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Abstract

Over the past decades, evolution strategy is widely used as a heuristic method in some
speci ¢ elds. However, when the dimensionality increases, the computational cost grows
much faster than dimensionality. Therefore, how to tackle a good result with a small
computation cost becomes a problem that needs to be address. In this thesis, we will
use dimensionality reduction methods such as Principal Component Analysis (PCA),
Random Forest (RF), Permutation, Boruta, and SHapley Additive exPlanations (SHAP)
to reduce the covariance matrix dimension in dierent iterations of the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES) sampling process. In addition, this
thesis evaluates the performance of the new CMA-ES, which combined dimensionality
reduction methods, and regular CMA-ES in terms of convergence rates and optimal
values on the problems of the Black-Box Optimization Benchmark (BBOB) problem
set. Making a benchmark for all these new methods and analyzing the advantages and
disadvantages of each algorithm.

Keywords| Evolutionary Algorithm, Principal component analysis, Random Forest, Permutation,
Boruta, Shapley Additive Explanations, Covariance Matrix Adaptation Evolution Strategy, Black-Box
Optimization Benchmarking



1 Introduction

Evolutionary algorithms are widely used as a good heuristic method to solve optimization prob-
lems in various laboratory scenarios as well as industrial scenarios. However, although evolutionary
algorithms can nd the best solution, sometimes its computational cost typically grows much faster
than the dimensionality increases. Therefore, in this thesis, we aim to delve into potential methods to
alleviate this problem. One method is to use dimensionality reduction[1] for continuous optimization
problems. We plan to investigate the usefulness and e ectiveness of various dimensionality reduction
methods like PCA [2], Random Forest [3], Permutation[4], Boruta [5] and SHAP that based on Shap-
ley value [6] and couple them with an evolutionary algorithm Covariance Matrix Adaptation Evolution
Strategy(CMA-ES) [7], which is a widely-applied evolutionary algorithm for black-box optimization
problems in continuous domains. Also, this integration of dimensionality reduction methods shall
be implemented in an online manner, where the dimensionality reduction mapping and the inverse
mapping thereof should be learned or adapted in each iteration of CMA-ES.

1.1 Research questions

The concept of CMA-ES has been published for several years, and its variants are considered the
most advanced technique in evolutionary computation and are used in many di erent elds. At the
same time, dimensionality reduction methods are widely used in various areas. Therefore, to explore
the feasibility of combining the dimensionality reduction method with CMA-ES, we aim to answer
the following questions.

1. What is the general impact of the dimensionality reduction method on the performance of
CMA-ES?

2. Why are the variables reliable after dimensionality reduction?

3. Can the dimensionality reduction method really save time throughout the CMA-ES process?

1.2 Outline of the thesis

From the beginning, we focus on CMA-ES, a special evolutionary algorithm for black-box
optimization problems in continuous domains. Its variances are used as a state-of-the-art method
by di erent research groups and laboratories, and it is also applied in various industrial situations.
Then, we investigate a class of dimensionality reduction methods such as PCA, RF, Permutation,
Boruta, and SHAP. The methods can be divided into two types. The rst one is feature projection,
also called feature extraction [8] like PCA, which maps the data onto the rst few components to
obtain low-dimensional data while preserving as much variation in the data as possible. The second is
the other four methods, which belong to the feature selection [9], where the most important features
are selected, and the unimportant ones are discarded according to the importance calculated for
the given data. In this thesis, we inserted feature projection and feature selection methods during
the sampling operation of CMA-ES to accomplish the ability to transform variable dimensions in an
iteration dynamically. Subsequently, we tested the new combined methods on the BBOB problem
set, compared and analyzed their performance. We identi ed the advantages and disadvantages of
the di erent techniques based on the results.

The rest of this thesis is structured as follows. Section 2 talks about the principle of CMA-
ES and introduces the dimensionality reduction methods such as PCA, RF, Permutation, Boruta,
and SHAP. This section also presents some related work that has been done to combine PCA with
evolutionary algorithms, which can provide inspiration for the following research. Section 3 will talk
about the combination of CMA-ES and dimensionality reduction methods. The experiment in this
thesis is divided into two parts: Section 4 describes the experiment setup, and Section 5 discusses
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the performance of the new methods based on the experimental results. Section 6 Summarize the
experimental results and look forward to future research.

2 Background

CMA-ES is an evolutionary strategy for solving complex black-box optimization problems in
continuous domains. CMA-ES and its variants are considered state-of-the-art evolutionary computa-
tional methods and have been adopted by many research laboratories and industrial settings around
the world. The following section will rst discuss the CMA-ES, followed by the dimensionality reduc-
tion method.

2.1 Covariance Matrix Adaptation Evolution Strategy

In contrast to GA, which is an evolutionary algorithm focusing on discrete problems, CMA-ES is
excellent for continuous numerical optimization problems and is widely used in various laboratory and
industrial scenarios. More importantly, compared to the most straightforward evolutionary strategy
algorithm, CMA-ES algorithm gets the results of each iteration and adaptively increases or decreases
the search space in the next generation of search.

CMA-ES uses the covariance matrix C to track the pairwise dependencies between samples obtained
in the distribution. The new distribution parameter becomes:

=(;:;C )1 p(x) N(; 2C) + N (0;0C) 1)

where whereN (0; C) denotes a multivariate Gaussian distribution with me@rand covarianceC,
p (x) indicates the populations, is the mean value of population, represents the stepC means
the covariance matrix and is symmetric.

