

(ℓ)

S(ℓ)(t)
:

Ã
(ℓ)
t = softmax

Q
(ℓ)
t K

(ℓ)

S(ℓ)(t)

⊤

√
dh

 , Õ
(ℓ)
t = Ã

(ℓ)
t V

(ℓ)

S(ℓ)(t)
, (4.6)

with a small retention ratio

r
(ℓ)
t =

|S(ℓ)(t)|
t− 1

≪ 1,

while preserving task accuracy on long reasoning benchmarks such as AIME 2024.

4.2 Background: Long Reasoning and KV Redun-

dancy

Unlike the LongBench setting in Chapter 3, where the context is long but decoding is

short, AIME 2024-style tasks often use short prompts but extremely long CoT traces.

Let T0 ≤ 512 and T ≥ 10,000. Then the cumulative KV memory over the entire
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generation is dominated by decode-side tokens:

MKV, decode

MKV, prefill
≈ T − T0

T0
≫ 1.

In practice we observe that more than 90% of the KV cache belongs to generated

tokens for long reasoning runs.

The structure of long CoT also differs from long document prompts:

1. Reasoning unfolds in phases: the model focuses on one subproblem or interme-

diate quantity for dozens of tokens, then jumps to another. Within a phase,

attention patterns change slowly; across phases, they change abruptly.

2. Many tokens inside a phase are syntactic glue or verbal elaborations, whose

attention patterns are almost identical to neighbouring tokens. This suggests

high redundancy in the KV cache.

These observations align with recent findings in efficient LLM inference, which show

that KV cache growth during autoregressive decoding is a primary bottleneck in long-

generation settings, motivating selective compression or eviction strategies [30, 9, 12].

At the same time, prior analyses of transformer attention reveal that neighbouring

tokens often exhibit highly correlated attention behaviour, implying substantial re-

dundancy in token-level representations [6]. A naive pruning strategy based solely

on per-token attention mass may misinterpret these patterns: syntactic tokens with

locally high self-attention could be preserved, while equally important neighbours get

dropped. Instead, we look for a more block-wise signal: the temporal structure of

query and attention similarity.

4.3 Empirical Patterns: Query–Query and Atten-

tion–Attention Similarity

To characterize the internal dynamics of long chain-of-thought decoding, we measure

how attention distributions and intermediate representations evolve over time across

layers. We find that both queries and attention rows exhibit extended intervals of

high self-similarity punctuated by sharp transitions, forming blockwise structures that

are synchronized across depth. Moreover, the temporal patterns of query similarity

and attention similarity are closely aligned, indicating that the geometry of the query

space provides a compact proxy for changes in attention. The remainder of this section

31



4.3. Empirical Patterns: Query–Query and Attention–Attention
Similarity

(a) Layer 11 (b) Layer 12

Figure 4.2: PCA projection of query vectors during prefilling (blue) and decoding (orange)
on a long chain-of-thought example. Decoding queries depart from the prefilling cluster and
expand into new regions of the space, indicating geometric drift during generation.

quantifies these phenomena using layerwise projections, pairwise cosine metrics, and

lagged similarity heatmaps.

4.3.1 Geometric Drift of Queries Across Prefill and Decoding

To examine how the geometry of the query space evolves during long chain-of-thought

decoding, we project all query vectors from both the prefilling and decoding phases

into a two-dimensional subspace using PCA. For each layer ℓ, we collect the per-step

(head-averaged) queries

q
(ℓ)
1 , . . . , q

(ℓ)
Tprefill

, q
(ℓ)
Tprefill+1, . . . , q

(ℓ)
Tprefill+Tdecode

,

fit a PCA model on the concatenated set, and label points by whether they originate

from prefilling or decoding.

Figure 4.2 shows representative layers. In both layers, the prefilling queries oc-

cupy a relatively compact region, whereas decoding queries expand into a larger and

directionally biased region that departs from the prefilling manifold. This reveals a

geometric drift as the model generates intermediate reasoning steps.
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Figure 4.3: Cosine similarity between consecutive decoding steps for problem 67 at layer 11.
We plot RKHS-smoothed attention similarity (Attn RKHS Cos), mean query cosine, mean
key cosine, hidden-state cosine, and a representative per-head query cosine (head 2). All
curves exhibit a block-wise pattern: extended intervals of high similarity punctuated by sharp
drops, indicating transitions between reasoning segments. The close alignment between the
attention and query/key curves suggests that changes in the attention pattern are largely
driven by the underlying query–key geometry.

Interpretation. The decoding query distribution is not well-approximated by the

prefilling distribution alone. Specifically: (i) decoding queries explore new directions

absent during prefilling, and (ii) the decoding support is strictly larger. Consequently,

KV pruning strategies that depend solely on prefilling queries cannot fully capture

which keys remain relevant deep into decoding. In later sections we address this by

incorporating decoding-side query geometry when selecting key subsets.

