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Abstract

Community detection (CD) o�ers a deep insight into network structure and nodes’ behavior. In
social networks, communities represent densely connected social groups that vary in size, density,
and level of connectivity. CD methods identify communities by optimizing community quality
measures, utilizing spectral properties, or employing alternative approaches. Real-world networks
have structural inequalities which in
uence how well a CD method is able to identify communities.
CD methods that overlook structural inequalities produce biased outcomes; however, the types
of communities that are disadvantaged and the extent of this disadvantage have not yet been
researched. This thesis introduces a novel group fairness metric to measure bias with respect to
community properties size, density, and conductance. We de�ne fairness as equity and propose
community-based performance metrics that measure how well each ground-truth community is de-
tected by the CD method. Trends in community-wise performance are quanti�ed by our fairness
metric, giving valuable insights that can help design fair CD methods, improve current CD meth-
ods, and set the parameters of CD methods. Experiments on real-world and synthetic networks
show that CD methods have a bias towards large, dense, and low-conductance communities. This
is not the case for certain modularity optimization methods, which perform better at identifying
sparse communities.
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Chapter 1

Introduction

Networks are a way in which complex systems can be studied, describing the relationships be-
tween network components in biological [31, 73], technological [1, 16], information [78], and social
networks [21, 47, 79, 94]. In networks, nodes are connected by edges to form groups, also called
communities [86]. Although there is no clear de�nition of what a community is, the literature
agrees that communities are groups of connected nodes that are more likely to connect to each
other than to other nodes in the network [4, 19].

Social networks have structural inequalities. Network evolution is strongly driven by people's
ethnicity, gender, race, age, or wealth because people form connections based on similarity [48].
The homophilic principle, where nodes are more likely to connect to similar nodes, in
uences
community structure. Structural inequalities in networks arise because communities in the real
world also have di�erent properties. In a population, there may be ethnic minority communities
that are smaller in size, villages where everyone knows each other and are densely connected, and
migrant communities that are less integrated into other parts of the network. If these structural
inequalities are not taken into account, biased outcomes can develop for minorities or other groups.
Algorithms that do not take biases into account are called fairness-oblivious algorithms. For
example, in in
uence maximization, where bias is shown to exist [84, 90], communities that are
smaller or less connected throughout the network are at risk of not being reached. Similarly, in
community detection (CD), minority communities could not be properly detected, or assimilated
into larger communities by some CD method. There are measures that compare the predicted
partition to the ground-truth partition, some of which are based on node overlap. A CD method
that is able to detect majority communities well will score highly for such measures, as the majority
communities have a larger share of nodes than the minority communities. It is important to develop
fairness-aware CD methods that perform well for all types of communities.

Fairness can be described from di�erent perspectives in social network analysis (SNA) [77]. In
the context of community detection, we de�ne group fairness based on equity. We declare a CD
method to be fair if all communities are found equally well. Because networks contain communities
that vary in size, density, and connectivity within the network, we can look at group fairness with
respect to these community attributes. Fair community detection is especially important because
it is used in many other fair SNA problems. These include fairness-aware methods proposed
for in
uence maximization [5, 17, 90], in
uence minimization [74], link prediction [75, 76], and
centrality ranking [85, 91, 92]. These fairness-aware methods make use of community membership
to arrive at their �nal fair outcome. Fair community detection aims to mitigate bias against
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individuals and groups, regardless of community properties.
How can bias in community detection be measured? Biases related to community properties

have not yet been studied. In order to measure these biases and quantify their extent, this thesis
introduces a group fairness metric for communities. For this, we use metrics that measure how
well a ground-truth community is detected. We name these community-wise performance metrics
(CPM). We introduce several community-wise performance measures, looking at both nodes and
edges. The CPMs are divided into two categories: mapped and global metrics. Mapped metrics
work by mapping ground-truth communities to predicted communities. This is done iteratively;
we map the communities based on Jaccard similarity. The mapped metrics measure how well the
mapped-to predicted community describes the ground-truth community. Our proposed mapped
metrics include: (i) the Fraction of Correctly Classi�ed Nodes (FCCN), (ii) the F1 score, (iii)
the Fraction of Correctly Classi�ed Edges (FCCE), and (iv) FCCE+. Global metrics compare a
single ground-truth community to the entire predicted partition. We propose these methods be-
cause a di�erence between the number of ground-truth communities and the number of predicted
communities leads to loss of information or noise. The proposed global metrics include: (i) the
Average F1-score (AF1), (ii) the Sum of Weighted F1 (SWF1), (iii) the Sum of Weighted FCCE
(SWFCCE), and (iv) the Sum of Weighted FCCE+ (SWFCCE+). These community-wise perfor-
mance metrics and ground-truth community property values require ground-truth knowledge of
the community structure.

Using the scores of the community-wise performance metrics, we create a group fairness metric
� CPM

p . The metric � CPM
p measures the bias in relation to the community properties (p) size, density,

and conductance, using one of the CPMs that we propose. A regression line is drawn through CPM
scores. These scores are plotted against the min-max normalized values of community propertyp.
The angle of a regression line is then calculated; this is scaled to create results of � that fall in the
range (-1, 1). The sign of � signi�es the type of communities that are favored by a CD method.
E.g., when analyzing bias regarding community size, a negative value of � would mean the CD
method favors minority communities. A positive value would mean the CD method favors majority
communities. A � value of 0 would mean the regression line is horizontal; no bias trend is found
and the method is fair. All communities, irrespective of type, are detected with equal accuracy,
whether that accuracy is high or low.

Together with metrics that measure the quality of the predicted community partition, such
as normalized mutual information (NMI) [20] and variation of information (VI) [51], the fairness
metric � can be used to do the performance-fairness trade-o�. We use the group fairness metric �
to compare 24 CD methods in terms of fairness. We divide the CD methods into six categories: (i)
Optimization, (ii) Spectral, (iii) Propagation, (iv) Dynamics, (v) Representation Learning, and (vi)
Miscellaneous. Experiments are performed on real-world networks and synthetic networks, these
are generated using the LFR benchmark [40], ABCD [32], and the HICH-BA model [74]. These
models generate undirected, unweighted, connected networks with non-overlapping communities
and the CD methods we analyze are suitable for such networks.