Mutation The way to obtain the mutations in CMA-ES is to use the covariance matrix C to
sample the results that satisfy a normal distribution where the expectation equals zero and stand
deviation equals C. The following equation shows how CMA-ES samples the population:

Xi(t+1) = O + (t)yi(Hl) Whereyi N (O, C(t)), i = 10 (2)

Where is the size of o spring populatiorlxi(t”) denotes the new candidates of the next generations,

() indicates the mean of elites of the last generation and represents the step of the current
generation andy; obeys the normal distribution where the mean of distribution equals zero and the
stand deviation equal€®.

Recombination

(t+1) — N WiXi(-t+1) 3)

wi=1l;w; wy :wpn>0 4)
i=1
Wherem is the number of samples which selected frodj'¢ ; :::; x'*1), (D s the weighted means
of m samples and('™" is theiy, best individual in &} ; ::;; x™*1)



Step-size adaptation  CMA-ES uses I to control the step of each Leration. To determine

a good step-size, CMA-ES gets the sum of consecutive moving sequ%ncpyi(”;j =1;2;:t

to get the evolution pathp and compare the evolution path with the path generated by random
selection. If the evolution path is longer than the random selection path, CMA-ES will reduce the

®), and vice versa.

Covariance matrix The eigendecomposition of Covariance Matix obeys:C = BD?BT.
The expression of Covariance Matrix can re-estimate like this:

X
C(t+1) — Wi (Xi(;Hl) (t))(xi(;Hl) (t))T (5)

i=1
In this formula, this estimate is reliable only if the population is large enough. However, in each
iteration CMA-ES would like to have a fast and reliable iteration when the population size is lower.

Therefore CMA-ES has a more reliable but more complex method to updatét consists of two
parts. The rst method uses the history of.

1 X
ct+) = (1 . )C(t) + . C(t+1) = (1 c )C(t) + o= yi(t+1) yi(t+1)T 6)
i=1

where . is the learning rate of rst way.
The second way is using an evolution path, p; also follows to the normal distributioM (0; C):

(t+1) . g ———— (t+1) O]
=1 )P0+ R o) —m— @)
and CMA-ES useg. to update the covariance marti:
ct™ =@ cO+1 o pih D’ (8)

Ultimately, this nal update formula can be obtained by combining these two methods:
(t+1) ® (t+1) (t+1) T 11X ey )T
C - (1 C1 c )C + ClpC pc + ¢ - yi yi (9)
i=1

2.2 Dimensionality Reduction

Dimensionality reduction is a kind of method to convert high dimensional data to low dimen-
sional data, while using this low dimensional data to retain some meaningful attributes of the original
dimensional data to the maximum extent. The overall dimensionality reduction can be roughly di-
vided into two categories: feature projection and feature selection. Feature projection converts data
from high dimensionality to low dimensionality, and this transformation can be linear or nonlinear; in
contrast to feature projection, feature selection is an attempt to nd the best subset that can go on
to represent a given set of input variables. In this experiment, we choose linear PCA as the feature
projection method and select RF, Permutation, Boruta and SHAP as the feature selection methods.

2.2.1 Principal Component Analysis

Monitoring data with multiple variables and analyzing them is inevitable in many domains of
research. Multivariate can provide a wealth of information, but it can also be computationally and
analytically intensive. Also in global optimization problems, if the dimensionality increases, optimiza-
tion algorithms usually require an exponentially increasing number of function evaluations [10] to
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nd the optimal value. Therefore, reducing variables while preserving their information becomes one
of our research goals. And there are some kinds of known methods like single value decomposition
(SVD) [11], PCA, linear discriminant analysis (LDA) [12] to reduce the dimensionality of the data.

In our study, we choose linear-PCA as the feature projection method.

PCA is one of the most widely used algorithms for dimensionality reduction of data. the main
idea of PCA is to map n-dimensional features to k-dimensions, where k is less than n. This k-dimension
is a brand new orthogonal feature also called principal component, which is a k-dimensional feature
reconstructed on the basis of the original n-dimensional features. PCA calculates the covariance ma-
trix of the data matrix, then gets the eigenvalue eigenvectors of the covariance matrix, and selects
the matrix composed of the eigenvectors corresponding to the k features with the largest eigenvalues
(i.e., the largest variance), so that the data matrix can be transformed to the new space when the
dimensionality reduction of the data features is achieved.

Also during the last few years, PCA has proven to be useful when combined with optimization
algorithms. In 2016, Dimitrios Kapsoulis [13] introduced the combination method of Kernel-PCA [14]
with evolutionary algorithm. In the iterative process of traditional evolutionary algorithms, there are
four basic steps. Initialization, selection, crossover and mutation. Dimitrios Kapsoulis applied the
Kernel-PCA method before the crossover operation to reduce the dimensionality of the variables
and after the mutation operation to invert and map the variables at lower latitudes to the previous
dimensions. Dimitrios Kapsoulis con rmed that in subsequent experiments, this new algorithm in the
iterative process has a fast convergence rate as well as a relatively low computational cost.

In 2020, Elena Raponil, Hao Wang [15] apply the PCA method on Bayesian Optimization
(BO) [16] and run the benchmark on COCOJ[17] and assess the performance of PCA-BO in terms
of the empirical convergence rate and CPU time on multi-modal problems from BBOB problem sets
and gain some progress through the PCA method.