4.3.2 Layer-wise Similarity Dynamics During Long Reasoning

To characterize how attention patterns and internal representations evolve during long

chain-of-thought decoding, we compute stepwise cosine similarities between consecu-

tive decoding states at each transformer layer ℓ. For a decoding sequence (xt)
T
t=1, we

examine four signals at every layer:

a
(ℓ)
t , q

(ℓ)
t , k

(ℓ)
t , h

(ℓ)
t ,

where a
(ℓ)
t ∈ RLt is the head-averaged attention row over Lt positions, and q

(ℓ)
t , k

(ℓ)
t , h

(ℓ)
t ∈

Rd denote the mean query, mean key, and hidden state vectors (with per-head query

vectors q
(ℓ,h)
t ∈ Rdh).
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RKHS cosine for attention. Direct cosine on a
(ℓ)
t is sensitive to low-mass positions

and sequence-length effects. We therefore compute a position-aware similarity in an

RKHS induced by a Gaussian positional kernel. After trimming boundary tokens and

selecting the union of top-k salient positions for (a
(ℓ)
t , a

(ℓ)
t+1), we form

Kij = exp
(
− (pi−pj)

2

2σ2

)
, σ = 12,

where pi indexes token positions. The RKHS cosine is then

cos
RKHS,(ℓ)
t =

(a
(ℓ)
t )⊤K a

(ℓ)
t+1√

(a
(ℓ)
t )⊤K a

(ℓ)
t

√
(a

(ℓ)
t+1)

⊤K a
(ℓ)
t+1

. (4.7)

Vector cosine for queries, keys, and states. For the vector components we use

the standard cosine similarity:

cos
X,(ℓ)
t =

⟨x(ℓ)
t , x

(ℓ)
t+1⟩

∥x(ℓ)
t ∥2 ∥x

(ℓ)
t+1∥2

, X ∈ {Q,K,H}, (4.8)

with an analogous per-head form

cos
Q,h,(ℓ)
t =

⟨q(ℓ,h)t , q
(ℓ,h)
t+1 ⟩

∥q(ℓ,h)t ∥2 ∥q(ℓ,h)t+1 ∥2
.

Empirical observation. Across layers ℓ = 0, . . . , L−1 and across multiple long rea-

soning problems, the four similarity traces exhibit consistent structure. In particular:

(i) the RKHS attention cosine forms a block-wise pattern, staying high for extended

spans and then dropping sharply before stabilizing again, (ii) the mean query and

mean key cosines closely track the RKHS curve across blocks, and (iii) the hidden-

state cosine fluctuates more strongly while remaining correlated with attention and

query–key similarity. These trends persist throughout depth, indicating that attention

evolution during long decoding is strongly coupled to the geometry of the query–key

space.

Example at layer 11. Figure 4.3 illustrates the signals for layer 11 on problem 67

from AIME 2024 dataset. The RKHS attention cosine (blue) remains near 1 except for

occasional drops, while the query and key cosines (orange, purple) follow almost the

same profile. The hidden-state cosine (brown) changes more aggressively, reflecting
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that token embeddings absorb larger semantic updates even when attention structure

remains stable. Per-head cosine traces show similar structure with additional head-

specific variability.

In summary, long chain-of-thought decoding progresses through a regime where

attention, queries, and keys evolve in a coordinated and gradually-varying manner

at all layers. This layer-synchronous behavior suggests that attention updates are

not arbitrary but are tightly constrained by the incremental drift of the underlying

representation space.

4.3.3 Sliding-Window Similarity Heatmaps

The one-step similarities in §4.3.2 quantify how representations evolve locally from t

to t+1. To study stability over longer ranges, we construct lagged similarity matrices

at each layer ℓ.

For head-averaged queries q̄
(ℓ)
t = 1

H

∑H
h=1 q

(ℓ,h)
t and head-averaged attention rows

ā
(ℓ)
t = 1

H

∑H
h=1 A

(ℓ,h)
t,: , we fix a maximum lag K (here K = 100) and define, for

t = K+1, . . . , T and 1 ≤ k ≤ K,

S(ℓ)
q (t, k) = cos

(
q̄
(ℓ)
t , q̄

(ℓ)
t−k

)
, (4.9)

S(ℓ)
a (t, k) = cosRKHS

(
ā
(ℓ)
t , ā

(ℓ)
t−k

)
, (4.10)

where cosRKHS is the Gaussian-kernel similarity from Eq. (4.7). Each matrix is visu-

alized as a heatmap with rows indexed by the current step t and columns indexed by

the lag k.

Figure 4.4 shows the resulting matrices for layer 10 on AIME 2024 problem 67.

The left panel plots the RKHS attention similarity S
(ℓ)
a (t, k); the right panel plots

the mean-query similarity S
(ℓ)
q (t, k). Both heatmaps display a pronounced block-wise

structure: within a block, similarities remain high over a wide range of lags, forming

bright diagonal bands; at block boundaries, similarity drops simultaneously across

many lags, producing sharp horizontal seams.