1.1 Contributions

Our contributions are summarized as follows:

ˆ We compare eight community-wise performance metrics, separated into mapped and global
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metrics. These metrics quantify how well a ground-truth community is identi�ed by the
mapped predicted community (mapped metrics) or by the entire predicted community par-
tition (global metrics).

ˆ We introduce the group fairness metric �CPM
p , which measures the bias regarding ground-

truth community property p using community-wise performance metricCPM.

ˆ We provide insights into community detection methods and on how they perform with re-
spect to both performance and fairness, showcasing the performance-fairness trade-o�. Our
experiments and results are used to get a better understanding of existing community detec-
tion methods, which will facilitate the improvement and design of fair community detection
methods.

ˆ We provide guidance on what speci�c variant of the fairness metric �CPM
p to prioritize,

depending on the speci�c social network problem being addressed.

Using the group fairness metric �CP M
p we �nd CD methods that are both fair and have high

performance. We �nd that with LFR networks, most CD methods favor large, dense, and lowly-
connected communities; this bias is increased as the community structure is less de�ned throughout
the network. A group of modularity-based CD methods favor less-dense communities. This group
includes Combo, Leiden, Louvain, RB-C, and RB-ER. We �nd that the trend between high per-
formance and a larger bias toward dense, low-conductance communities is smaller for the ABCD
networks. This may be because the overall performance on these networks is higher.

1.2 Thesis Overview

The rest of this work follows the following structure: Chapter 3 gives preliminary information and
Chapter 2 present the relevant works; these chapters required background knowledge on networks,
communities, and algorithmic fairness in SNA. Chapter 4 introduces the proposed fairness metric �
and multiple community-wise performance metrics. The experimental setup in Chapter 5 describes
the 24 analyzed community detection methods and network datasets including both real-world and
synthetic networks. Chapter 6 displays and explains our results, and Chapter 7 o�ers a discussion
of our results and proposes future directions of similar research in this area.
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Chapter 2

Related Work

Algorithmic bias based on \sensitive" or \protected" attributes such as gender, ethnicity, race, and
sexual orientation has been found in many systems. Examples include gender [35], language [44],
and political bias [98] in language models, gender bias in ad delivery systems [37]. Fairness can be
de�ned in di�erent ways, some of which even contradict each other [22]. Fairness de�nitions have
been described in [93] and in surveys on fairness in machine learning [9, 50, 63].

This chapter will primarily survey related work on fairness in SNA. Saxena et al. [77] review
state-of-the-art for multiple research topics in SNA, going over the speci�c fairness constraint for
each topic and highlighting areas where fairness has not been addressed. Community detection is
one of these areas highlighted, and we hope that this work helps develop more research on fairness
in community detection.

2.1 Fairness in Social Network Analysis

Fairness in SNA can be addressed in di�erent ways, depending on the task at hand and the
approach. The following sections will explain the fairness constraints and fair approaches of works
in the respective SNA topics. These works use groups or communities in their fair approaches,
highlighting the importance of fair community detection as well.

2.1.1 Fair Community Detection

Mehrabi et al. [49] state that low-degree nodes are excluded by CD algorithms, particularly those
that optimize modularity. The authors propose a method Communities with Lowly-connected
Attributed Nodes (CLAN) that works on networks with attributed nodes. This method uses a
supervised learning step to place attributed nodes from smaller predicted communities into larger
communities. While the authors remove these smaller predicted communities with the assumption
that they will be used in downstream tasks, actual minority communities will be dissolved using
this method instead of being correctly classi�ed. Although this paper does not provide a de�nition
for fairness, it proposed a method against an observed bias.

Manolis et al. [46] introduce two metrics that measure fairness for communities: balance fairness
and modularity fairness. The analyzed networks have two disjunct groups of nodes, depicted by
blue (B) and red (R), where red nodes are the protected group. Balance fairness measures how
much the fraction of red nodes in a communityci di�ers from the fraction of red nodes in the
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entire network, which is given by� = jRj
jV j . The set of red nodes in communityci is given byR(ci )

so balance fairness is given by:

f balance(ci ) =
jR(ci )j

jCi j
� � (2.1)

The second fairness metric compares how well red and blue are connected within a community.
The connectedness of a group is given by the modularity of the group:QB

ci
for blue and QR

ci
for

red [46]. Modularity fairness is given by:

f modularity (ci ) =
QR

ci
� QB

ci

abs(Qci )
(2.2)

These methods measure whether nodes from the protected group are su�ciently represented and
connected within each community. Using synthetic networks, they �nd that group size imbalance
is the largest in
uence on both balance fairness and modularity fairness.

Detectability of communities could be a concern for fairness in community detection. Cer-
tain detectability thresholds [15, 19, 52] have been proposed to de�ne communities that are un-
detectable under some conditions. Radicchi [65] �nds that heterogeneity in degree distribution
allows CD algorithms optimizing modularity to correctly recover the community structure of the
network. In complex networks, like those generated using the LFR benchmark and ABCD, it is
not clear whether there exists a non-trivial threshold for detectability [19]. Undetectability due to
community properties could lead to a biased outcome in community detection.

Oostenbach [58] wrote his thesis on the fairness analysis of CD methods. We improve on
his work by introducing a fairness metric that does not require splitting the set of ground-truth
communities into \smaller" and \larger" groups by setting a threshold. We also propose a di�erent
way of mapping ground-truth communities to predicted communities, using an iterative approach
instead of the greedy algorithm employed by Oostenbach. We expand upon Oostenbach's list
of mapped community-wise performance metrics and introduce global metrics which look at the
entire predicted community partition. This global approach removes noise introduced by fully
misclassi�ed ground-truth communities and the omitting of predicted communities that are not
mapped to. Lastly, our approach not only measures the extent of bias, but also shows what
property values the community detection method favor, like minority/majority when analyzing
community size.