2.2.2 Random Forest

Unlike PCA, which is a feature mapping method. The methods we discuss next are another
class of methods called feature selection, each of which has its importance assessment and selects
the important features by their importance for the purpose of dimensionality reduction.

Random forests are often used as one of the feature selection methods in the data preprocessing
phase of many problems. Random forest is a model consisting of multiple trees that embodies the
concept of ensemble learning. Its basic components are decision trees or regression trees. In a random
forest, each tree is a classi er or regressor and RF collects the results of each tree and summarizes a
result. There are three methods to build decision trees: id3, C4.5, and CART. Inside the subsequent
experiments, this thesis only chooses CART to build the tree because only CART is supported for
regression problems.

CART CART's [18] full name is Classi cation And Regression Tree. This implies that it is also
possible to build a regression tree compared to ID3 and C4.5. The CART algorithm is a binary
recursive segmentation technique. The current sample can only be divided into two subsamples, so
each non-leaf node generated has only two branches. Therefore, the tree generated by the CART
algorithm is a binary tree with a simple structure. Even if a feature has multiple categories, the data
can still only be divided into two parts.

When CART deals with classi cation problems, one very important di erence from ID3 and
C4.5 is that while ID3 and C4.5 use entropy as a criterion for reducing the instability of a data set,
CART chooses the reduction of the Gini index [19] as a criterion instead. The Gini calculation is
easier to implement and compute than the entropy calculation, which uses logarithmic operations
and causes time consumption. Here is how the GINI impurity works in classi cation, if the dataset



D hasK classes, each with probabilifyk, the Gini coe cient can be expressed as follows.

X
Gini (D) =1 p2 (10)
k=1

After the D is divided intoD1 and D, by the attribute A, the Gain Gini can be like this:
iDij . . iDij . .
= — + —
Gl (A) iDj Gini (D1) iDj Gini (D) (1D
where,
~ jD1j - the sample amount of DataseD ;

" Gini (D1) - the Gini index of DataseD 1

CART will select the attribute with the smallest Gain Gini as the split point.
On the other hand, if the problem handled by random forest is a regression problem, CART uses least
squares in constructing a binary tree to minimize the sum of residuals between the observations and
the mean in each node. In the input space of the training data, each region is recursively divided into
two subregions and the output value of each subregion is derived. A binomial tree is then constructed
to nd the best attribute j and cut points.

2 3

X

min = 4min (yi c1)?+ min (Vi ©)?5 (12)
be Y xi2Ri(is) “ %i2Ra(is)

where,c; = ave(yijX; 2 Ri(j;s)), c2 = ave(yijxi 2 R2(j;s)), each attributej and cut points has
it's value and CART will split the point with the lowest value. CART will build the tree recursively
according to the formula.

Using Random Forest for selection In 2009, Bjoern H Menze [20] combined the Gini
importance selection in Random Forest with partial least squares regression [21]. The combined
approach is applied to speci ¢ datasets such as medical diagnostics, chemical taxonomy, biomedical
analysis, food science, etc. Finally, they not only reduce the dimensionality, but also erase the noise.

So how does RF select the features? At the beginning of building RF, RF will use Bootstrap [22]
to initialize the dataset. Bootstrap sampling method selects N samples from the original N samples,
and each instance is put back after each sampling operation. When N goes to in nity, the set of
samples taken is about two-thirds of the original sample set, and these are the training set. The
remaining one-third is called the "out-of-bag" (OOB) set. After the RF is built, the RF will use the
OOB to evaluate the model. The details of the random forest algorithm are shown in Alg. 1.

Algorithm 1 Random Forest

Input: Dataset: D5y, Maximum number of decision treesn
Output: Random Forest:RF

1: while Not reachn do

2:  Generate Dataset with the Bootstrap method

3:  Generate the Decision Tree with the CART algorithm
4: end while
5
6

: Use Out-of-Bag(OOB) to evaluate the Random Forest Model
s return RF




After establishing the random forest, for di erent problems, the random forest will have dif-
ferent importance assessment criteria. If the problem is a classi cation problem, then RF uses the
GINI index for feature selection; if the problem is a regression problem, then RF uses the residual
sum of squares (RSS) as an indicator for feature selection. Regardless of the type of problem, after
establishing the RF, the variable importance measure can be expressédMs

Inside the classi cation problem, the GINI index is de ned @&$. If we have a set of C at-
tributes. X 1; X2; X3; 5 Xc], VIM j‘m denotes the average change in node split impurity of attribute
j onm nodes in theiy, decision tree, the GINI index can be computed as follows.

_ iDaj .. . jDaj ~. .

Gl (m) = ﬁG|n| (D) + ﬁG|n| (D2) (13)
where, nodan split the tree into two partsD1 and D 2, Gini (D1) means the GINI Index db; and
Gini (D) is the GINI Index oD . After the tree is split by the node m, the variation of the GINI
Index is shown like this:

VIMjm = Glm Gl Gl (14)

Where GI|, means the GINI Index of the left part split by the node and GlI, indicates the GINI
Index of the right part split by the noden. If the problem is a regression problem, then the criteria
for importance assessment are somewhat di erent. When the tree is partitioned by node m, the sum
of squares of the residuals of the nodes is computable:
X X
RSS = (i c)’+ i ©)? (15)
Xi2R1(m) Xi2Rz2(m)

wherec; = ave(yijx; 2 R1(m)), ¢ = ave(yijXi 2 R2(m)) and the variation of the VIM in this node
is shown like this:

If set M means all the nodes of attributX; in treei. We calculate the importance oX; ini tree
as follows: X '
VIM{ = VIMjp, (17)
m2M

and if RF has n trees, the importance of attribujeis the sum of all trees:

Imp X i
VIM{TE = VIM; (18)
i=1
Therefore, RF can obtain the importance ranking of all features in the dat&sély calculating the
GINI index or RSS for all features, with largerlM meaning more important.