Repeating this construction across layers and for individual heads (using q
(ℓ,h)
t

instead of q̄
(ℓ)
t ) yields the same pattern: long reasoning phases correspond to high-

similarity blocks in both query and attention space, while semantic shifts produce

coherent breaks in the heatmaps. This supports the view that query geometry provides

a stable proxy for attention phases, which we later exploit for block segmentation and

KV pruning.
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Figure 4.4: Sliding-window similarity heatmaps for layer 10 on AIME 2024 problem 67.

Left: RKHS attention similarity S
(ℓ)
a (t, k) from Eq. (4.10). Right: mean-query cosine simi-

larity S
(ℓ)
q (t, k) from Eq. (4.9).

4.4 Proposed Method: BlocKV

We now describe our BlocKV mechanism, which uses the patterns in Section 4.3 to

prune KV accesses during long reasoning.

4.4.1 Blocks, Reference Queries, and Thresholds

At each layer ℓ we maintain a list of blocks

B(ℓ) = {B(ℓ)
1 , B

(ℓ)
2 , . . . }, B(ℓ)

m ⊂ N,

where each block is a contiguous interval of decoding positions. The current block is

B
(ℓ)
m⋆ .

Each block stores:

1. a set of reference queries R
(ℓ)
m ⊆ {q̄(ℓ)t : t ∈ B

(ℓ)
m }, typically the first Bref queries

in the block;
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Figure 4.5: Block construction and restricted attention at layer ℓ. At decoding step t, the

mean query q̄
(ℓ)
t is compared against the reference queries R

(ℓ)
m of the current block B

(ℓ)
m to

obtain a similarity score s
(ℓ)
t . If s

(ℓ)
t ≥ γ(ℓ) and |B(ℓ)

m | < Bmax, the block is extended and

restricted attention is applied using the stored important keys K
(ℓ)
m . Otherwise a new block

is created at t, full attention is used, and a fresh set of important keys is initialized. The first
decoding step always forms a new block and uses full attention.

2. a set of important keys K
(ℓ)
m ⊆ N (positions in the sequence);

3. the maximum decode index seen in the block, t
(ℓ)
m,max = maxB

(ℓ)
m .

Given a new query q̄
(ℓ)
t and current block B

(ℓ)
m , we define the block similarity as

s
(ℓ)
t =

1

|R(ℓ)
m |

∑
r∈R

(ℓ)
m

cos
(
q̄
(ℓ)
t , q̄(ℓ)r

)
. (4.11)

We then compare s
(ℓ)
t to a layer-specific threshold γ(ℓ) (e.g. γ(ℓ) = 0.80 for most layers

and slightly higher for early and final layers):

1. If s
(ℓ)
t ≥ γ(ℓ) and the block size is below a maximum Bmax, we extend the current

block and run restricted attention using the existing important keys K
(ℓ)
m .

2. Otherwise we start a new block at t, run full attention, and initialize a fresh set

of important keys.

The first decoding step always starts a new block and is processed with full atten-

tion.

4.4.2 Discovering Important Keys from Attention

Whenever we process a token with full attention (block creation or refresh), we use its

attention row to update the block’s key set K
(ℓ)
m . Let α

(ℓ)
t ∈ Rt−1 denote the head-
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Figure 4.6: Updating block keys during full attention. At decoding step t we compute

the head-averaged attention row α
(ℓ)
t , extract the top-keff scoring positions among the valid

region, and store them as a temporary key set Kt. These keys are then merged into the block
key set K

(ℓ)
m for future restricted-attention updates.

averaged attention over keys (last dimension of A
(ℓ)
t ). We define an entropy-aware

top-k procedure that extracts a set of important key indices Kt:

1. Mask out prefill positions and the most recent tail window of size Wtail to avoid

trivial locality bias during key discovery.

2. We select keff = max(Kmin, ⌊ρtop · nvalid⌋) indices with the highest α
(ℓ)
t,j among

valid positions.

The block’s key set is updated by

K(ℓ)
m ← K(ℓ)

m ∪ Kt.

In practice, K
(ℓ)
m contains at most a few hundred unique indices, even for blocks

spanning hundreds of tokens.

4.4.3 Restricted Attention Inside a Block

For a step t that stays within the current block B
(ℓ)
m we do not recompute important

keys from full attention; instead, we restrict attention using the existing K
(ℓ)
m . Let T0

be the prefill length. We define three structural regions:

1. Prefill region: Sprefill = {1, . . . , T0}.

2. Block tail: a local window anchored at the block’s reference decode step,

S
(ℓ)
tail(t) = {j : j ≥ j

(ℓ)
ref },
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Figure 4.7: Illustration of the retained index set used during restricted attention at step
t. The model keeps three disjoint subsets of token positions: the prefill region Sprefill =

{1, . . . , T0}, the current block’s important keys K
(ℓ)
m , and the block tail S

(ℓ)
tail(t). Their union

defines the retained index set S(ℓ)(t) = Sprefill∪S
(ℓ)
tail(t)∪K

(ℓ)
m , over which restricted attention

is performed instead of full attention.

where j
(ℓ)
ref is the key index corresponding to t

(ℓ)
m,max.