2.1.2 Fair In
uence Maximization

A node embedding algorithm that is based on random walks like Node2Vec [24] and DeepWalk [62]
can be enhanced by the CrossWalk method introduced by Khajehnejad et al. [34]. These node
representations can not only be used for in
uence maximization, but also for link prediction, and
community detection. This method works by adding additional weights to edges that are close to
the community's periphery or are intercommunity edges. This paper aims to lower the performance
disparity between communities. This can be formulated as:

disparity = Var(f Qi g : i 2 C) (2.3)

Here, Qi the performance of communityci 2 C, the set of communities. For in
uence maxi-
mization, this Q is the fraction of nodes that are infected at the end of the simulation. With
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experiments on real-world and synthetic networks, the authors �nd that at a small cost of per-
formance, the CrossWalk method enhances fairness for multiple social network tasks including
in
uence maximization.

Stoica et al. [83] describe two fairness constraints for in
uence maximization: fairness in seeding
and fairness in outreach; both are instances of statistical parity. They employ a greedy approach
and a degree-based approach to select seed nodes. They �nd that when the top-k nodes in each
community are selected as seed nodes, by having di�erentiated thresholds per community, this
results in higher outreach with more diversity.

2.1.3 Fair In
uence Minimization

In
uence minimization, or in
uence blocking maximization, can be approached in two ways: (i)
by identifying users that, when blocked or immunized, will minimize the spread of misinformation,
and (ii) by \truth-campaigning". Truth-campaigning is the spread of counter-truth information
to help people �nd the correct information. This is the route taken by Saxena et al. [74], who
created a method called FWRRS (Fairness-aware Weighted Reversible Reachable System), which
approximates the blocking power of each node to select those that achieve the best and fairest
outcome. Fairness is considered as the maximin fairness constraint, which aims to maximize the
number of saved nodes in the community with the lowest fraction of saved nodes. Saved nodes are
those that believe in the true information while they would have believed the false information if
they had not been saved.

2.1.4 Fair Link Prediction

Communities play a large role in link prediction. Saxena et al. [75] explain the intuition that the
probability of two nodes being connected, is dependent on the nodes' community membership.
They �nd that intercommunity links have lower structural similarities than intracommunity links
and their link prediction framework, called HM-EIICT (Heuristic Method-Extended using Intra
and Inter Community Thresholds), takes this into account by setting di�erent threshold values for
inter and intracommunity edges based on the structural properties of the network. The method
outperforms baseline methods for intercommunity edge prediction and accuracy.

The authors of NodeSim [76] have developed a network embedding method that captures simi-
larities between nodes and the community structure. It does so by performing random walks where
moving to another node is not only decided based on node similarity, but also by community mem-
bership. The authors proposed a link prediction method that predicts inter and intracommunity
links with high accuracy by training a logistic regression model using node pair embedding and
community membership information. While this method outperforms baseline methods for both
inter and intracommunity edges, further prioritizing intercommunity edges when creating random
walks improves the prediction of intercommunity edges even further.

2.1.5 Fair Centrality Ranking

PageRank [8] is a link analysis algorithm that determines the relative importance of nodes. It
produces weights based on random walks, which can be used to rank nodes to perform tasks like
search result ranking. PageRank has been modi�ed by Tsioutsiouliklis et al. [92] to create two fair
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approaches: fairness-sensitive PageRank, and locally fair PageRank. The authors de�ne a fairness
constraint � -fairness that is satis�ed when the fraction of the total weight of the protected group
is � . By setting � as the fraction of protected nodes in the graph, it requires that protected nodes
have a proportional share of the total weights. Fairness-sensitive PageRank tries to adjusts the
jump vector of the random walker, speci�cally to achieve� fairness. The locally fair PageRank
works by using the fairness-ratio� on a node level. The nodes distribute their own pagerank score
to protected and unprotected nodes according to� .
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Chapter 3

Preliminaries

We have a networkG(V; E), with V as the set of nodes andE the set of edges. These terms are often
referred to by other names, depending on the context. Nodes can be referred to by vertices and
points, edges can be called links, connections, and ties, and a network can be referred to by a graph.
In this work, we look at undirected, unweighted, and connected networks with nonoverlapping, fully
covering communities. An undirected network has edges that have no direction and unweighted
means that edges have no associated weight or value. In a connected network, there exists a path
between every pair of nodes. Nonoverlapping, fully covering communities mean that each node
belongs to exactly one community, and together, all communities create a complete partition of
the network.

3.1 Community Attributes

For this research, we analyze network data with ground-truth information on the community
structure where each node is labeled with its community membership. We evaluate the bias of CD
methods with respect to communities' properties, including community size, (internal) density,
and conductance. These are de�ned as follows for a communityci [10]:

ˆ Size: number of nodes in the community,jci j.

ˆ Internal density: the fraction of actual intracommunity edges out of the number of possible
intracommunity edges.

density(ci ) =
E in

ci
1
2 jci j(jci j � 1)

(3.1)

ˆ Conductance: the fraction of intercommunity edges out of the community's total edge vol-
ume.

conductance(ci ) =
E out

ci

2E in
ci

+ E out
ci

(3.2)

Density gives a measure of how strongly connected members of a community are. If a commu-
nity has a density of 1 it means that it is fully connected, and lower values indicate that it is more
sparsely connected. Conductance gives insight into how connected the community is to other parts
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Figure 3.1: Example network with three communities. Blue nodes are inc1, orange nodes inc2,
and green nodes inc3.

of the network. Lower conductance indicates that the community is more separated from the rest
of the network, and higher conductance means a higher level of connectivity.

Looking at the example in Figure 3.1, we can gather the size, density, and conductance values
for the three communities, c1 (blue), c2 (orange), and c3 (green). These values are shown in
Table 3.1. We see thatc3 is fully connected and has the highest density, it also has the highest
conductance by having the highest share of intercommunity edges out of its edge volume. The
least connected community isc2 with a conductance value of 0:11.

3.2 Notation

Table 3.2 gives a summary of the notations used throughout this work.