2.2.3 Permutation Importance

Permutation is another method of feature selection. In 2017, Baptiste Gregorutti [23] used
the Permutation importance metric as a ranking criterion for eliminating variables and demonstrated
that this method can acquire good predictions with lower variables. Finding important features in
Permutation is also very simple, when the data has been trained by a model such as RF, then at the
beginning of the algorithm, Permutation will randomly shu e one feature at a time and calculate
the score of the corrupted dataset (e.g., the accuracy of the classi er or the Euclidean distance of
the regressor), and the Permutation method will repeat this stepimes and rank the importance
based on the average score. The details of Permutation in random forests are shown in Alg.2.

In this algorithm Permutation will repeat a feature shu e several times and average it, then
get the importance ranking of the feature based on the score of each feature and select the features
that we want to keep. The higher the score means the more important the feature is.
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Algorithm 2 Permutation in Random Forest
Input: Fitted Random Forest ModelM and datasetD
Output:  Set of importanceS

1: Compute the scores of the modelM on datasetD

2: for each featured in datasetdo

3: Initialize the Sum; =0

4:  while repetition time not reach kdo

5: Randomly shu e the column f of DatasetD and get the corrupted datasetD
6: calculate the scores; with the given modelM and corrupted datasetD., add s¢

into Sum; : Sumy = Sumy + S

7:  end while

8: end for

9: The importancel; for each featuref is: l; = s Sulf”

10: Rank I+ and insert most important features into setS

11: return S
2.2.4 Boruta

In 2010, Miron B. Kursa cite kursa2010feature introduced Boruta. As a new feature selection
method, Boruta is very similar to Permutation, it di ers from permutation in that it does not shu e
one feature at a time, it will shu e each feature in a single run and then construct shadow features,
which will be talked about later. The key ideas of Boruta are shadow features, impurity, Z-score and
binomial distribution, which will be introduced one by one.

Shadow Features First, Boruta creates shadow features with the given dataset. In Boruta,
features do not compete with other features. They will compete with newly created features, which
are called shadow features. Boruta will randomly shu e each feature and get the shadow dataset.
Boruta will then merge the shadow dataset with the original dataset to get a new dataset that ends
up with twice the number of columns as the old data frame.

Impurity After getting the new dataset, Boruta will use a model such as RF to train it and
understand the importance of each feature (including shaded features). Here the importance is
calculated using the GINI index or RSS as a criterion, which is shown in CART 2.2.2.

Z-score Boruta uses Z-score as a criterion for all features, and Boruta calculates the Z-score

several times in succession. The Z-score is calculated by the following formula:
P

T k
Gj .=~ _ k=1 Gj

T (19)

Where,G}} means the importance df feature inky, tree ofiy, iteration and we totally havel trees.
And the Z-score is shown like this:

Z11 Zi2 Zim 23 Z3n
Zy1 Zp Zom 123 Z5,
an Zn2 an Zr511 Zﬁm

Where Zi? means the feature importance of shadow feature, now we compare the importance of
each original feature with a threshold value, which is de ned as the highest feature importance of
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the shadow feature and can be expressedd8* = maxfZ;,;Z5,:::;Z5, 9. When the importance
of a feature is above a threshold, we can call it a "hit" and we can get the number of "hits" for each
original feature inn iterations.

Binomial distribution Boruta uses a binomial test to determine if a feature gives rise to a
importance that is signi cantly lower than its shadow counterpart. With this test Boruta classi es the
features into three categories: unimportant, important and uncertain, and in subsequent experiments
we remove only the unimportant features.

Therefore, this section describes how Boruta determines the importance of features and selects them.
Boruta's pseudo-code is shown in Alg. 3.

Algorithm 3  Boruta
Input: DatasetS, Iteration |1, Random Forest methodRF, tail accounts p
Output: List of Importance L
1: Generate empty ListL
2: while Not reach iterationsdo
3:  Randomly shue each feature of the original dataframe and get the shadow
dataframe, contract the shadow dataframe with the original dataframe to obtain a
new datasetS, ey

4:  Train model RF with Spew

5. Calculate Z-score of each feature

6: Zmax IS the biggest Z-score of shadow features
7. for each featurei of original dataframedo

8: if Z; larger than Z,5x then

9: H|t|:H|t|+1

10: end if

11: end for

12: end while

13: Calculate the binomial distribution of | iterations and the probability p=0:5

14: Append the feature which is in area of irresolution and area of acceptance into List
L

15: return List L

2.2.5 Shapley Additive Explanations

In 2017, Lundberg, Scott M and Lee, and Su-In [24] proposed a uni ed framework. shapley, to
help understand a model and to be able to obtain the importance of each feature. They argue that
their Shapley provides better understanding of features compared to traditional methods.