3. Important keys: K
(ℓ)
m .

The final retained set is

S(ℓ)(t) = Sprefill ∪ S
(ℓ)
tail(t) ∪K(ℓ)

m . (4.12)

We then compute restricted attention as in Eq. (4.6), using only keys and values at

indices in S(ℓ)(t).

Algorithm 5 corresponds to our detailed implementation of BlocKV, where the

per-layer object stores block metadata, important keys, and the prefill length.

4.5 Experimental Setup

4.5.1 Model and Implementation

We implement the proposed BlocKV mechanism by replacing the model’s native at-

tention layer. Prefilling uses standard full attention, whereas during decoding BlocKV

forms similarity-based blocks and restricts attention to a small set of relevant keys

while falling back to full attention when needed. The mechanism is applied to an

8B-parameter LLaMA-style model in bfloat16, and experiments are run on a single

NVIDIA A100 GPU.
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Algorithm 5 BlocKV Attention (per layer)

Require: Layer ℓ, prefill length T0, thresholds γ
(ℓ), Bmax

1: Initialize block list B(ℓ)
2: Prefill: run full attention and set prefill len← T0

3: for t = 1 to Tdecode do
4: Compute Q

(ℓ)
t and mean query q̄

(ℓ)
t

5: if no active block then
6: Start new block m, set B

(ℓ)
m ← {t} and m⋆ ← m

7: Run full attention; extract keys Kt and set K
(ℓ)
m ← Kt, R

(ℓ)
m ← {q̄(ℓ)t }

8: else
9: Let m← m⋆

10: Compute block similarity s
(ℓ)
t

11: if s
(ℓ)
t < γ(ℓ) or |B(ℓ)

m | ≥ Bmax then
12: Start new block (as above) with full attention
13: else
14: Extend B

(ℓ)
m with t

15: Form S(ℓ)(t) and run restricted attention
16: end if
17: end if
18: end for

4.5.2 Datasets and Metrics

We evaluate on two math reasoning datasets that induce long chain-of-thought traces:

1. AIME 2024 — a set of contest-style problems requiring multi-step symbolic and

numerical reasoning.

2. MATH-500 — a curated subset of the MATH benchmark containing 500 prob-

lems across algebra, combinatorics, number theory, and geometry.

Each problem is prompted to first produce a detailed solution and then output

a final boxed answer in a standardized format. Dataset-specific maximum output

lengths range between 8k and 30k tokens.

For each dataset we report:

1. Answer accuracy (fraction of problems for which the final boxed answer matches

the ground truth);

2. Output length (average number of decoded tokens);

3. KV retention ratio rKV (fraction of keys retained by BlocKV relative to a full

key–value cache).
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Dataset Method Acc. (%) ↑ Output len. KV ratio rKV

AIME 2024
Full KV 53.3 10k 1.00

BlocKV (ours) 43.3 15k 0.6

MATH-500
Full KV 79.8 4k 1.00

BlocKV (ours) 68 8k 0.5

Table 4.1: BlocKV on long reasoning tasks. We report answer accuracy, average output
length in tokens, average KV retention ratio across layers.

Generation uses temperature sampling (T = 0.6) with nucleus filtering (p = 0.95)

and a single sample per problem. Prefill and decode token counts are recorded inde-

pendently to enable accurate efficiency measurements.

4.6 Results

Table 4.1 reports accuracy, average output length, and key–value retention ratio for

BlocKV compared to a full key–value cache. Across both datasets, BlocKV substan-

tially reduces the retained key budget—retaining roughly 50–60% of the stored keys—

but this comes at the cost of a noticeable drop in answer accuracy. On AIME 2024,

accuracy decreases from 53.3% to 43.3%, and on MATH-500 from 79.8% to 68.0%.

BlocKV also induces longer generated solutions, with output lengths increasing by

1–2× depending on the task.

Overall, these results indicate that while BlocKV effectively reduces the memory

footprint of long decoding, the current implementation does not fully preserve the

model’s reasoning fidelity. In particular, the extended chain-of-thought traces suggest

that the reduced key set may impair the model’s ability to maintain global context,

leading to more verbose but less accurate solutions. Future variants may require

improved key selection strategies, tighter similarity thresholds, or additional fallbacks

in order to approach full-cache accuracy while retaining the memory benefits.

4.7 Discussion

While BlocKV shows that blockwise query geometry can be used to prune the KV

cache during long-form reasoning, several limitations remain.

(1) Imperfect alignment between queries and attention. Although query tra-

jectories and attention distributions exhibit similar blockwise structure, the correspon-
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dence is not exact. In particular, attention often assigns small but crucial mass to

positions whose queries appear redundant under cosine similarity. This mismatch can

result in accuracy loss, suggesting that query-similarity alone is not a sufficient proxy

for attention relevance.

(2) Local reference signals without global planning. BlocKV evaluates new

tokens against a small set of block-internal reference queries. This captures local co-

herence but ignores longer-term reasoning dependencies and future reuse. Additional

global signals may be needed to distinguish transient redundancy from genuinely dis-

pensable context.

