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Abstract

Higher-dimensional automata are a formalism to model the behaviour of concurrent systems.
They are similar to ordinary automata but allow transitions in higher dimensions, effectively
enabling multiple transitions to be executing at the same time. As ordinary automata generate
string languages HDA generate languages of pomsets with interfaces. We develop some
properties of the category of precubical sets and event consistent precubical sets, which provide
the underlying structure of HDA. We show that the category of higher-dimensional automata
is not cocomplete but does have all small coproducts and filtered colimits. We show that a
HDA is compact if and only if it is finite, that every HDA can canonically be expressed as a
filtered colimit of compact/finite HDA and that the category of HDA is finitely accessible. We
extend the definition of tracks from finite HDA to all HDA and use this to introduce their
languages. We show that the language of a colimit of HDA contains the colimit or union of
the languages of the individual HDA, and that in the case of a coproduct or filtered colimit it
is equal to it. We define parallel composition in the form of a tensor product and show that
the tensor product of colimits of HDA is a colimit of the tensor product of their respective
diagrams. Lastly we show that the repeated parallel composition can be expressed as the
coproduct or filtered colimit of a chain of finite parallel compositions.
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1 Introduction

Higher-dimensional automata (HDA) form a model of "true” concurrency compared to the in-
terleaving concurrency in ordinary automata. HDA were originally introduced by Pratt | ]
and van Glabbeek | |. Where ordinary automata generate languages of strings, HDA generate
languages of partially ordered multisets with interfaces (ipomsets).

The string languages that can be generated by finite ordinary automata are called the regular
languages. The theorem known as the Kleene theorem states that these regular languages are closed
under union, serial composition and serial Kleene star, and that every non-empty regular language
can be generated by basic languages (those languages L = {"a”} for any symbol ”a”) under these
three operations. This gives rise to the question whether such a Kleene theorem exists for HDA
and ipomset languages as well.

This question was explored by Fahrenberg, Johansen, Struth and Ziemianski in their papers | ]
and | |. For this, two new operations were introduced: the parallel composition and the
parallel Kleene star. The parallel composition is what separates the interleaving concurrency of
ordinary automata from the ”true” concurrency of HDA: If we have strings ”"a” and ”b” then their
interleavings would be the strings "ab” and "ba” (as represented by the linearly ordered multisets
(a — b) and (b — a)). However in both cases the strings are still ordered. We say that "a” comes
after ”b” or "b” comes after "a”, they do not take place at the same time. The parallel composition

of the languages {(a — b)} and {(b — a)} gives us the ipomset language {(a —b), (Z) ,(b— a)}.
Instead of linearly ordered sets we have partially ordered sets (which become partially ordered
multisets with interfaces later), the elements a and b in (Z) are not ordered and are therefore

"happening at the same time”.

a a

N A

Figure 1: To the left an automata where its language represents the interleavings of the strings "a
and "b” and to the right a HDA where its language represents the parallel composition.

The automaton on the left in the figure above is an ordinary automata (note that all ordinary
automata can be represented as HDA, as shown in | ]). The automaton on the right is the
same automata but with an added 2-dimensional cell, represented by the grey square. For ordinary
automata there are nodes and edges which represent the transitions between the nodes. In a HDA

an execution can follow any paths admitted by the geometry. The ipomset represents the

a
b
execution path that starts in the bottom left node, transitions to the surface and ends in the top
right node. The parallel composition is the operation on the languages, while the tensor product is
the operation on the HDA that generate those languages such that the tensor product of two HDA

generates the language that is the parallel composition of their two languages.



The languages of finite HDA are closed under the parallel composition, as shown in | ].
However they are not closed under the parallel Kleene star. The tensor product of arbitrary many
HDA generally results in cells of arbitrary large dimension, which means that the resulting HDA is
not finite. The original goal of this thesis was to find ways to give HDA extra structure such that
something similar to the Kleene theorem might be constructed using a condition that is weaker
than finiteness. While this goal was not really achieved, we were able to prove some structural
properties for the category of HDA and the languages of HDA. Among other things, we show a
way to construct a colimit from a diagram of HDA, that the category of HDA is finitely accessible,
that a HDA is finite if and only if it is compact and that the category of HDA is not cocomplete.
We show that the language of a colimit of HDA contains the colimit or union of the languages of
the individual HDA, and that in the case of a coproduct or filtered colimit it is equal to it. We
define parallel composition in the form of a tensor product and show that the tensor product of
colimits of HDA is a colimit of the tensor product of their respective diagrams. Lastly we show that
the repeated parallel composition can be expressed as the coproduct of a chain of finite parallel
compositions.

In section 2, we introduce precubical sets and their morphisms, which form the basis for HDA. We
develop some of their properties, one of which is that a precubical set is compact if and only if it is
finite. With this we also introduce the category of precubical sets Set™”, and prove it is locally
finitely presentable. In section 3 we introduce the condition of event consistency and see if the
properties we proved for precubical sets in the previous section apply to event consistent precubical
sets as well. In section 4 we are finally able to introduce higher-dimensional automata. In section 5
we formally introduce ipomsets and define the gluing composition or serial composition. In section
6 we introduce tracks, which are the execution paths mentioned before, of which their labelling
generates the ipomsets and therefore the languages of higher-dimensional automata. The languages
of HDA and their interactions with colimits are covered in section 7. In section 8 we cover the
tensor product of HDA and their colimits.

2 Precubical sets

In this section we introduce precubical sets, which provide the underlying structure of higher-
dimensional automata. We prove some theorems about colimits of precubical sets and compact
precubical sets. We also prove that the category of precubical sets is locally finitely presentable and
explain what this means.