This section will introduce a new approach Shapley Additive Explanations (SHAP) based on Shapley
Value [6], which is a concept of using cooperative game theory. Then in the case of computer
problems, SHAP uses the idea based on Shapley Value to rank the importance of features and select
the most important ones. And unlike the traditional methods discussed before, SHAP focuses more
on the importance of local features, and it can also integrate the importance of local features to nd
the importance of global features.

The main idea behind SHAP is the Shapley value, which Shapley created in 1953. It is a
method of allocating expenses to players based on their contribution to the total expenses. Players
cooperate in coalitions and receive a certain amount of revenue from this cooperation. And this can
be used in machine learning models as well. Features are seen as "contributions" and SHAP can tell
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us the impact of each feature in each sample. It can also tell us the impact of all the data. Here's
an example to help understand how SHAP works.

Imagine that we have a model that uses featur&s B and C to obtain predicted values
V. SHAP considers every possible combination of feature outcomes to determine the importance
of individual features; in this case, we have eight feature combinations becatise 8. These
combinations are shown in the gure 1. Each node represents a feature combination and each row
represents a feature that is not included in the previous node. Now SHAP will train a model for each
combination. Then, we take a new datey and get the predicted value for each combination, and
we get the result as shown in the gure 2. So, if we want to calculate the Shapley value of feature
A we can do so.

SHAPA(X0) =w1  MCpirag(Xo) + W2 MCarag g(Xo0)t+
w3z  MCatacg(Xo)+ Wa MCatag:c g(Xo)

whereMC a1 ag(X0) = Prediction o(xo) Prediction (Xo) =40 50= 10and the contribution

marginal weight of an feature-model is the reciprocal of the number of possible contributions of all

feature-models and it also be write like this:  © , wheref means the number of feature in current

combination and= means the amount of all features. Thereforg; = wy = % Wy = W3 = % Thus,

3 3
SHAP A (Xo) =(1 1 ) 1 MCaisag(Xo) + (2 5 ) ' MCatasg(Xo)+
3 1 3 1
(2 2 ) MCA;fA;C g(XO) + (3 3 ) IvlCA;fA;B;C g(XO)
= 1133

and we can also get the Shapley value of feature1AP g (xg) = 2:33and C:SHAPc(Xp) =
46.66 and the mathematics explanation of Shapley values is like this:
X jsjm j sj 1) .
= SIS Dhispiy 1) (20)
S M fig M

where,S refers to a subset of features that doesn't include the featui@nd S| i is the subset that
include features irs and also plus featuré and M means total set of all features.

Samely SHAP evaluates the importance of each feature in its unique way and is able to select
the important features.

12



Figure 1: Each node in the gure represents one combination of features, each line means
a feature which is not contained in former node

Figure 2: This gure also shows the predicted value of each model with the new data
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3 Methods
3.1 CMA-ES with Dimensionality Reduction Methods

This section will specically talk about how to combine CMA-ES with the dimensionality
reduction method. It is well known that there are two important steps in CMA-ES (2sBmple
and Update. In this thesis, we try to dynamically insert our dimensionality reduction method into
the Sample part, which means that the dimensionality of the variables obtained from Sample
part of CMA-ES is di erent during each iteration.At the beginning of each iteration of the Sample
operation, we will apply a dimensionality reduction method to the population, which can also be
called elite, based on the population generated in the previous iteration. For the feature mapping
approach, we will get a conversion matrix that can converts the covariance matrix C from high
to low dimensions during sampling in CMA-ES; for the feature selection approach, we will get a
ranking based on importance assessment, representing which features are important, and applying
this ranking will also convert the covariance matrix from high to low dimensions. After obtaining
the low-dimensional populations, our new method also needs to invert the low-dimensional variables
back to the original dimensions for the subsequésypdate section. Note that we will not use our
downscaling method in the rst iteration of CMA-ES, because in the rst iteration CMA-ES does
not have the populations from the previous iteration. Figure 3 shows the ow of this step, and all
the dimensionality reduction used in our thesis adhere to this plan.

Figure 3: This gure shows how dimensionality reduction methods do iBample Oper-
ation of CMA-ES
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3.1.1 CMA-ES with PCA

The rst algorithm to combine with CMA-ES is PCA, and the previous section shows that
CMA-ES has two important parts, sampling and updating. Our proposed merging scheme is to com-
bine PCA with the sampling method of CMA-ES by training PCA with the population data of the
previous iteration before sampling starts, and obtaining the PCA transformation marixhe con-
version matrix is then used to convert the covariance matrix of CMA-ES from high-dimensional to
low-dimensional back to generate low-dimensional samples, and then the pseudo-inverse Pratrix
of the conversion matriP is used to convert the low-dimensional samples to the original dimension.
This concludes the merging of CMA-ES with PCA. Next, an example is used to help understand how
this process works.