(3) Dependence on full attention for key discovery. BlocKV requires periodic

full-attention steps to extract top-ranked keys for future pruning. These refreshes

introduce latency and partially offset the efficiency gains during restricted attention.

An interesting direction is to amortize or predict key importance without recomputing

dense attention, or to learn sparse discovery layers.

Overall, these limitations indicate that KV pruning for long-form reasoning requires

more than local geometric cues. Promising future directions include hybrid relevance

estimators, learning-based pruning policies, and reasoning-aware segmentation that

better aligns with the global structure of mathematical problem solving.
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Chapter 5

Gaze-Guided Token Pruning

for Vision–Language Models

In this chapter, we study how human eye gaze can be used as a training-free supervisory

signal to reduce the cost of vision–language model (VLM) inference. We focus on

visual question answering (VQA) in augmented reality (AR)–like settings, where a

head-mounted device records both the egocentric scene and the user’s gaze trace. Our

goal is to exploit this physiological prior to prune visual tokens before they are passed

to a large VLM, thereby reducing the number of visual tokens, total context tokens,

and floating-point operations (FLOPs) without sacrificing answer quality.

Building on the gaze-driven region-of-interest (ROI) cropping framework intro-

duced by Qinyu [5], we integrate gaze-aware cropping into Qwen2.5-VL and extend

it with a novel multi-ROI scheme that better captures dispersed gaze patterns. Con-

cretely:

1. We adopt Qinyu’s single-ROI method, which converts a gaze heatmap into one

gaze-conditioned bounding box and feeds a single cropped image to the VLM.

2. We propose a new multi-ROI cropping strategy that decomposes the high-

density gaze region into multiple smaller, non-overlapping gaze patches. These

patches are jointly fed into the VLM through a multi-image prompt that explic-

itly instructs the model to integrate information across all crops.

3. We adopt Qinyu’s unified benchmarking pipeline that measures per-sample FLOPs,

vision and total token counts, and answer quality using a GPT-4o–based auto-
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Figure 5.1: End-to-end overview of the gaze-guided multi-ROI inference pipeline. Gaze
traces are converted into heatmaps, from which one or more regions of interest (ROIs) are
extracted. The crops are passed to a vision–language model together with an instruction
prompt that explains that all crops originate from the same image and should be jointly
integrated using spatial reasoning.

matic judge.

Experiments on the VOILA gaze–VQA dataset demonstrate that gaze-guided crop-

ping significantly reduces visual tokens, and that our multi-ROI variant produces sim-

ilar answer quality at lower computational cost.

5.1 Problem Setting

We consider a VLM fθ that takes as input a set of images {Im}Mm=1 and a text

question q, and generates an answer â = fθ({Im}, q). The model is implemented by

Qwen2.5-VL-3B and 7B , which tokenize each image into a sequence of visual tokens

and interleave them with text tokens in a transformer-based decoder.

In our setting, the model receives an RGB frame I ∈ RH×W×3 together with a

normalized gaze trace

G = {(xt, yt)}Tt=1, (xt, yt) ∈ [0, 1]2.

The trace is converted into a gaze heatmap H ∈ [0, 1]H
′×W ′

using a standard Gaussian
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smoothing procedure provided by the VOILA dataset. Intuitively, high values in H

indicate regions that attract sustained human attention.

Our objective is to construct from H a set of image crops {Icropm }Mm=1 such that:

1. The number of visual tokens Lvis and the total context length Lctx are signifi-

cantly reduced compared to the full-image baseline.

2. The model’s answer quality, measured by a GPT-4o judge relative to ground-

truth answers, remains comparable or improves.

3. The method is training-free and does not modify any parameters of fθ.

In this chapter we consider three inference configurations:

1. Baseline: The full 896×896 frame I is resized and passed as a single image to

Qwen2.5-VL.

2. Single-ROI: A single gaze-conditioned bounding box is extracted from H and

used as a stand-alone crop.

3. Multi-ROI (ours): Multiple gaze-conditioned bounding boxes are extracted

from H, producing a set of crops {Icropm }Mm=1 which are all fed to the VLM with

an explicit instruction to integrate them.

5.2 Background: Gaze-Guided ROI Cropping

Eye gaze has long been studied as a proxy for human attention in perception and

human–computer interaction. Recent works leverage gaze data for saliency modelling,

user interface optimization, and gaze-aware compression [5]. VOILA [22] extends this

idea to VQA by recording head-mounted eye traces while participants answer visual

questions.

Qinyu et al. [5] propose GazeVLM, a training-free framework that uses VOILA-

style gaze heatmaps to crop a single ROI around the most attended region. The

resulting crop is upsampled and fed to a frozen VLM, either alone or in combination

with a global low-resolution image. This approach already reduces visual tokens by

over 50% while often improving answer quality, suggesting that VLMs can benefit from

human attention priors.