2.1 Definition of precubical sets

We start with a simplified definition:
Definition 2.1. X is a precubical set if
o X is a family of sets {X"}

neN”

o X has elementary face maps 9], : X® — X" for all v € {0,1}, a,n € Nxy with a < n.
These maps must satisfy the following condition:

n—1 n __ n—1 n
61/,a © 5u,b - 5u,b—1 © 51/,(1
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for alln € Nso, v, € {0,1} and a,b € N with 1 < a <b<n.

Here X" for each n € N is a set containing the n-dimensional elements of the precubical set X.
These X™ are given structure by the elementary face maps 4. It is easiest to look at the elements of
X" as n-dimensional hypercubes, which means that the elements of X° are nodes, the elements of
X1 are edges, the elements of X? are squares, the elements of X? are cubes and the elements of X"
for all n € N5, are n-dimensional hypercubes. The elementary face maps then identify the faces of
these hypercubes. Applying the elementary face maps on an element of X3, which is a cube, gives
us in total 6 possibly different squares. Applying the elementary face maps on a square gives us 4
edges and applying them again on these edges gives us the nodes.

5%,15871(33) = 55,15%,2(55) 5%72(55) 5%,15%,1(33) = 5%,15%,2(35)

31 ()

53,153,1(53) = 56,158,2(95) 58,2(5”) 53,15%,1(55) = 5%,158,2(95)
Figure 2: The square z € X?, its four elementary faces and their four corners.

We will refer to the compositions of zero or more elementary face maps as just face maps and for
certain n € N, x € X we will refer to the elements that can be reached by the elementary face
maps as faces. Since there are two possible choices for v and n possible choices for a we see that
every face can be represented by a combination of v and a for a total of 2n possible faces for an
element in X™.

We say possible because these faces might not always be unique. In the example in figure 2 we
could identify 43, () = 67, () which would make the precubical set into a cylinder or tube. If we
were to identify 0F | (z) = 05 () instead we would get a confusing shape that looks something like
a cone. Note that by identifying edges we also identify the nodes that are attached to the edges.
However we can also identify the nodes without identifying the edges, which would give us the case
of parallel edges that have the same starting and ending nodes. For cases of precubical sets where
not all of the faces are unique it’s easier to first imagine the case in which they are unique, and
then identify elements with each other until one gets the desired precubical set.

Something we mentioned were the starting and ending nodes of an edge. In the case of figure
2 the bottom edge starts at the bottom-left node and ends at the bottom-right node. Here the
starting node is reached by 5(1)71 and the ending node is reached by 5%71. For the elementary face
maps v = 0 gives us the start node and v = 1 gives us the end node. The same works for the square
r € X2 only in two directions. Here a € {1,2} decides which direction, 1 being vertical and 2
being horizontal, and v € {0, 1} decides if we go to the start or the end.

For higher-dimensional hypercubes it works similarly. If we have an n-dimensional element there
are n possible directions or dimensions with each a start and an end. By taking v =0 and a =1
we "remove” the first dimension by moving to its start or end. After that the second dimension
becomes the first, the third becomes the second etc. This is why in definition 2.1 we have b — 1 on
the right side of the equation. For these simple n-dimensional precubical sets it’s possible to see



every element as an n-dimensional vector of elements in {0, I, 1}, where 0 denotes the beginning
of a dimension, 1 the end and " being everything in between. Applying this to figure 2 gives us the
following:

(0,1) (1) (1,1)

(0,1) (1,1)

(0,0)  (I,0) (1,0
Figure 3: The precubical set of figure 2 imagined as a vector space.

This way of looking at things is most useful when looking at a certain higher-dimensional element
and all elements that can be reached by its face maps. However it still works for some more
complicated precubical sets.

(1,0) = (0,0) (1,0) (0,0)=(1,0)

Figure 4: The precubical set of figure 3 with (0, 1) = (1,7 identified.

(0,0,1) (0,1,1) (0,1,1) (I,1,1) (1,1,1)

(0,0,0) (0,1,1) (I, 1,71) (1,1,71)

(07070) (0757 0) (071a0> (I71’O) (1’170)

Figure 5: A precubical set that is the combination of two square precubical sets with the rightmost
and leftmost edges identified. The unlabelled middle edge is (0, 1, ). The dimensions in the vectors
are in the order of the second horizontal dimension first and the vertical dimension last.

It is clear how figure 4 works. Due to identifying the vertical edges with each other there is no
difference between (0, s) and (1, s), where s € {0, 1, 1}. This precubical set can therefore be seen
as a cylinder.

Figure 5 is two 2-dimensional precubical sets glued together on their vertical edges. There are three
sets of parallel edges (the two sets of horizontal parallel lines are separate) which gives us three
dimensional vectors. We will later in section 3 expand on this idea of parallel edges with the notion of

4



events, where all parallel edges correspond to the same event. As we will see then these event consis-
tent precubical sets will also rule out cases like if we identified the edges o3, () and 83 ,(z) in figure 2.

We have now defined precubical sets as families of sets on which elementary face maps are
applied. This works for the most part but we still want to use a category theoretical definition
instead, as it would automatically give us many properties such as cocompleteness (theorem 2.11)
and the Yoneda embedding (remark 2.41.1). We use the following definition:

Definition 2.2. A precubical set is a functor X : [1°° — Set and the category of precubical sets is
the presheaf category Set=”.

The definition for the category [J can be found in | |, where it is the skeletal subcategory of
the precube category [J. We won’t go into much detail here but the result is a definition which gives
something basically identical to our previous definition but this time defined in category theory.
The objects of O are linear sequences (1 — 2 — ... = n) with n € N5; and the morphisms are
such that they generate the face maps we mentioned before. While the reduced precube category [
won’t really be relevant again the fact that the category of precubical sets is a presheaf category
Set™™ is important and will be used for multiple proofs. An understanding that goes beyond the
abstract idea is however not necessary, though not properly defining the (reduced) precube category
does have the drawback that we won’t be able to use the Yoneda embedding for theorem 2.44.
We are now ready to introduce precubical maps. Category theory wise these are just the natural
transformations between precubical sets. In practice we can define them like this:

Definition 2.3. Suppose that X andY are precubical sets. A precubical map f : X — 'Y is a family
of morphisms (f" : X™ = Y™), .y which satisfies the requirement that for all n € N>, v € {0, 1}
and all a € N with 1 < a < n we have

frtody, =00 f"

Here for each n € N the map f" is called the component of f at n. By definition the precubical
map f preserves the dimension of the elements in its domain and commutes with the elementary
face maps (and therefore with all face maps).