Before discussing the example we need to know that the calculation of the covariance satis es
the following equation:

Cov(xy + X2;¥) = Cov(x1;y)+ Cov(xz;y) andCov(a Xx1;b x2)=a b Cov(Xy;X2)

If the original dimension of the, problem is threezdimensional, then the covariance matrix of three

old old old
Cir Cio GC3

dimensions can be obtaine@®d4 g9 g 39 5. Also using the population data from the pre-
& & ok

vious iteration, PCA is applied to obtain the transformation mattix 11 (1) 01 This matrix
converts 3D k1;X2; X3) into 2D (y1;Y2), and the expression for the conversion can be written as
follows: 2 3
X
i _p 10 1 4 Xl 5
Vo 11 0 2
X3

So the new variables are represented as folloyyss x1 Xz andy, = X1+ Xp. Using the
newly obtained low-dimensional variables, we calculate the covari@mgy;Yy,) between the new
variablesy; andys:

Cov(y1;y2) = Cov(x1 X3, X1+ X2)
Cov(x1 X3, X1+ X2)= Cov(x1;X1)+ Cov(x1;X3)+ Cov(Xy;X2)Cov(X1;X2)

. - old old old old — ~old old
Cov(y1;y2)= €1 +C3 + Gy C =C3 Cp

Cov(ysy2) = ¢f§  cff
Similarly the covariance of the new variable with itself can be calculated to obtain the new
low-dimensional covariance matrix. In general, with the given Covariance Mati% and Transform
Matrix P generated by PCA. The rules of gettting ne@{® can be like this:

C_n_ew — ><1 X-] ) . C V0|d. e — 2
i~ PiaPjipCOVyyp; 1) < =m (21)
a=1l b=1

After getting the new Covariance Matri€"®", the sample formula is:
xtD = 04 Oyt wherey, N (0;CY, (22)

and with the sampled solution¥,ew, CMA-ES-PCA will use the pseudo-inverse mat®¥ to get
the populationX : X = PT Ynew

The complete algorithm is shown in Alg. 4. The bolded lines 6-11 explain how the new method
combines CMA-ES and PCA. PCA obtains the transformation matrix(PCA retains 90% of the vari-
ance in experiment) from the population of the previous generation, and then transforms the covari-
ance matrixC from the original dimensional matrix to a low-dimensional matrix. The low-dimensional
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sample is obtained by sampling the low-dimensional CMA-ES, and the original dimensional popula-
tion is obtained by multiplying it with the pseudo-inverse matrix of the transformation matrix. One
thing to note is that the method does not use PCA to obtain the transformation matrix at every
iteration, but updates the transformation matrix after every 20 generations.

Algorithm 4  Covariance Matrix Adaptation Evolution Strategy with PCA
Input: Learning rates: , , ¢, o,

Input: Generation Count: t =0

Input: Attenuation Factor: d

Input:  Evolutionary Paths: p? =0, p =
Input: Default Covariance Matrix: C© = I

Output (t)y- (t)- C(t)

1: Samplex(l) = @+ Oy wherey, N(0;CO),i=1;:;

2: Evaluate x"""'s tness, i =1;::; of each candidate

3: Select top samples based on the tness

4: Update the parameters

5. while Not hit stopping criteria do

6: If The number of iterations is a multiple of twentythen

7. Get the PCA Matrix P with the last generation's population
8. endif

9: Transform the Covariance Matrix from c® to c® with the PCA Matrix

P

10.  Sample x"™ = © + Oy®"D where yi  N(0;CO), i =1;:;
11:  Re-map x(t Vo= pTxtD

12:  Evaluate x(t U's tness, i =1;::; of each candidate

13:  Select top samplq:s based on the best tness

14 (t+1) ) + ( (t+1) (t))

15 pY )p® +FJ’ T2 )co 2%

) Ot (o 1)

17: p(ctﬂ) (1 cp)p(t) cp(2 cp) %

;
18 CtD (1 H)CO 4+ ,ptt it P

t+1) (t+1) T t+1)  (t+1) T
190 Ct+D 1 o . )C(t) + c1p<(:+ )p£+ VA . . WIyI( + )y(.+ )
20 t+1 t
21: end while
22: return  ®: ©:c®

3.1.2 CMA-ES with Feature Selection

In this thesis, we chose four methods: RF, Permutation, Boruta and SHAP as feature selection
to combine with CMA-ES. Similar to CMA-ES-PCA, we mainly applied the feature selection methods
to the sampling process of CMA-ES. Using the last generation population, di erent feature selection
methods can obtain the importance of each feature (variable), and then select the important features
and discard the unimportant ones in order of importance. In our experiments, we take the importance
values obtained by the feature selection methods as a percentage (the sum of the percentages of all
features is 100%) and keep the features with 90% importance.

16



Subsequently, the new method obtains a low-dimensional covariance matrix by saving the rows
inside the covariance matrix that belong to the important features and eliminating the rows that do
not belong to the important features. The same sampling process is then performed to obtain the
low-dimensional samples. For the unimportant features of the current generation, the value of these
features from the previous iteration is used to gain the original dimensional population. The feature
selection method is also used to nd the importance of features every 20 generations and the feature
selection method is not used in the rst iteration because the feature selection methods need to nd
the importance of features by population.

The pseudo-code of CMA-ES with feature selection is shown in Alg. 5. This algorithm is similar
to the above algorithm combining CMA-ES and PCA, the di erence is that the Update parameter is
simpli ed and the bolded lines 6-11 show how the new method works. line 7 uses feature selection to
know which features are important, and then the covariance matrix is dimensioned down according
to the important features to obtain a low Then, the covariance matrix is downscaled based on the
important features, and then the missing values are inserted to obtain the nal population.