Community E in
ci

E out
ci

Size Density Conductance
c1 11 8 8 0.37 0.27
c2 8 2 5 0.8 0.11
c3 6 8 4 1 0.4

Table 3.1: Attribute values for the three communities in the example network from Figure 3.1.
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Notation De�nition
G(V; E) Network G with nodesV and edgesE
V Set of nodes
E Set of edges, (u; v) 2 E
u; v Nodes inV
(u; v) An edge inE, between nodesu and v
N Number of nodes,N = jV j
C Set of ground-truth communities
P Set of predicted communities
ci A set of nodes that represent the ground-truth communityi , ci 2 C
pj A set of nodes that represent the predicted communityj , pj 2 P
jci j Number of nodes in communityci

m Number of ground-truth communities: m = jCj
k Number of predicted communities:k = jPj
p Community property. Size, density, or conductance

Table 3.2: Notation for graphs and communities used in this work.
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Chapter 4

The Proposed Metrics

In this chapter, we introduce metrics to compare group fairness of di�erent CD methods. Several
methods exist to assess the quality of predicted partitions, such as NMI [20] and VI [51]. However,
no metric has yet been proposed to measure bias in the detection of ground-truth communities. To
analyze group fairness, we �rst aim to measure how well a community is detected by the predicted
partition, and we name these metrics community-wise performance metrics (CPM). These metric
scores are used to create a group fairness method �CPM

p , which is able to analyze the bias of CD
methods toward communities based on properties (p) such as size, density, and conductance. These
metrics help us understand to what extent the algorithm favors certain types of communities over
others, providing a comprehensive assessment of its fairness.

To start, we will describe the proposed CPMs that measure CD performance on a per-community
basis. These are categorized in mapped and global metrics. Then we describe how these metrics
are used to compute the fairness metric �.

4.1 Community-wise Performance Metrics

Using ground-truth community data, we can measure how well a CD method has found the entire
community structure with metrics such as NMI [20], ARI [29], VI [51], and others [10]. Here, we
want to measure how well each individual ground-truth community is detected by the CD method,
looking at both the community nodes and edges.

We have the given networkG(V; E) that has m ground-truth communities, de�ned asC =
f c1; c2; :::; cmg. We apply a CD method to G that gives a set of predicted communitiesP of
sizek de�ned as P = f p1; p2; :::; pkg. One way of gathering per-community metrics is by mapping
ground-truth communities to predicted communities, which is most e�ective when the number
of ground-truth communities matches the number of predicted communities. The ground-truth
community ci is compared to its mapped-to predicted communitypj . The second method, which
we call the global approach, evaluates how well each ground-truth community is represented by
the entire set of predicted communities. In this case, each communityci is compared toP.

All metrics should be normalized to fall within the range from 0 to 1. Receiving a score of
1 means that for a ground-truth communityci there exists a predicted communitypj for which
ci = pj holds.
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4.1.1 Community Mapping

Mapping ground-truth communities to predicted communities takes place in the following iterative
process:

1. Similarity is calculated for each pair of ground-truth and predicted communities (C � P).

2. The highest similarity score is chosen and the corresponding pair of ground-truth and pre-
dicted community is mapped. To break ties of equal similarity scores, a pair is randomly
chosen.

3. As this mapping is one-to-one, all of the similarity scores of the mapped ground-truth and
predicted communities are no longer considered.

4. If there are still both unmapped ground-truth and unmapped-to predicted communities,
return to step 2.

After all ground-truth communities have a mapping or if there are no more predicted communities
to map to, the mapping process is stopped. Ground-truth communities that have no mapping
are marked as completely misclassi�ed. The Jaccard Similarity Coe�cient [67] is chosen as the
similarity scoring function and is de�ned in Equation 4.1.

J (ci ; pj ) =
jci \ pj j
jci [ pj j

(4.1)

4.1.2 Problems with Mapping

Mapping ground-truth communities to predicted communities allows for simple comparisons and
metrics but leads to several issues when the number of predicted communities does not perfectly
align with the number of ground-truth communities. Let us look at the three scenario's relating
to the (in)equality of m = jCj and k = jPj:

ˆ m = k: All ground-truth communities have a mapped-to community in the set of predicted
communities. All predicted communities are mapped to. There is a potential for perfect
community detection.

ˆ m < k : If the number of predicted communities is greater, that means that one or more pre-
dicted communities are not mapped to, causing all information contained in those predicted
communities to be disregarded.

ˆ m > k : If the number of predicted communities is smaller, one or more ground-truth com-
munities have no mapping and are fully misclassi�ed. The scores of these ground-truth
communities would all be 0, which drastically changes the CDMs bias analysis.

To remedy these issues, we can set the correct number of ground-truth communities for several
CDMs for which the number of communities is a parameter. Modi�cations could be made to
other CDMs for which this information is not yet given as a parameter. However, providing this
information signi�cantly impacts the performance of the CDMs, but typically this information is
not known beforehand. A way to solve this issue is to stop mapping ground-truth communities to
predicted communities and instead consider all predicted communities while analyzing how well
each ground-truth community is discovered. For this, we propose global metrics.
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4.1.3 Mapped Metrics

We propose four mapped CPMs: FCCN, F1, FCCE, and FCCE+.

1. Fraction of Correctly Classi�ed Nodes (FCCN): A simple metric to see how well a
predicted community represents the ground-truth community is the fraction of ground-truth
nodes present in the predicted community. This metric shares the de�nition of recall [81]
and is de�ned as follows:

FCCN(ci ; pj ) = recall(ci ; pj ) =
jci \ pj j

jci j
(4.2)

Note that FCCN can equal 1 whileci 6= pj , this is the case whenci is a proper subset ofpj .