Definition 2.4. Suppose that X and Y are precubical sets and f : X — Y is a precubical map.
We say that f is an injective/surjective/bijective precubical map if for all n € N the component
[ X™ = Y™ is injective/surjective /bijective.

Theorem 2.5. A precubical map is an isomorphism if and only if it is bijective.

Proof. 1t is clear that if f is an isomorphism then for all n € N the components f" : X" — Y™
must be bijective as well.

Suppose that for all n € N the components ™ : X™ — Y™ are bijective and have the inverse maps
g" : Y™ — X" which gives us the family of maps (¢" : Y™ — X") . For alln € N, y € Y" there
exists a unique x € X" with f"(x) = y and therefore © = ¢"(y). This gives us that for all n € N>,
v € {0,1} and @ € N with 1 < a < n we have

g o d,(y) =g o, 0 fM(x) =g" o o8], (x) = 0, () = 6,0 9" (y)

which shows that (¢" : Y™ — X™)__ defines a precubical map g : Y — X that is also the inverse
of f: X — Y. This then makes f an isomorphic precubical map. O



2.2 Face map theorems

Up to now we have mostly used the elementary face maps, but we also want to introduce easy
notations for all face maps. There are many more theorems for the face maps than we cover in this
section, which can be found in appendix A.

Definition 2.6. Let X be a precubical set. Then for all n € N we denote the identity face map as
o X" — X" which sends every x € X™ to itself.

Note that these identity face maps can be used to form the identity map idx : X — X, where for
each n € N we have id’y, = 07}.

The face maps are defined as the composition of any amount of elementary face maps, including the
identity map which is defined above. For the compositions of elementary face maps we introduce
the following notation:

Definition 2.7. Let X be a precubical set, let n € N>y and let k € N5y with 1 <k <n. Let V be
a k-dimensional vector with elements v; € {0,1} and let A be a k-dimensional vector with elements
a; € N>y such that for all 1 <1i < j <k we have 1 < a; < a; < n. Then for all x € X™ and all
v € {0,1} we define

n _ sn—k+1 n—k-+2 n—1 n
V,A(‘/E) - 5V17a1 © 5V27a2 © ""5%—17%—1 ° 6Vk7ak <x)

We will use v € {0,1} in place of V' to denote a vector where all elements are identically v.

It’s important to note that we require the vector A to be strictly increasing (if looking at A as a
sequence). This is because of the following theorem:

Theorem 2.8. Suppose that we have n,s € N>y, s <n, vy,...,vs € {0,1} and ay, ..., as € N>y with
1<a, s <n—tforall0<t<s—1. Then there exists an s-dimensional vector A with elements
a; € Nxq such that for all 1 <i < j <n we have 1 < a; < a; < n and a sequence py, ..., pus € {0,1}
for which the following is true:

o

1/17...71/5)7(0,1 ----- as)

(115005 ), A

Proof. This follows from the condition that 6;;" o Oy = 537;: ody, forall n € Nyy, v, u € {0,1}
and a,b € N>y with 1 < a < b <n (note that the statement is trivial for n = 1). We have

n _ sn—s+1 n—s+2 n—1 n
6(111,~~~7Vs),(al7-~-,as) - 51/1@1 © 51/2702 ©...0 51/5717@571 © 51@%

Suppose that for a certain ¢ € N>, ¢ < n we have a; > a;1;. Then we get

(5n—1 o 5n — 5n—1 o 5n

Vt,at Vi41,at4+1 Vi41,at41 vt,at+1

where we have a; +1 > a;1.
Suppose that we have a s-dimensional vectors (v, ..., v,) and (aq, ..., as) as described. We apply the
following algorithm:

1. Let t = 1.

2. If a; > ay4q then:



(a) Swap v, and vy

(b) Increment a; by 1 and swap (a; + 1) and a;44
3. Ifforall 1 <t <s—1wehad a; < a;y; then stop.
4. Else let t =t + 1. If t = s jump to step 1 and if £ < s jump to step 2.

Let z and y mark two elements in (ay, ..., as) such that if elements are swapped then the marks
move with them. If at any point in the algorithm x and y are compared and we have x < y (or
y < x + 1 after swapping) then these marks will never be swapped (again). This is because x and
y can only be compared again if they appear consecutively in the sequence which is true if and
only if they have both been moved the same amount of steps to the right. Assuming that z marks
an element before y we know that x can never overtake y in the sequence before having to be
compared to it.
This means that after two elements are compared the algorithm sorts them correctly relative to
each other. Because the input sequence is finite it takes a finite amount of steps to either compare
every possible pair of elements (which will mean that the output sequence is sorted) or to sort the
sequence. Therefore this algorithm will always return a sorted sequence.
The way the algorithm swaps elements is the same as how they are swapped on the face maps.
Therefore this algorithm results in vectors (4, ..., vs) and A as required, which proves the statement.
O

Theorem 2.9. Fvery face map can be represented as a face map defined in definition 2.6 or
definition 2.7.

Proof. The identity face map is trivial. For the other face maps the statement is proven in theorem
2.8. O]

For the specific case of the face maps X" — X! for all n € N>, we use the following notation:

Definition 2.10. Let X be a precubical set, let n € N>y and let a € N>y with a < n. We define
the n — 1-dimensional vector A? = (1,2,....,a—1,a+1,...,n—1,n).