Here is an example to help understand how CMA-ES-Feature-Selection works. If the original
dimension of the problem is three, then the covariance matrix must also be three-dimensional and
can be expressed as follows: 2 3

Ci1 Ci2 C3
Col=4 ¢y o G0
C31 C32 Cz3

In the current iteration, if a list of important features [1; 2] is obtained, which contains the
important features selected by the feature selection method based on the population of the previous
iteration. In this example, the feature selection method concludes that features one and two are
more important than feature three. The new low-dimensional covariance matrix can be obtained by
keeping the rst two rows and the rst two columns of the three-dimensional covariance matrix:

chew — Ci1 Ci2
Ca1 C22

For the general case. By the obtained list containing the important features. The rule for
obtaining the new covariance matri@"®" is to keep the columns and rows in the list
clev=cldi2Lj 2L (23)
And sample the new populations by using the new Covariance M&Ax":

x"D = 04 Oy wherey N (0;CH, (24)

By this method, we are able to obtain the new low-dimensional populafg&,. As for the
unimportant features of the current generation, the value of these features from the previous iteration
is used to Il to gain the original dimensional population.

All feature selection methods in this section are similar. The only di erence is that each feature
selection method has its unique way to select features.

3.2 Summary

In this section, we will describe how to combine CMA-ES with two types of dimensionality re-
duction methods: feature projection and feature selection. Di erent dimensionality reduction methods
have their set of means to accomplish the downscaling e ect during CMA-ES sampling, and each of
these dimensionality reduction methods has been proven to be e ective in their domain. Therefore,
theoretically, our chosen dimensionality reduction method can make our variables maintain the origi-
nal features of low dimensionality during the iterative process of CMA-ES populations. However, the
speci ¢ performance depends on the subsequent experimental results and analysis.
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Algorithm 5 Covariance Matrix Adaptation Evolution Strategy with Feature Selection
Method
Input: Parameters: , , ¢, o, c¢.d, p(o) =0, pﬁo) =0
Input: Generation Count: t = 0
Input: Feature Selection Method: FS
Output:  ®; ®.c®
1: Samplex™ = © + ©Oy® wherey; N(0;C®@),i=1;:;
2: Evaluate xi(“l) 's tness, i = 1;:::; of each candidate
3: Select top samples based on the tness
4. Update the parameters
5. while Not hit stopping criteria do

6: If The number of iterations is a multiple of twentythen

7 Get the Important features IF with the last generation's population
8. endif

9:  Transform the Covariance Matrix from c® to ¢ with the IF

10:  Sample x™ = © + Oy"D where y; N(©O;CO), i=1;:;

11: Complement the values of unimportant features

12:  Evaluate xi(”l) 's tness, i = 1;::; of each candidate

13: Select top samples based on the best tness
14:  Update all parameters

15: t+1 t

16: end while

17: return ~ ®; ©.CO

4 Experiments

The purpose of the experiment we designed is to solve the three research questions we men-
tioned above: how the dimensionality reduction method a ects CMA-ES, whether the variables re-
liable after dimensionality reduction, and whether the dimensionality reduction method can shorten
the time consumption of CMA-ES. Therefore, the subsequent experiment can be divided into two
parts, the rst part is used to try to answer the rst two questions, and the second patrt is to try to
answer the last question.

4.1 Impact of dimensionality reduction and the reliable of vari-
ables generated by dimensionality reduction method

For the e ect of the Dimensionality Reduction methods on the general of CMA-ES, we want
to record the new dimensions obtained in the Dimensionality Reduction methods in each iteration
and the average of the evaluated values of the target equations in each iteration. The best-so-far
method is used to visualize the evaluated values and to analyze the similarities and di erences of the
di erent Dimensionality Reduction methods. The x- and y-axes are plotted logarithmically with e as
the base to facilitate the reading and analysis. To determine the validity of the variables obtained by
the Dimensionality Reduction method, we mainly want to gure out if the new method is as e ective
as the original CMA-ES in obtaining the optimal solutions.

18



41.1 CPU Time

To answer whether dimensionality reduction methods combined with CMA-ES can reduce
the computation cost, we recorded the CPU time consumed by each method for each function in
each dimension. In addition, we also record the total number of iterations for each method in each
dimension for each problem going from the analysis.

4.2 Experimental Setup

All new methods are tested on ten multi-modal functions taken from the BBOB problem set [25]
and compare their experimental result with CMA-ES. The methods were tested on functions F15-
F24. F15-F19 are multi-modal functions with an adequate global structure, while F20-F24 are multi-
modal functions with a weak global structure. All methods are tested on dimendbrisf 10; 409
with D 10° function evaluations. The experiment is terminated by reaching a speci ed number
of iterations, or the di erence of evaluation value of two consecutive iterations is less treart!.

To make a statistically signi cant comparison, we conducted 30 independent runs for each pair
of the algorithm, problem, and dimension (the problem instance is xed to zero). Moreover, In
ten dimensions, we added supplementary experiments to the new ve methods, and supplementary
experiments represent a certain probability that CMA-ES does not use the downsampling method in
the sampling process but uses the original sampling method(this probability is 20% in our experiment).
The experiment is worked on an Intel In®| Core—i7-9700K Processor @ 3.6GHz machine with
single-thread mode.

5 Discussion

This section and the next section analyze the experimental results and attempt to draw a
summative conclusion for the research question. This section is also divided into two parts based on
our research question.