2. F1 Score: The FCCN focuses solely on the common nodes in the ground-truth and predicted
communities. Additionally, we are interested in the nodes present in the predicted community
but absent in the ground-truth community, which are considered false positive predictions.
The performance metric precision [81], which accounts for these false positives, is de�ned as
follows:

precision(ci ; pj ) =
jci \ pj j

jpj j
(4.3)

The F� score combines precision and recall, with the factor� allowing more weight to be
given to either precision or recall. The F1 score [11] evenly balances the two, representing
the harmonic mean of precision and recall. It is de�ned as follows:

F 1(ci ; pj ) =
2(precision� recall)
precision+ recall

=
2jci \ pj j
jci j + jpj j

(4.4)

3. Fraction of Correctly Classi�ed Edges (FCCE): Community structure is primarily
driven by edges and a comprehensive examination of a CD method's performance includes
analysis of community edges. To provide this the following metric is proposed: the Fraction
of Correctly Classi�ed Edges (FCCE). It measures how many of the edges in the ground-
truth community are found by the mapped-to predicted community. The set of edges of a
subset of nodes, here communityci 2 C, is de�ned in Equation 4.5. These edges are also
known as the intra-community edges forci .

E in
ci

= f (u; v) 2 E j u 2 ci and v 2 ci g (4.5)

We use this de�nition to de�ne FCCE in the following manner:

FCCE(ci ; pj ) =
jE in

ci
\ E in

pj
j

jE in
ci

j
(4.6)

4. Fraction of Correctly Classi�ed Edges+ (FCCE+): FCCE identi�es edges as correctly
classi�ed if for edge (u; v) both nodesu and v are present in the predicted community. To
expand FCCE, we also consider the edges where only one of its nodes is present in the
predicted community. We refer to these edges as \false bridges" (FBs) because they act as a
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bridge between predicted communities when they should be intracommunity edges. The set
of these FBs is de�ned as follows:

FB (ci ; pj ) = f (u; v) 2 E in
ci

j (u 2 pj and v 62pj ) or (u 62pj and v 2 pj )g (4.7)

FBs are used in the alternative metric to FCCE, termed FCCE+. Note that FCCE+ is
always greater than or equal to FCCE.

FCCE+ (ci ; pj ) =
jFB (ci ; pj )j + 2 jE in

ci
\ E in

pj
j

2jE in
ci

j
(4.8)

4.1.4 Global Metrics

The global approach implements analysis between individual ground-truth community and the
entire community prediction instead of solely the mapped-to predicted community. For a ground-
truth community, we look how well every predicted community describes the ground-truth com-
munity using some metric. These metrics are combined to obtain a measure of how well the set of
predicted communities depicts the ground-truth community.

A good global metric should take into account that a prediction is worse if elements of the same
ground-truth community are spread out over multiple predicted communities. It should penalize
such a distribution in some manner.

1. Average of F1: Scores can be combined by averaging non-zero scores of a metric. The
calculation of the average F1 score is shown in Equation 4.9 which uses the de�nition of F1
from Equation 4.4.

Avg F1(ci ; P) =

P
pj 2 P F 1(ci ; pj )

P
pj 2 P 1f F 1(ci ;pj )6=0 g

(4.9)

Consider the following example: ground-truth communityc1 has been compared to the set of
predicted communitiesf p1; p2; p3; p4g, resulting in the list of F1 scores [0:7; 0:3; 0; 0:2] indexed
accordingly. We combine the F1 scores by averaging the non-zero values, resulting in the
following: Avg F1 = 0:7+0 :3+0 :2

3 = 0:4.

Though this seems a promising global metric, there is an intuitive bias against large commu-
nities. Because larger sized communities have more nodes, CDMs are more likely to spread
these nodes across multiple predicted communities. This increases the denominator in the
formula above, decreasing the average F1 score. This is the case for all global metrics that
would utilize averaging some score over the number of non-zero predicted communities scores.

2. Sum of Weighted F1: Besides averaging non-zero scores, scores from comparisons between
a single ground-truth community and the set of predicted communities can be aggregated
by computing a sum of the weighted scores. the weight is set as the fraction of ground-truth
nodes that are in the compared-to predicted community. The weight will be:

weight(ci ; pj ) =
jci \ pj j

jci j
(4.10)

The Sum of Weighted F1 (SWF1) can then be formulated, using the de�nition of F1 in
Equation 4.4.

SWF1(ci ; P) =
X

pj 2 P

weight(ci ; pj ) � F 1(ci ; pj ) (4.11)
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3. Sum of Weighted FCCE: Similarly, the Sum of Weighted FCCE (SWFCCE) can be
de�ned using the same weight de�nition and the formula for FCCE found in Equation 4.6.

SWFCCE(ci ; P) =
X

pj 2 P

weight(ci ; pj ) � FCCE(ci ; pj ) (4.12)

4. Sum of Weighted FCCE+: Lastly, we de�ne the Sum of Weighted FCCE+ (SWFCCE+)
in the same manner. The de�nition of FCCE+ can be found in Equation 4.8.

SWFCCE+(ci ; P) =
X

pj 2 P

weight(ci ; pj ) � FCCE+ (ci ; pj ) (4.13)

The following example illustrates the application of the global CPMs. Figure 4.1a shows the
ground-truth communities for this example and Figure 4.1b shows the predicted communities by
some CDM. Table 4.1 shows the intermediate results of several metrics and Equations 4.14 - 4.17
show the resulting global metric scores for communityc1 from Figure 4.1a.

0 1

2 3

4 5

6

(a) Two ground-truth communities shown in ex-
ample graph. The blue community is c1, the
orange community c2.

0 1

2 3

4 5

6

(b) Three predicted communities shown in ex-
ample graph. The blue community is p1, the
orange community p2, and the green commu-
nity p3.

Figure 4.1: Example graph with ground-truth and predicted communities shown by colored group-
ings.