However, a single bounding box is not always sufficient: in many VOILA scenes,

human gaze alternates between multiple semantically distinct objects (e.g., the ques-

tion mentions “the man” and “the sign in the background”). A single ROI must either
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grow large enough to cover all attended regions—undoing the benefits of cropping—or

commit to one subset of them. Our multi-ROI method is designed to handle such

cases more gracefully.

5.3 Single-ROI Cropping

We briefly summarize the single-ROI cropping algorithm originally proposed by Qinyu

and adopted in our implementation.1

Given a heatmap H ∈ [0, 1]H
′×W ′

, the algorithm selects a minimal bounding box

that captures a fixed fraction ρ ∈ (0, 1] of the total gaze mass. Let hij denote the

heatmap value at pixel (i, j) and Z =
∑

i,j hij the total mass [5].

1. Flatten H into a vector, sort values in descending order, and find the smallest

index k such that the cumulative sum of the top k entries exceeds ρZ.

2. Let Sρ be the set of pixels corresponding to these top k entries. The binary mask

1Sρ highlights the most attended region.

3. Compute the tight bounding box (y0, y1, x0, x1) that encloses all non-zero pixels

of 1Sρ
, and enlarge it slightly by a small padding margin.

4. Snap the box to a grid of size a × a (with a = 14 or 28 in our experiments),

ensuring that both height and width are at least a minimum size smin.

The resulting bounding box is then used to crop the original image:

Iroi = I[y0 : y1, x0 : x1],

which is resized to match the VLM’s expected resolution. We denote by ROI-size the

area of this box in pixels.

5.4 Proposed Method: Multi-ROI Cropping

The single-ROI method assumes that the gaze heatmap is unimodal, or that a single

bounding box can adequately cover all attended content. In VOILA, we frequently

observe multi-modal gaze patterns where participants inspect multiple objects or text

1All design choices in Sections 5.3 follow Qinyu’s method; our contributions start in Section 5.4.
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regions. In such cases, forcing a single box leads either to large crops (and therefore

many visual tokens) or to the exclusion of important context.

To address this, we propose multi-ROI cropping: instead of collapsing the top-ρ

mass region into one bounding box, we decompose it into several connected compo-

nents and extract a separate crop for each. These crops are then jointly passed to the

VLM with a tailored instruction that encourages holistic reasoning across all regions.

5.4.1 Top-Mass Connected Components

Let H ∈ [0, 1]H
′×W ′

be the heatmap and Z =
∑

i,j hij its total mass. We first

determine a threshold τ such that the set of pixels above threshold accounts for the

top ρ fraction of mass.

∑
(i,j):hij≥τ

hij ≈ ρZ, 0 < ρ ≤ 1. (5.1)

In practice, we flatten H into a vector, sort entries in descending order, and pick

τ as the value at the smallest index where the cumulative sum exceeds ρZ. We then

form a binary mask

Mij = 1[hij ≥ τ ],

and run 8-connected component labeling on M to obtain regions C1, . . . , CK .

For each component Ck, we compute the tight bounding box (y
(k)
0 , y

(k)
1 , x

(k)
0 , x

(k)
1 )

and enlarge it to satisfy minimal size and grid alignment constraints, mirroring the

single-ROI case. We also compute a component score given by the total heatmap mass

inside the box:

sk =
∑

(i,j)∈box(Ck)

hij . (5.2)

We sort components in descending order of sk and keep the top N components:

B =
{(

y
(k)
0 , y

(k)
1 , x

(k)
0 , x

(k)
1

)}N

k=1
.

Each bounding box yields a cropped image

Iroik = I[y
(k)
0 : y

(k)
1 , x

(k)
0 : x

(k)
1 ].
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5.4.2 Multi-Image Prompting

Qwen2.5-VL natively supports multiple images in its chat template. We exploit this

to feed the set of ROI crops

{Iroik }Nk=1

as separate images in a single conversation turn. To steer the model towards integrat-

ing information across all regions, we prepend the question with a short instruction.

In code, this takes the form

‘‘You are given {$N} cropped regions from a single image.

They are not separate images. Mentally reconstruct the scene

using all regions together, and answer the question in at

most three sentences with sufficient detail.’’

This instruction is injected into the text portion of the multimodal input, after the

visual tokens for all ROI crops. The model remains frozen; no fine-tuning is performed.

5.5 Implementation Details

We instantiate all methods on top of Qwen2.5-VL-3B and 7B Instruct models as pro-

vided by Hugging Face. The models are loaded in bfloat16 with flash attention 2

enabled and run on a single NVIDIA A100 GPU.

Dataset. We use the VOILA dataset, which provides egocentric frames, question–

answer pairs, and gaze traces. For each sample, we reconstruct the Flamingo-normalized

image from the stored tensors, resize it to 896×896, and resample the gaze heatmap to

the same resolution. Since our multi-ROI method is designed to operate on heatmaps

with spatially separable fixation clusters, we restrict evaluation to samples whose gaze

heatmaps produce at least two non-overlapping ROI components under the top-mass

selection rule (Section 5.4.1). Samples that produce only a single ROI are excluded

from the analysis, as no meaningful multi-ROI decomposition is possible in such cases.2

Token and FLOPs accounting. For each input configuration we record:

• Lvis: the number of visual tokens produced by the processor,

• Ltext: the number of text tokens in the prompt,

2These samples are still valid for single-ROI baselines, but do not constitute informative compar-
isons for multi-ROI reasoning.
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• Lctx = Lvis + Ltext: the total context length.