5.1 Dimensionality Reduction's general impact on CMA-ES and
the reliable of lower variables

The most intuitive way to investigate the widespread impact of the dimensionality reduction
method on CMA-ES is to compare the results of the new method and the old method in the same
graph. Figure 4, Figure 5, Figure 6, record the evaluation value in each iteration, the average value of
the nal iteration, and the dimensionality change of the dimensionality reduction method during the
iteration. In Figure 4, the length of di erent lines is di erent. The reason for this is that CMA-ES has
its unigue termination criteria. If CMA-ES reaches a speci ed number of iterations or the di erence
of evaluation value of two consecutive iterations is less tian!?, it will be eliminated.

5.1.1 Dimension 10

Overall, CMA-ES performs well for almost all functions, as can be seen in Figure 4, where
CMA-ES converges quickly, and in Figure 5, where CMA-ES obtains the best optimal values in most
functions. For the dimensionality reduction with CMA-ES, feature projection seems to be better than
the feature selection. In all functions, PCA performs roughly similar to CMA-ES, the only di erence
is that PCA requires more iterations to converge, but it nds better results than CMA-ES for some
speci ¢ functions. At the same time, we can also discover from the dimension diagram that PCA
usually reduces the dimension to less than half of the initial dimension, which means that the Low-
dimensional variables obtained from PCA can be relied on.
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For the feature selection methods, Boruta stands out from the rest, while the other three
algorithms: RF, Permutation, and SHAP performed relatively poorly in our experiments. As to why
Boruta is much better than other feature selection methods, even getting better results than CMA-ES
in some functions such as F16, F17, and F18. The dimensional plots in Figure 6 give some evidence.
Moving average [26] is used to facilitate the analysis, the gure without the moving average method
is shown in Appendix B. This graph shows the dimensionality change of the di erent methods at
di erent iterations with di erent functions. What is more, we list the statistics of dimensional change
in Appendix B. Here we give a part of this table, which is shown in Table.1. This table contains the
dimensional changes of all methods only in functions 15 and 16 when the problem's dimension
equals 10. By comparing the picture and the table, we found that Boruta does not have a strong
dimensionality reduction e ect than other feature selection methods. Unlike other algorithms that
move to reduce the dimensionality to 1 or 2 dimensions, Boruta often retains the high dimensionality.
For example, for function 16, Boruta considers all variables essential and no downscaling 37.66%
of the total time. This means that when Boruta is combined with CMA-ES, the covariance matrix
of CMA-ES retains original dimension at a speci c period. Then naturally, the results obtained are
relatively better than other feature selection methods.

PCA Boruta RF Permutation SHAP
D10 | D Percent(%)| D Percent(%)| D Percent(%) | D Percent(%) | D Percent(%)
10 0.06 7 4.33 7 4.28

5 454 | D 6 1200 |10 238 |5 450

F15| 4 29.90 5 29.56 5 26.41 3 45.24 4 36.94
3 58.60 1 40'72 4 38.69 2 52.38 3 4.50

2 6.90 ' 3 12.20 2 49.55

5 16.14 6 17.18 6 4.33

4 39.88 160 2;(153 5 6.04 10 1.22 5 4.33

F16 | 3 18.69 5 866 4 13.75 2 47.56 4 26.41
2 19.94 1 16 11 3 10.31 1 51.22 3 12.99

1 5.30 ' 2 45.02 2 47.62

Table 1: This table shows the dimension changes in dimensionality reduction for théD
problem, where only F15 and F16 are listed; the whole table is in the Appendix 3. In this
table, D represents the unique value of reduced dimensions across all repetitions on this
function. The percentage represents the percentage of times that dimension appears in all
iterations. For each cell of data, only the top 5 dimensions in terms of the percentage of
occurrences are kept.

5.1.2 Dimension 40

For the experiments results performed in high dimension. With the given Figure 4 5 6, we can
conclude that PCA performs roughly the same as at low dimensions. It can obtain the optimal solution
similar to the original CMA-ES and converges faster than other dimensionality reduction methods.
For the feature selection method, Boruta does not show its absolute lead in the ten-dimensional
experiments to other methods, and the lead is small. According to Table 4, we discovered that
Boruta rarely considers all variables to be important in the 40-dimensional condition. Here a part
of the table is given, which only contains the dimension changes in function 15 and 16, shown
as Table 2. Boruta generally considers half or less of the variables to be important. Therefore the
covariance matrix of CMA-ES will often reduce the dimensionality during the iterative process which
is di erent from what it does in ten dimensions. So Boruta does not have a large lead in higher
dimensions. As for other feature selection methods, although they are not as good as CMA-ES or
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Figure 4: This gure records the performance of the dimensionality reduction method in
combination with CMA-ES and the initial CMA-ES in 10 and 40 dimensions at di erent
functions. The top one represents 10 dimensions, and the bottom one represents 40 di-
mensions. The horizontal coordinates represent the number of iterations, and the vertical
coordinates represent the evaluation value at the current number of iterations. Both X
and Y axes are logarithmically processed with e as the base. The shaded area indicates
the 95% con dence interval of the mean target precision. The linear-scaled version can be
found in Appendix A
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Figure 5: This gure explains the nal results of the dimensionality reduction method com-
bined with CMA-ES and general CMA-ES in 10 and 40 dimensions at di erent functions.
The top one represents 10 dimensions, and the bottom one represents 40 dimensions. The
di erent bars represent di erent methods, and the Y-axis represents the optimal value of
each method under the current functions. The error bars used here donate the standard

deviation
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