In other words A is the n — 1-dimensional vector that contains every element > 1 and < n in order
except for the element a. Because of theorem 2.9 these form all the vectors needed to construct
face maps X" — X! for every n € Ns,.

These cover some of the basic notational shortcuts and face map theorems. There are more advanced
face map theorems for which we will refer to appendix A at the end.

2.3 Colimits of precubical sets

Theorem 2.11. The category of precubical sets Set=” is cocomplete.

Proof. Proposition 8.8 from | | gives us that given any two categories C and D, if the
category D is cocomplete then the functor category DC is also cocomplete. Since the category Set
is cocomplete the category of precubical sets Set™” is cocomplete as well. O



So now that we know that every small diagram of precubical sets has a colimit we want to gain some
more insight into the structure of these colimits. In this subsection we will prove some structural
theorems. These proofs will be useful later as well as giving us a better understanding of how
colimits of precubical sets work. At the end of this subsection we will give an intuitive explanation
as to how these colimits work.

We start with a very simple condition for a co-cone to be a colimit.

Theorem 2.12. Let X : J — Set®” be a small diagram and let (L, $) be a colimit of this diagram.
Let (N,v) be a co-cone of X. Then (N,) is a colimit of X as well if the unique precubical map
q: L — N such that q o ¢; = ; for all © € J is an isomorphism.

Proof. Let (M, ) be a co-cone of X and let p: L — M be the unique precubical map such that
po¢; =0; for alli € J. Then poq™t: N — M is a precubical map with po ¢! o = 6; for
all i € J. Suppose that f: N — M is a different precubical map that satisfies the property with
f#poqt. Then foq: L — M is another precubical map that satisfies the property with foq # p
which is in contradiction with (L, ¢) being a colimit. Therefore no such f exists which means that

poq ' : N — M gives us an unique precubical map which therefore makes (N, 1)) a colimit of
X. O

It is important to note that this condition is stronger than L and N just being isomorphic. Take for
example the diagram X : J — Set™ with obj(J) = {1,2}, mor(J) = 0, X? = {1}, X2 = {2} and
X7 = X2 =0 for all n € N>;. A colimit of this diagram is the precubical set Y with Y° = {1,2}
and Y" = () for all n € N5; with the precubical maps ¢{(1) = 1 and ¢3(2) = 2. A co-cone of
this diagram is the precubical set Z with Z° = {1,2} and Z" = () for all n € N5; but with the
precubical maps ¢9(1) = 1 = ¢9(2). Here we clearly have Y = Z but it is also clear that (Z,) is
not a colimit of X.

In this theorem we proved that (INV,v) is a colimit if the map ¢ : L — N is an isomorphism.
Something that is true as well is that ¢ : L — N being an isomorphism is a requirement for (N, )
being a colimit. We will leave this proof up to the reader.

Now a quick theorem about the coproduct, which will be useful at some points later.

Theorem 2.13. Let X : J — Set™ be a small diagram. Then for alln €N, z € |l;c, X7 there
exists unique j € J, y € X7 such that gp?(y) = x, where @ is the injection map of the coproduct.

Proof. This follows from the definition of the coproduct in Set, which gives us that all elements in

a coproduct or disjoint union | |, ; Xj* are uniquely injected. O

This is a rather trivial result, but since it is rather useful it’s best to have it written down. Now we
define a certain equivalence relation:

Definition 2.14. Let X : J — Set™™ be a diagram with J a small category. We define the
equivalence relation ~ on X to be generated by the following: For alln € N, i,7 € J, x € X' and
y € X7 we have

v~y <=3(f:i—j) with Xj(r) =y

We claim that this equivalence relation through quotient sets will give us the colimit of a diagram.
To prove this however will take a while. An alternative definition for ~ is the following:



Definition 2.15. Let X : J — Set"” be a diagram with J a small category. We define the
equivalence relation ~ on X as

(2,7) neN,i,j€J,v€X]' ye X} such that 4
PNk e T, (fiim k), (907 — k) with X}(x) = X2(y)

where T" denotes taking the transitive closure of the set.

It is clear that the set above (before taking the transitive closure) describes a reflexive and symmetric
relation. Note that taking the transitive closure is generally necessary. For example in the case
where we have Xy : X; — X; and X, : X; — X}, but where there exists no maps between X, and
X, for every element x € XI' we wouldn’t have X7 (z) ~ X' (x) without the transitive closure.

Remark 2.15.1. As a consequence of theorem 2.13 the equivalence relation works the same whether
we are talking about elements of X and X7 or elements of [[,c; X{*. We can therefore define a
relation ~ on [[,c; X]' where we have that ¢} (v) ~ ¢} (y) is equivalent to x ~ y.

ieJ
Theorem 2.16. The canonical quotient map [—]" : | .o, X" — | |;c, X{'/ ~ exists for all n € N.
Proof. This follows from the properties of equivalence relations on sets. O

We eventually want to use the quotient maps [—|" to construct a precubical map to a precubical
set which we will eventually prove is a colimit. We first need to prove that the equivalence relation
~ and the quotient maps [—|" properly respect the elementary face maps.

Theorem 2.17. Suppose that X : J — Set"” is a small diagram. For alln € Nxy, 4,5 € J x € X7,
y € X}, ve{0,1} and a € N with 1 < a <n we have

vy = Oy,(x) ~6,,(y)

Proof. Suppose that for certain n € N1, 4,5 € J, x € X" and y € X} there exists a f : ¢ — j such
that X7 (z) = y. By definition for all v € {0,1} and a € N with 1 < a <n we have that

Opa(y) = 0,00 X (@) = X771 00y, (2)

which gives us 4, () ~ 67 ,(y). Due to the way the equivalence relation ~ is generated this gives
us the above result. O

Theorem 2.18. For all [v]" € | |;c, XP*/ ~ there exists a unique [y)"~" € | |,c, X'/ ~, v € {0,1},
a € N with 1 < a < n such that for all z € [z]" we have 6},,(2) € ly]" .