We estimate prefill and decoding FLOPs using closed-form expressions based on model

depth L, hidden size d, number of heads H, and feed-forward size dff:

FLOPsprefill(Lctx) ≈ L
[
4HL2

ctxdh + 4Lctxd
2 + 2Lctxddff

]
, (5.3)

FLOPsdecode-step(Lctx) ≈ L
[
4HLctxdh + 4d2 + 2ddff

]
, (5.4)

where dh = d/H. The total FLOPs for generating Tgen new tokens is

FLOPstotal = FLOPsprefill + Tgen · FLOPsdecode-step.

5.6 Evaluation Protocol

Answer quality is evaluated using GPT-4o as an automatic judge. For each im-

age–question pair we obtain candidate answers a(1) and a(2) from two different config-

urations (e.g., baseline vs. single-ROI, or single-ROI vs. multi-ROI). We then prompt

GPT-4o with the question, caption, ground-truth answer, and both candidates.

Pairwise preference. The judge is asked to decide which answer is better, returning

−1 if Answer 1 is better, 1 if Answer 2 is better, and 0 for a tie. Repeating this for

all examples yields a win rate:

WinRate =
#{wins for configuration B}

#{wins for A or B}
,

where ties are excluded from the denominator.

5.7 Results

Table 5.1 compares gaze-guided cropping strategies on Qwen2.5-VL-3B across different

cropping ratios ρ. Both single-ROI and multi-ROI configurations substantially reduce

the number of visual tokens and total FLOPs relative to the baseline, confirming

that attention-guided cropping can effectively lower computational cost. Across all

settings, larger values of ρ correspond to weaker compression and higher computational

overhead.

At low cropping ratios (ρ = 0.10), both methods achieve aggressive token reduction,

with multi-ROI pruning more than 84% of visual tokens and reducing FLOPs by over
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Model ρ Visual tokens ↓ Win-rate (%) ↑ FLOPs (G) ↓

Qwen2.5-VL-3B

Baseline – 4096 – 2756.9
1-ROI 0.10 1290.3 (−68.5%) 46.3 902.5 (−64.7%)
N-ROI (ours) 0.10 643.5 (−84.3%) 38.1 628.7 (−75.4%)

1-ROI 0.20 1665 (−59.3%) 48.8 1136.7 (−58.8%)
N-ROI (ours) 0.20 1066 (−74.0%) 50.5 955.2 (−65.3%)

1-ROI 0.30 2011 (−50.9%) 58.5 1356.0 (−50.8%)
N-ROI (ours) 0.30 1765 (−56.9%) 60.1 1120.0 (−59.3%)

Table 5.1: Comparison of gaze-guided cropping strategies with Qwen2.5-VL. We report
relative reduction in visual tokens, GPT-4o judged win rate, and total FLOPs in gigaFLOPs.
All numbers are averaged over the VOILA test split.

75%. However, this regime also exhibits the lowest win rates, suggesting that excessive

cropping can remove semantically important visual content and harm answer quality.

Single-ROI performs more conservatively in this regime, retaining higher win rates at

the cost of additional computation.

As ρ increases, answer quality improves for both methods while maintaining mean-

ingful efficiency gains. Notably, multi-ROI consistently outperforms single-ROI in win

rate at comparable ρ, indicating that distributing attention across multiple regions

helps preserve relevant visual context under compression. At ρ = 0.30, multi-ROI

achieves the highest win rate while still reducing FLOPs by nearly 60%, representing

a favorable balance between efficiency and answer quality.

Overall, these results highlight a clear trade-off between computational savings and

response quality. Multi-ROI cropping offers a more flexible mechanism for navigat-

ing this trade-off, enabling stronger compression at lower ρ and superior quality at

moderate compression levels compared to single-ROI.

5.8 Discussion

The results in Section 5.7 show that gaze-guided cropping can substantially reduce

visual tokens and computational cost while retaining reasonable answer quality at

moderate compression levels. However, these gains also reveal several important limi-

tations that point to directions for future work.

First, gaze provides only a partial signal of visual relevance. Regions that receive

little gaze attention may nonetheless be essential for correct reasoning, particularly for
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tasks involving counting, spatial relationships, or fine-grained attribute comparisons.

As a result, cropping decisions based solely on gaze can remove information that the

model later requires, leading to irreversible errors.

Second, the current approach applies cropping statically before generation. Once

visual tokens are removed, the model cannot revisit discarded regions even if later

reasoning steps indicate their importance. Future work could explore adaptive or

iterative cropping schemes, where the set of retained visual tokens is refined in response

to intermediate model states or uncertainty signals.