Predicted Community c1 \ pj weight F1 FCCE FCCE+

p1 3 3
4

2�3
2�3+0+1 = 6

7
3
5

2�3+2
2�5 = 4

5

p2 1 1
4

2�1
2�1+1+3 = 1

3 0 2�0+2
2�5 = 1

5

p3 0 0 0 0 0

Table 4.1: Intermediate calculations for the global CPMs, calculated forc1 and the corresponding
predicted community pj found in each row.
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Avg F1(c1; P) =
6=7 + 1=3

2
� 0:60 (4.14)

SWF1(c1; P) =
3
4

�
6
7

+
1
4

�
1
3

� 0:73 (4.15)

SWFCCE(c1; P) =
3
4

�
3
5

= 0:45 (4.16)

SWFCCE+(c1; P) =
3
4

�
4
5

+
1
4

�
1
5

= 0:65 (4.17)

4.2 Group Fairness Metric �

Our aim is to investigate whether a given CD method performs better for communities of speci�c
properties such as size, density, or conductance. By highlighting disparities in detection accuracy
across di�erent communities, the group fairness metric o�ers a understanding of biases, ensuring
that CD methods are evaluated not just on their overall performance, but also on their fairness
toward community attributes like size, density, and conductance.

In the previous section, we introduced several community-wise metrics that evaluate a CD
method's performance on a per-community basis. These performance scores are plotted against
the corresponding community attribute values, as illustrated in Figure 4.2. Here, FCCN scores
are plotted against the community size for a dummy network. Because we fairness in respect to
multiple community attributes that have values that di�er in orders of magnitude, the values of
the community attributes are min-max normalized. In Figure 4.2, the dotted line shows a linear
least squares approximation [26] of the FCCN scores, to depict the potential disparity in CPM
scores. If the approximation is a horizontal line, the algorithm is de�ned as fair, as it performs
consistently across all attribute values. However, when the line is skewed, it suggests that the
algorithm favors certain attributes. In Figure 4.2, the positive slope of the regression line indicates
that the algorithm performs better for larger communities.

We use the angle of the linear regression to quantify the bias. There are three possible scenarios
for the slope: (i) the line is straight, (ii) the slope of the line is positive, and (iii) the slope of the
line is negative. We can use the arctangent to calculate the angle of the slope using �x and � y,
and because we have normalized the property values of all communities in the network, we know
that � x = 1.

� = arctan
�

� y
� x

�
= arctan(� y) (4.18)

The angle � , given in radians, is within (� �
2 ; �

2 ). We multiply � by 2
� to get a result in the

range (� 1; 1). This leaves us with the equation for the group fairness metric �CPM
p shown in

Equation 4.19.

� CPM
p =

2
�

� arctan(� y) (4.19)

Using the example in Figure 4.2 once again, we calculate � given the �y � 0:69. We get
� = 2

� � arctan(0:69) � 0:38. The sign of � is equal to the sign of the slope, meaning that if
� CPM

p > 0 the slope is positive and the CD method favors higher values of community propertyp
for CPM CPM. If � CPM

p < 0, the CD method is biased for lower values ofp, and if � CPM
p = 0 it

means the CD methods are considered fair and �nd all communities equally well or equally poor.
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Figure 4.2: An example showing the score for each community by its size. The line is plotted to
show the trend of the CDM's performance. In this example, it performs better on communities
with a larger size.

This method is unde�ned when � x = 0, e.g., when all communities are the same size. Min-max
normalization for � x is not applicable as this would require division by zero. The denominator of
min-max normalization is xmax � xmin which would equal 0.

4.3 Metric Behavior

To illustrate how the proposed metrics behave we draw up several toy examples. For the mapped
and global CPMs we have generated a graph consisting of one community and we will see what
values the metrics take as the prediction partiton changes in the examples.

For the mapped metrics a community of 1024 nodes is taken and the prediction is perfect at the
start, there is one predicted community that is equal to the ground-truth community. Then, we
change the prediction by removing an increasing number of nodes. The resulting metric scores can
be found in Figure 4.3. As not all nodes have an equal degree, the scores for FCCE and FCCE+
are di�erent based on the nodes that are removed. The �gure shows the area between the highest
and lowest recorded values in 20 repetitions, and the average is marked.

It can be seen that the average FCCE+ value is very close to the FCCN value. This is because,
over many repetitions, the degree of the removed nodes averages out. In fact, given a complete
graph, FCCN will equal FCCE+ for any number of removed nodes, see Appendix A.1 for the
proof. Increasing the number of repetitions will average out the degrees of removed nodes further
and the value of FCCE+ will approach FCCN even further.

For analysis on the global metrics we use the same 1024 node graph as before. Figure 4.4 shows
what happens when we go from a perfect prediction for the single ground-truth community to a
prediction that has information from the community, its nodes and edges, spread across multiple
predicted communities. Figure 4.4b splits the length of the predicted communities evenly in two at
each step. The average F1 score and the sum of weighted F1 are equal here, which is expected since
the weighting factor matches the number of communities over which the F1 values are averaged.

Figure 4.4a cuts o� a group of 100 nodes from the largest predicted community and uses
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Figure 4.3: Mapped metric behavior with a decreasing number of correctly found nodes in the
predicted community. The average values of FCCE and FCCE+ are plotted after 20 repetitions
as well as their highest and lowest value at each point.

(a) Predicted communities are split evenly at each
step.

(b) From the largest predicted community, 100
nodes are separated at each step.

Figure 4.4: Global metric behavior in two situations. Both start with a perfect prediction that
has its nodes separated in di�erent predicted communities. The average values of SWFCCE and
SWFCCE+ are plotted after 20 repetitions as well as their highest and lowest value at each step.

those nodes as a predicted community. Here, as well as in Figure 4.4b, we gather results from
20 repetitions. Figure 4.4a shows more 
uctuations for SWFCCE and SWFCCE+ scores, as a
large part of its value comes from the number of edges correctly found in the largest predicted
community due to its weight. Fluctuations in SWFCCE and SWFCCE+ are much less noticeable
when the weights are the same as in Figure 4.4b.
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4.3.1 Fairness Metric Behavior

To highlight how the CPM values relate to the group fairness metric � we show an example of two
ground-truth communities c1 and c2 that di�er in some community property, e.g. size, density, or
conductance. Note thatc1 has a lower value in the community attribute thanc2, as this has an
e�ect on whether � is negative or positive. Five scenario's for individual scores are created and
the regression line is drawn up through these points. This is shown in Figure 4.5a with the values
of the fairness metric � shown in Figure 4.5b.