Proof. Because we are talking about equivalence classes every element of | |, ; X is in exactly one
equivalence class. Theorem 2.17 gives us that for u,v € X7, i € J, n € Nif u ~ v, then ] ,(u) ~
0y 4(v) for all v € {0,1} and @ € N with 1 < a < n. Therefore for all z € [2]" the elements 4, ,(2)
are all sent to the same equivalence class by the quotient map [—]" 7 : | |,c; X' — | ,c, X7/ ~,
which proves the theorem. O

Theorem 2.19. We can define a precubical set Y such that Y™ = | |,.; X7/ ~ and [=] : [[,c, Xi —
Y is a precubical map with [—]" defined to be the quotient map | |.., X — | |.., X'/ ~ for all
n € N.

ieJ 1eJ



Proof. Using theorem 2.18 we define the face map such that for all n € N>y, [2]" € | |,.; Xi'/ ~
we have that ¢ ,[z]", v € {0,1}, 1 < a < n is the equivalence class with d;,(y) € ;2] for all
y € [z]". This gives us [—]""' ooy, (z) = o}, o [2]".

Suppose that v,y € {0,1}, n € N>y and a,b € N with 1 <a < b <n. We need to prove that

n—1 n _ n—1 n
51/,a © 5,u,b - 5u,b—1 © 51/,(1

Suppose that [z]" € | |,.; X/ ~. Then for all y € []" we have

n— n n n— n n—2 n— n n—2 n— n n
51/,111 © 5,u,b © [y] = [51/,111 © 6y,b(y)} = [6,u,bi1 © 5l/,a(y)} = 5;;,1711 © 51/,a © [y]

With this Y satisfies all of the necessary conditions for being a precubical set. By definition
[—] : [L;c; Xi — Y is now a precubical map as well. O

Theorem 2.20. Suppose that X : J — Set"” is a diagram and J a small category. (Y,[—] o ¢)
with the precubical set'Y as defined in theorem 2.19 is a co-cone of this diagram.

Proof. Theorem 2.19 gives us a precubical set Y and a precubical map [—]| : [[,.,; Xi — Y.
Combining this precubical map with the injection maps ¢; : X; — [[,, X; for all j € J gives
us the precubical maps [—] o ¢; : X; — Y for all j € J. Suppose that f : j — k is a morphism
in J. Then for all x € X7 we have x ~ X7(x), therefore ¢}(z) ~ ¢} o X}(x) and therefore
[=]" o} (x) = []" o ¢} o X}(z). This makes (Y,[~] o ¢) a co-cone. O

Theorem 2.21. Suppose that X : J — Set"™ is a small diagram and that (N,1)) is a co-cone of
this diagram. For alln € N, i,j € J, x € X" and y € X' we have

T~y = P (r) = Y] (y)

Proof. For alln € N, 4,5 € J and z € X" and y € X' we have that if there exists a f : 4 — j such
that X7 (z) = y then x ~ y and ' (z) = ¢} o X}(x) = ¢} (y) due to the properties of the co-cone.
Because of the way the equivalence relation ~ is generated this gives us the above result. O]

The opposite isn’t true for every co-cone. However it is true for colimits which we will prove now.
Later we will prove that it is true only for colimits.

Theorem 2.22. Suppose that X : J — Set"” is a small diagram with the colimit (L, ). For all
neN,i,jeJ, ze X andy € X we have

v~y = 9t (x) = ¢ (y)

Proof. Theorem 2.21 gives us the implication to the right.

From theorem 2.20 it follows that (Y, [—] o ¢) is a co-cone of X. Therefore there exists a unique
precubical map ¢ : L — Y such that for alln € N, i € Jand 2 € X" we have [—|"op!"(x) = ¢"o¢!"(x).
Suppose that ¢} (z) = ¢ (y) for certain n € N, i,j € J, z € X and y € X7'. Then we get

[—]" o i (x) = ¢" o ¢} (x) = q" 0 ¢} (y) = [-]" o ¥} (y)

and therefore x ~ y, which gives us the implication to the left. O
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Theorem 2.23. Let X : J — Set™ be a small diagram and let (Y, [—] o ) be the co-cone with
the precubical set Y as defined in theorem 2.19 and in theorem 2.20. Then (Y,[—] o @) is a colimit
of X.

Proof. Suppose that (N, ) is a co-cone of X. We start by defining a precubical map p: Y — N as
the following: for all n € N, y € Y™ and for all ¢ € J, x € X" such that [—]" o p"(x) = y we have

p'(y) =p" o [=]" o ¢}(x) = ¥ ()

Note that because of the construction of Y there will always exist such an x. Suppose that 7,5 € J,
v € X and z € X7 with [~]" o (7)) = y = [~]" 0 ¢}(2). This gives us x ~ z, which as a
consequence of theorem 2.21 gives us that ¢'(z) = ¢7(z). This makes p" well-defined for all n € N.
Suppose that n € N>y, v € {0,1} and m € Ns; with m < n. Suppose that y € Y. Then for all
i€ J,xe X! with [—]" o ¢l'(z) = y we have

(=] o gl 0 (2) = 0, 0[] 0 9 (a) = 67,(y)
This gives us
P od(y) = 0" e[S o o by () = ¥ T 0 ), ()
= Oy 00f(x) =05, 0p" o [=]" 0 i (x) = &7, 0 p"(y)
making p : Y — N a precubical map. Let r : Y — N be another precubical map with the property
ro[—]op; = 1. Suppose that y € Y for a certain n € N. Then for all i € J, z € X such that
(=] 0 2(x) = y we have
r(y) =r"o[=]" o pi(x) = i (x) = p" o [-]" 0 ¢ (x) = p"(y)

Therefore for all n € N, y € Y we have r"(y) = p™(y), which gives us that r = p. Therefore p is a
unique precubical map.