Third, gaze reflects saliency rather than task-specific utility. Although multi-ROI

selection improves robustness compared to a single crop, ROI selection remains heuris-

tic and coarse. Incorporating learned relevance signals, cross-modal attention scores,

or joint vision–language criteria may allow more precise identification of visually in-

formative regions.

Finally, the method is entirely inference-time and training-free. While this simpli-

fies integration with existing models, it prevents the model from learning to reason

under partial visual context. Training or distillation strategies that expose the model

to cropped inputs may help improve robustness and better align the model with gaze-

guided pruning.

Overall, gaze-guided cropping is a promising step toward efficient multimodal in-

ference, but fully exploiting it will require more adaptive selection mechanisms and

tighter integration between visual pruning and language reasoning.
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Chapter 6

Conclusion

This thesis investigated training-free strategies for reducing the computational and

memory cost of large language models (LLMs) and vision–language models (VLMs)

at inference time. Motivated by the growing deployment of foundation models un-

der strict memory, energy, and latency constraints, the work focused on identify-

ing and exploiting structured redundancy in attention, reasoning traces, and visual

inputs—without modifying model parameters or requiring additional training. Across

three settings—long-context understanding, long chain-of-thought reasoning, and mul-

timodal inference—the thesis demonstrated that substantial efficiency gains are pos-

sible by leveraging observable inference-time signals.

Answer to RQ1: KV pruning for long-context inference. The first research

question asked whether the KV cache memory footprint of long-context inference can

be reduced without sacrificing model accuracy. Chapter 3 shows that this is indeed

feasible in many settings. By constructing a query–key mapping from prompt-time

attention statistics and reusing it during decoding via query-space nearest-neighbor

matching, the proposed method retains only a small fraction of prompt keys while

preserving competitive performance on LongBench. Importantly, this approach is en-

tirely training-free and model-agnostic. The results suggest that long-context prompts

contain substantial semantic redundancy, and that query geometry provides a useful

proxy for identifying which parts of the context remain relevant throughout genera-

tion. However, the ablation studies also indicate that relevance evolves across depth

and that overly aggressive layer sharing can degrade performance, highlighting the

need for depth-aware pruning strategies.
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Answer to RQ2: KV compression for long chain-of-thought reasoning. The

second research question addressed KV cache growth during long chain-of-thought gen-

eration, where redundancy arises primarily from the model’s own outputs rather than

the input prompt. In Chapter 4, we identified a consistent empirical pattern: query

similarity and attention similarity evolve in synchronized, blockwise phases during

long reasoning. Based on this observation, the BlocKV method groups decoding

steps into blocks and restricts attention within each block to a compact set of keys.

While BlocKV successfully reduces KV retention on AIME 2024 and MATH-500, the

current implementation incurs a noticeable accuracy drop and produces longer rea-

soning traces. This outcome provides a clear answer to RQ2: redundancy can be

identified and exploited, but long-form reasoning is highly sensitive to approximation

errors. Local geometric similarity alone is not sufficient to preserve global reasoning

fidelity, and future approaches will likely require richer signals or adaptive fallbacks

to approach full-KV accuracy.

Answer to RQ3: Gaze-guided efficiency for vision–language models. The

third research question explored whether human physiological priors—in particular

eye gaze—can guide efficient multimodal inference. In Chapter 5, gaze heatmaps were

used to prune visual tokens via region-of-interest cropping. The proposed multi-ROI

strategy extends prior single-ROI methods by handling multi-modal gaze patterns and

encouraging holistic reasoning across multiple attended regions. Experiments on the

VOILA dataset show that gaze-guided cropping can substantially reduce visual tokens

and FLOPs, while maintaining reasonable answer quality at moderate compression

levels. At the same time, the results highlight an inherent limitation: aggressive

cropping can irreversibly remove information required for correct answers. Thus, gaze

is a powerful but imperfect supervisory signal that benefits from careful integration

and adaptive use.

Overall perspective and future directions. Taken together, the three chapters

present a coherent view of training-free efficiency: inference-time signals—attention

distributions, query geometry, temporal similarity, and human gaze—encode rich in-

formation about redundancy and relevance. When these signals are stable and well

aligned with task requirements, aggressive pruning is possible with little loss in perfor-

mance. When alignment breaks down, as in long-form reasoning or heavily compressed

multimodal inputs, approximation errors accumulate and accuracy degrades.

Several directions for future work emerge naturally. First, combining multiple rel-
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evance signals (e.g., query similarity, attention confidence, and uncertainty estimates)

may yield more robust pruning decisions than any single proxy. Second, adaptive or

iterative mechanisms that allow models to recover pruned context when needed could

mitigate irreversible errors. Finally, while this thesis focused on training-free meth-

ods, lightweight distillation or curriculum-based exposure to pruned contexts may help

models learn to reason more robustly under constrained inference budgets.

In conclusion, this thesis demonstrates that meaningful reductions in memory and

computation are achievable without retraining large models, but also shows that effi-

ciency is deeply intertwined with representation dynamics and task structure. Under-

standing and exploiting this structure is key to making foundation models practical

under real-world deployment constraints.
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