Let us look at a more concrete case with four communities of di�erent sizes: 100, 200, 300,
and 400. Figure 4.6 shows this example where, at the start, each community has a mapped-to
predicted community that perfectly describes that community (ci = pj ). Then, 50 and 100 nodes
are removed from the perfect prediction and each time the regression line is drawn in Figure 4.6a.
For communities of varying sizes, both the FCCN and F1 scores tend to favor larger communities
because a constant number of misclassi�ed nodes has a smaller relative impact on them. This bias
is quanti�ed by the fairness metric �, as shown in Figure 4.6b, which becomes more biased toward
larger communities as more nodes are not correctly classi�ed.

4.3.2 Mapping Behavior

In order to show how the mapping step in
uences the CPMs and the resulting group fairness
metric �, we make changes to predictions on a network with two communities. The homophilic
network is generated using the HICH-BA model [74] with the homophilic factor set to 0.9. The
network consists of a majority community (70 nodes) and a minority community (40 nodes) with
� 900 edges. Initially,cmaj and cmin are perfectly detected by some CD method and are mapped to

(a) Individual community performance metric ex-
ample with two communities. The regression line
is drawn through the points in �ve scenarios given
by: (performance in c1) - (performance in c2).

(b) Fairness Metric scores gathered from the �ve
scenarios in Figure 4.5a.

Figure 4.5: Figures showing the relationship between individual community performance metrics,
the regression line drawn from those points, and the FM.

19



(a) Four communities with varying size. F1
and FCCN are plotted with di�erent number of
wrongly predicted nodes.

(b) Fairness Metric scores derived from values in
Figure 4.6a.

Figure 4.6: Example of individual community performance metrics turning into FM scores. The
bias is shown by the FM when an equal number of nodes are wrong for each community.

p1 and p2, respectively. We change the prediction by swapping nodes between the initial perfectly
predicted communitiesp1 and p2. We change 0 to 40 nodes and map the ground-truth nodes based
on the method described in Section 4.1.3. In Figure 4.7a, you can see the CPM scores against the
number of swapped nodes. The resulting group fairness metric score are shown in Figure 4.7b.

The FCCE score varies based on which nodes are swapped, and therefore, we show the av-
erage and standard deviation over 20 iterations. FCCE is lower than FCCN and F1 because of
the homophilic characteristic of the network; nodes are mostly connected to nodes in their own
community. CPM scores are higher for the majority community, that is, until around 75% of the
nodes have been swapped. At that point,cmaj no longer maps top1 and cmin no longer maps
to p2, and the mapping changes because a higher Jaccard similarity score is achieved. At that
point, the bias, which was in favor of the majority community, swings the other way to favor the
minority community for FCCN and FCCE based fairness, see Figure 4.7b. F1 is fair because the
F1 scores for the majority and minority communities are equal, this is because F1 also considers
false positives in the predicted community.
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(a) Community-wise performance behavior (b) Group fairness metric behavior

Figure 4.7: Analyzing behavior of community-wise fairness metric and group fairness on a network
having minority and majority community.
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Chapter 5

Experimental Setup

This chapter will give an overview of the experimental setup. This includes a description of the
collection of CD methods used in our analysis, along with a categorization of these methods.
Furthermore, we will describe the datasets used in our study, including both synthetic and real-
world datasets. Lastly, this chapter describes the di�erent metrics we use to determine the quality
of the identi�ed communities. We use them to study the performance-fairness trade-o�.

5.1 Community Detection Methods

There is no agreed de�nition of community; yet, �nding groups in network structures is valuable
in several domains. Therefore, many methods have been proposed to address the problem of
community detection; Li et al. [43] o�er a comprehensive review of a large number of CD methods.
We have assembled a set of 24 CD methods which we will analyze in terms of performance and
fairness using our proposed group fairness metric �. Table 5.1 shows six categories of CD methods
in which the 24 analyzed CD methods are placed. These categories classify CD methods based on
their approach to creating community partitions.

Optimization methods aim to optimize a quality function that describes the quality of the
partition or community. The modularity function Q [54, 56] is widely used as a standard measure
of community quality and is used by all methods in this category, but signi�cance [87]. Since
optimizing modularity is NP-hard, these are heuristic methods.

Spectral methods create predictions based on spectral properties of matrices that describe the
network, such as the adjacency matrix or the Laplacian matrix [19]. These methods analyze the
eigenvalues and eigenvectors of these matrices, which provide insights into the network's struc-
ture. For example, Spectral Clustering [27] makes use of the Fiedler vector, the second smallest
eigenvalue, to construct communities.

Representational methods work by transforming a network into vector space, often called a
network embedding. Network embedding refers to the approach of learning latent low-dimensional
feature representations for the nodes or links in a network" [3]. Most of the methods in this
category create the network embedding by modeling random walks and use k-means in the network
embedding space to create a partition of the network.

Dynamics methods aim to learn the community structure by looking at the traversal of the
network, often by random walks. Network traversal could reveal communities by the intuition that
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Optimization Spectral Properties Representational
� Clauset-Newman-Moore

Algorithm (CNM) [12]
� Combo [80]
� Leiden [88]
� Louvain [6]
� Paris [7]
� Reichardt-Bornholdt -

con�guration null model
(RB-C) [68]

� Reichardt-Bornholdt -
Erd}os-R�enyi null model
(RB-ER) [68]

� Signi�cance [87]

� Eigenvector [53]
� Regularized Spectral

Clustering with k-means
(RSC-K) [97]

� RSC sklearn Spectral
Embedding (RCS-SSE) [97]

� RSC - Vanilla (RSC-V) [97]
� Spectral Clustering [27]

� Deepwalk [62]
� Fairwalk [66]
� Node2Vec [24]

Dynamics Propagation Miscellaneous
� Infomap [72]
� Spinglass [68]
� Walktrap [64]

� Fluid [59]
� Label Propagation [13]

� Expectation-Maximization
(EM) [57]

� Stochastic Block Model
(SBM) [60]

� SBM - Nested [61]

Table 5.1: Overview of CDMs used in experimentation, categorized into 6 groups.

random walks often stay within communities as these are more densely connected than the rest of
the graph.