Therefore for all co-cones (N, ) of X there exists a unique precubical map p: Y — N such that
po[—]oy; =1 for all i € J, which makes (Y, [—] o ¢) a colimit of X. O

With this we have shown that we can construct our colimit using the coproduct and the quotient
map.

Theorem 2.24. Let X : J — Set"” be a small diagram with the colimit (L, ¢). Then for alln € N,
x € L" there exists at least one i € J, y € X! such that ¢!'(y) = x.

Proof. As a consequence of theorem 2.23 we have ¢ = [—] o ¢. Theorem 2.13 in combination with
the properties of the quotient map [—]™ then gives us the above result. O

Theorem 2.25. Let X : J — Set™ be a small diagram. Suppose that (L, ¢) is a co-cone of X
such that for alli,5 € J,n € N, z € X" and y € X}" we have

e~y == ¢ (r) = 9 (y)

and such that for alln € N, x € L™ there exists a i € J with ¢} (y) = x. Then (L, $) is a colimit of
X.

11



Proof. Using theorem 2.19, theorem 2.20 and theorem 2.23 we get that (Y, [—] o ¢) is a colimit of
X with Y* = | |,.; X7/ ~ for all n € N. Since we have v ~y <= ¢} (z) = ¢}(y) for all 4,j € J,
n €N,z € X" and y € X' we also have

[=]" 0w (z) = [-]" 0 ¢j(y) = &} (x) = ¢} (y)

for all4,j € J,n € N, x € X} and y € X7. Because (Y,[~] o ) is a colimit of X and (L, ¢) is a
co-cone of X there exists a precubical map ¢ : Y — L such that go [—]o; = ¢; for all i € J. Using
theorem 2.24 we get that for all n € N, 2 € Y there exists at least one 7 € J, y € X such that
[—]" o (y) = . Suppose that z,y € Y™ for a certain n € N. Because there exist i,j € J, 2’ € X,
y' € X with [=]" 0 ¢} (2') = z and [—]" 0 @ (i) = y we get

n

¢"(r) =q"(y) = ¢"o[-]"ow; (z) =q"o[-]" 0¥} (y)
= ¢ (@) =¢F(y) = [J"owi (@) =[-]"og] () = z=y

Because we obviously have x =y = ¢"(z) = ¢"(y) we get
¢"(2) =q"(y) <= =y

which means that ¢ : Y — L is injective. Suppose that we have a n € N and x € L". Then there
exists a i € J, y € X" with ¢! (y) = x which gives us that ¢" o [—]" 0 ¢'(y) = x, which makes ¢
surjective as well. Using theorem 2.5 we then get that ¢ : Y — L is an isomorphism, which means
that (Y, [—] o ) is isomorphic with (L, ¢), making (L, ¢) a colimit of X. O

2.3.1 Intuitive explanation of colimits of precubical sets

Now that we have proven some important structural theorems for the colimits of precubical sets,
we want to stop and look at what this looks like in practice.

Let’s start with a simple example of a coproduct. We take the small discrete category J with
obj(J) = N> and mor(J) = ). For each i € J let X; be the precubical set containing two nodes
which are connected by a single edge which we will label z;. This gives us the coproduct

Now we want to look at a colimit that is neither a coproduct nor a filtered colimit. Let J be a
small category with

Ob_](J) = NZI U {(n,n + 1) | n e NZl}

{id; :i —i|i€obj(J)}U
mor(J) = {(fant1:n— (n,n+1))|neNs LU
{(fos1n:n+1—= (n,n+1))|neNs}
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For each i € N>; we let X; again be the precubical set containing two nodes connected by a
single edge labelled z;. For each (7,74 1) € {(n,n + 1) | n € N>} let X(;,41) be the precubical set
containing three nodes and two edges, where node 1 and 2 are connected by the edge labelled x;
and where node 2 and 3 are connected by the edge labelled z;;;. For all i € N>; we define the
precubical maps Xy, .., : Xi = X(41) and Xy, @ Xip1 — X(i41) as mapping the edge labelled
r; in X; to the edge x; in X(;;41) and mapping the edge labelled ;41 in X;; to the edge x;1; in
X(ii+1)- For all 2 € N>, this gives us

Ty
X; : o——0
|
|
Xfi,i+1 ‘+
T Ti41
Xyl - o o
A
|
Xfi+1,i |
|
Ti+1
Xit1 o—— 0

With this we have defined the diagram X : J — Set™™ . Let (L, ¢) be the colimit of this diagram.
Recall that theorem 2.22 gives us that for all 4,5 € J, n € N, x € X" and y € X' we have

e~y = ¢ (r) = 95 (y)

To understand what the colimit looks like we need to look at the nodes. Let ¢ € N>;. In the
precubical set X; we have a node at the start of the edge x; and one at the end. The end node
of X;, as shown in the figure above, is mapped to the same node as the start node of X, in the
precubical set X, ;1. Therefore these nodes are equivalent under the relation ~, which means that
they are also mapped to the same node in the colimit L by the precubical injection maps ¢; and
¢i+1. The same goes for the end node of X;,; and the start node of X;,5, and the same is true for
all © € N>;. The colimit will therefore be as follows:

I i) T3

The diagram we just defined is not filtered however. The objects ¢ € N>; and ¢ + 2 € N5, are not
mapped to a common object. We want to define a filtered diagram with the same colimit as above.
We define J as the following small category:

mor(J) = {(f : (i1,51) = (i2,J2)) | 91,92, 41, J2 € N>y, dp < iy < i < ja}

It is clear that this category has all identity morphisms and all compositions of morphisms. It is
not empty, it has no parallel morphisms and for all objects (i1, j1) , (i2, J2) € obj(J) there exists the
object (max (iy,42), max (j1,j2)) for which both objects are mapped onto. Therefore J is a filtered
category.
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We define the diagram X : J — Set”™ as follows: For all objects (i, j) € J X, ;) is the precubical
set with j —¢ 4+ 2 nodes and j — ¢ + 1 edges labelled z;, ;41,..., ;. This gives us:

T Tit+1 Ly
o o— —>0—— 50

The precubical maps we define as inserting the smaller precubical set into the larger one. This gives
us:

.
Xirgn) o———0— —e——0
| | |
| | |
f | | |
S — | | |
(i1,41),(42,42) v v v
X, . Lig Liy Lj1 Ljo
(i2,42) © >0 © >0 © ©

for all (i1, 1), (i2,j2) € obj(J) with iy < i3 < j; < jo. Using the same arguments as for the
non-filtered colimit it follows that the filtered colimit of this diagram is the same.

2.3.2 Filtered colimits

While we prove everything for all small colimits, we are specifically interested in filtered colimits.
Something we will prove later is that all precubical sets (and all HDA) are filtered colimits of
a small filtered diagram of finite precubical sets (or finite HDA). For starters we will prove the
following property:

Theorem 2.26. Let X : J — Set®” be a small filtered diagram. Let n € N and let I C obj(J) be a
finite subset. For all v € I we identify the elements x; € X' such that for all iy,is € I there exist
j € J and morphisms f :iy — j and g : iy — j such that X} (vi,) = X (25,). Then there exists a
keJ,ye X and morphisms h; : i — k for all i € I such that X (x;) = y.

Proof. The statement is trivial for || € {0,1,2}. Let I = {iy,1is,i3}. For ease of notation we say
that x;, = =1, ©;, = x5 and x;, = v3. We have the objects ji, j3 € J and the morphisms f; : 11 — ji,
f2 i2 = j1, go 1 iz — js and g3 @ i3 — j3 such that X7 (x1) = X3 (z2) and X7, (22) = X7 (23).
Because J is a filtered category we can use the second property which tells us there exists a
k € obj(J) and morphisms hy : j; — k and hsz : j3 — k. Then because hy o fy : is — k and
hs o g : i — k are parallel morphisms the third property then gives us there exists a k' € obj(J)
and a morphism A : kK — k' such that h o h; o fo = h o hs o go. Finally this gives us

X;Zohlofl (1’1) = Xi?ohlofg (‘TQ) = Xi?ohgogg (:BQ) = X;zlohgog;; (1'3)

which proves the statement for all I with |I| = 3.

Suppose that |[I| > 3. We can apply the above for any three elements {ij,is,i3} of I, which
then gives us a k € J and a y € X' as shown above. We can use this to construct a new set
I'({k} U )\ {i1,iq,i3} with [I'| = |I| — 2. Since the statement is true for all |/] € {0,1,2,3} it is
therefore true for all |I| € N. O
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Let X : J — Set"” be a small filtered diagram. Recall that the relation ~ is defined as the
transitive closure of the set in the theorem below. In this theorem we will prove that this set is
already transitive.

Theorem 2.27. In the case that J is a filtered category the equivalence relation ~ can be defined as

{(xy)‘ neN,ijeJ, ze X! yec X} such that }

Jkeld, (fri—k), (g:7— k) with X} (z) = X](y)

Proof. Suppose that for certain n € N, 1,143,173 € J and xy € X7}, v2 € X} and w3 € X there exist
Ji,.J3 € J, frrin = gi, faida = 1, 9o 1 iz — ja and g3 1 i3 — j3 such that X7 (1) = X}, (72) and
X7 (x9) = X7 (x3). Then theorem 2.26 gives us that there exists a k € J and maps hy : jo — k
and hs : j3 — k such that hy o fo = h3 o go. This gives us

Xy o X3 (1) = Xy 0o X3, (w2) = X, 0 X[ (w2) = X, 0 X[ (w3)

which shows that for filtered categories the above set is already transitive, making it the same as
the set in definition 2.14. O

Theorem 2.28. Let X : J — Set"™ be a small filtered diagram. Let n € N and let I C obj(J) be
a finite subset. For all i € I we identify the elements x; € X' such that for all i1,i5 € I we have
T ~ T;,. Then there exists a k € J, y € X]' and morphisms h; : i — k for all i € I such that

Xy, (i) =y.
Proof. This follows from theorem 2.26 and theorem 2.27. [

2.4 Images of precubical sets

In this subsection we introduce a new way of construction precubical sets. Namely through families
of subsets of precubical sets that are closed under the face maps and later through images of
precubical maps. We end this subsection by constructing a certain filtered diagram of certain
precubical sets which will eventually be used to prove that every precubical set is the filtered colimit
of finite precubical sets.

We start with this first theorem:

Theorem 2.29. Let Y be a precubical set. Any family of sets {X"}, . with X™ C Y™ for alln € N
that is closed under the face maps defines a precubical set X and there exists a canonical precubical
map f: X =Y.

Proof. This trivially follows from the fact that Y is a precubical set and we take the definition of
the face maps from there. We can define the precubical map f: X — Y as the one that sends every
r € X" to f'(x) =z €Y foralln € N. O

The family of sets being closed under the face maps means that for all y € Y with n € N if we
have y € X" then for all v € {0,1} and a € N»; with 1 < a < n we have §,(y) € X"

Theorem 2.30. Let X and Y be precubical sets and suppose that X™ C Y™ for alln € N. If for all
n€Nsy, allz € X" CY™, ve{0,1} and a € N3y with 1 < a <n we have (0x),,, () = (0y),, (¥)
then there exists a canonical precubical map f: X — Y.
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Proof. The precubical set X gives us a family of sets {X"} _ that satisfies the conditions in
theorem 2.29. Since the precubical set that is constructed using this theorem has the same elements
and the same face maps as X it is the same as X which therefore gives us the canonical precubical
map f: X — Y. O]

These first two theorems underline the relation between precubical sets and subsets of the components
of precubical sets. As the image of a map is also a subset of the codomain we get the following
theorem:

Theorem 2.31. Let X and Y be precubical sets and let f : X — Y be a precubical map. Then
the image of f, notation f(X), is a precubical set and there exist canonical precubical maps

g: X = f(X)and h: f(X)—Y with f =hog.