Propagation methods work by assigning community labels to nodes. Community labels are
iteratively updated based on the labels neighboring nodes have. The goal is to reach a stable
con�guration that re
ects the underlying community structure. The �rst of these methods was
the Label Propagation algorithm (LPA) [13] that updates a node's community membership based
on the label that the majority of its neighbors have. In the case of a tie, a label is picked at
random. LPA is fast and scalable, making the method suitable for large networks. LPA has been
the foundation for multiple propagation methods, such as FLPA [89], LLPA [28], LPA-MNI [42],
WSSLPA [45], DCC [14] and more.

The Miscellaneous category includes methods that could not be added to any of the categories
mentioned above. This is because their underlying method di�ers too much from any of the
categories, and therefore they are placed in the miscellaneous group.

5.2 Data

To perform our experiments, we used real-world networks and synthetic networks generated using
the LFR benchmark [40], ABCD [32], and the HICH-BA model [74]. All analyzed networks have
ground-truth information on the community structure, allowing us to calculate the CPMs. All
networks are undirected, unweighted, connected networks with nonoverlapping communities that
fully cover the network.
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5.2.1 Real-World Networks

Table 5.2 shows a summary of the gathered real-world networks. Because the CPMs require a
known community structure, there are not many networks available, especially of larger sizes.
Below is a short description of the networks:

Polbooks [36]: This is a network of books on US politics. Data was collected around the
time of the 2004 presidential election, and edges were recorded by frequent co-purchasing of a pair
of books. The set of books are placed in three communities based on their political a�liation:
conservative, liberal, and non-partisan.

Football [23]: US college (American) football is divided into 12 conferences. A network
has been created to represent the regular-season games of the 2000 NCAA Division I-A football
season. Nodes represent the football teams, connections represent the matches, and communities
are derived from the conferences the teams are a part of.

Eu-core [41, 96]: This communication network was built using e-mails sent between employees
of a European research center. The departments the employees work in form the community
structure. We transform this originally directed network into an undirected network and use only
its largest connected component (largest weakly connected component in the original network).
The largest connected component makes up 98% of the nodes in the original network.

5.2.2 The LFR Benchmark

A popular method for generating synthetic networks with built-in community structure is the
Lancichinetti{Fortunato{Radicchi (LFR) benchmark [40]. The LFR benchmark improved on the
Girvan-Newman benchmark [23] by making the degree distribution and community size distri-
bution following power laws, thereby creating networks that more closely resemble real-world
networks [2, 82]. The LFR benchmark model enables the control of a mixing parameter� , which
gives the fraction of intercommunity connections. If this value is set to 0, all edges are placed
within communities, and if the value is set to 1, no edges are within communities. Di�erences in
the values of� have a large impact on the generated networks. Figures 5.1a and 5.1b illustrate this
di�erence; when � is lower, communities are a lot more cohesive. The value of� also in
uences
the ability of CD methods to perform well, as shown in Figure 5.1c, where performance, measured
in NMI, decreases with an increase in� . Other LFR settings include the number of nodes, the
average degree of nodes, the maximum degree of nodes, and the minimum community size.

The values we set for our experiments mostly follow the values used by Lancichinetti et al. [39]:
The number of nodesn = 10; 000, the power-law exponent of the degree distribution� 1 = 2, the
power-law exponent of the community size distribution� 2 = 2:5 (average of values used in [39]),

Dataset name jV j jE j Avg deg degmax jCj jcmax j jcmin j
Polbooks [36] 105 441 8.40 25 3 49 13
Football [23] 115 613 10.66 12 12 13 5
Eu-core [41, 96] 986 16,687 33.85 347 42 107 1

Table 5.2: Real-world dataset summary.jV j: number of nodes,jE j: number of nodes,Avg deg:
average degree,degmax : maximum degree,jCj: number of communities,jcmax j: size of largest
community, jcmin j: size of smallest community.
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(a) LFR graph with 1000 nodes,
� = 0 :2.

(b) LFR graph with 1000 nodes,
� = 0 :6.

(c) NMI of predicted partitions
with LFR graphs with di�ering
mixing parameter � values.

Figure 5.1: Two LFR networks with � 2 f 0:2; 0:6g and a graph showing how� a�ects the quality
of the CD methods' prediction. The networks are visualized using ForceAtlas2 [30], node colors
are given by ground-truth community, and node size is determined by degree.

the mixing parameter � 2 [0:2; 0:4; 0:6], the average degreeAvg deg= 20, the maximum degree
degmax = 100, the minimum community sizejcmin j = 20. Because the value of� in
uences the
performance of the CD methods, as can be seen in Figure 5.1, we generate 5 networks using the
LFR model for every value of� . For our results, we used the scores of our 5 LFR networks to
compute the average and standard deviation. The values of the power-law exponents fall in the
range that is found in real-world networks: 2� � 1 � 3 and 1� � 2 � 3 [18].

5.2.3 ABCD

The Arti�cial Benchmark for Community Detection (ABCD) model [32] is similar to the LFR but
improves on it by addressing scalability issues and the interpretability of the mixing parameter. It
generates networks with degree and community size distributions that follow power laws like LFR,
but ABCD runs in the order of 100 times faster. ABCD uses� as its mixing parameter, which is
a more intuitive measure of community strength. When� = 0, all edges lie within a community,
as is also the case when� = 0. When � = 1, edges are randomly placed throughout the network,
edges are no longer more likely to fall within a community than between communities. With
LFR networks with � = 1, the number of intracommunity edges is 0. With ABCD, the number
of intracommunity edges is dependent on the size of the community. The ABCD parameters we
use were set to mimic the graphs generated by the LFR benchmark. The values of� are slightly
di�erent from the � values [0:2; 0:4; 0:6]. We calculated the appropriate� values using the global
method described in [32]. We get� 2 [0:201; 0:402; 0:603].

5.2.4 HICH-BA

HIgh Clustering Homophily Barab�asi-Albert (HICH-BA) [74] is an extension to the homophily
BA model [33]. The LFR benchmark and the ABCD algorithm work by creating the degree and
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