Proof. From theorem 2.29 it follows that f(X) defines a precubical set. We can simply define a
precubical map g : X — f(X) with ¢"(x) = f*(x) for all n € N and = € X", which by definition of
f preserves the face maps. We can define h as the canonical precubical defined in theorem 2.29,
which by construction gives us f = hog. ]

This shows that the image of a precubical map is a precubical set. The same is true for the union
of images of precubical maps (with the same codomain).

Theorem 2.32. Let {X;},.; be a family of precubical sets, Y be a precubical set and let {f; : X; — Y}
be a family of precubical maps. Then the union of the images of f; : X; =Y, notation | J,c; fi (Xi),
is a precubical set as well and there exist canonical precubical maps X; — J,c; fi (Xi) for alli € 1.

il

n

Proof. Using theorem 2.29 we define |J,; fi (X;) as the precubical set with (U, fi (X;))" =
U,e; (fi (X3))" for all n € N. Then for all i € I we can define f; (X;) using theorem 2.31. Theorem
2.30 then gives us the canonical precubical maps g; : fi (X;) = U, fi (X;) for all @ € I, which
combined with the canonical precubical maps h; : X; — f; (X;) gives us the precubical map

gioh; :Xi_>Ui€[fi (X5). O

Theorem 2.33. Let {X;},.; be a family of precubical sets, Y be a precubical set and let { f; : X; — Y}
be a family of precubical maps. Then for all S C T C I there exist canonical inclusion maps

UieS fi (Xl) — UieT fi (Xl)
Proof. This follows from theorem 2.30 and theorem 2.32. m

el

In the following theorem we construct the small filtered diagram we mentioned in the beginning.
The goal is that, from some precubical set Y, we can create a small filtered diagram in a specific
way such that every precubical set in the diagram is finite (defined later) and the colimit is Y itself.

Theorem 2.34. Let {X;},.; be a non-empty family of precubical sets, Y be a precubical set and let
{fi : Xi = Y}, be a family of precubical maps. We define the small category J as follows:

obj(J) = {S|SC1I, 1<]8|< o0}

mor(J)={(f:S—=T)|S,T € obj(J), SCT}

We define the diagram D : J — Set"” as the following: For all S € obj(J) we define Dg =
UieS fz (Xz>
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For all morphisms f : S =T if S =T we define Dy : Dg — Dy as the identity map and if S C T
we define Dy : Dg — Drp as the canonical inclusion map.

The category J is filtered. The filtered colimit of this diagram is (U,c; fi (Xi), ¢), with ¢s : Dg —
Uies fi (Xi) the canonical inclusion maps.

Proof. 1t is clear that J is not empty. For all S,T" € J there exists a SUT € J and by definition
morphisms f: S — SUT and g: T — S UT. By definition the category J contains no parallel
morphisms, which therefore makes it a filtered category.

For all S € obj(J) we define ¢g : Dg — |J,c; fi (Xi) as the canonical precubical maps as defined in
theorem 2.33. We define the precubical maps Dy : Dg — D7 as the canonical inclusion maps from
theorem 2.33, which means that for all z € Dg, n € N we have D}(x) =z € Df. Since ¢ and ¢r
are canonical inclusion maps as well this gives us ¢g = ¢ o Dy. This makes (UZE i (Xa), (b) a
co-cone of the diagram D. We clearly have for all n € N, z € (U,, fi (X;))" that there exists a
S € J and a y € D% such that ¢%(y) = .

For all S,T € J,n € N, z € Dg and y € Dr if we have ¢%(x) = ¢%(y) then we have by definition
that x = y. For all S,T" € J we have SUT € J with morphisms f: S — SUT and g: T — SUT
which gives us X7 (r) = x =y = X'(y) and therefore z ~ y. Combined with theorem 2.21 this
shows that ({J,c; fi (X;),¢) satisfies the conditions of theorem 2.25, making it a filtered colimit of
D. O

2.5 Finite precubical sets
We now define what finiteness means for precubical sets, which works as one would expect.

Definition 2.35. A precubical set X : [0°° — Set is called finite if it satisfies the following
conditions:

e For alln € N the set X™ s finite.
e There exists a m € N such that for all n € N with n > m we have X" = ().

Alternatively requiring that | | _ X™ must be finite gives us an equivalent definition.

neN

Theorem 2.36. Let {X;},.; be a family of precubical sets, Y be a precubical set and let {f; : X; — Y}
be a family of precubical maps. If S C I is a finite subset and for all v € I the precubical sets X;
are finite then J,c4 fi (X;) is finite as well.

i€l

Proof. This follows from the fact that for all n € N we have (U, g fi (XZ))n = U,es (fi (X3))" by
definition, since the finite union of finite sets is again a finite set and since for all n > max;eg (m;)
with m; being the dimension of f; (X;) for all i € S we have (g fi (X:))" = U,es (fi (X0))" =
0. O

Theorem 2.37. Let X be a precubical set. For alln € N, x € X™ we can construct a precubical set
Y, which contains only x and every element that can be reached with the face maps from x. There
exists a canonical precubical map 7y, : Y, — X with 72 (x) = x.

Proof. This follows from theorem 2.29. [

Theorem 2.38. Fuvery precubical set is the filtered colimit of finite precubical sets.
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Proof. Let X be a precubical set and let {Y,} . xn. nen D€ the family of precubical sets as defined
in theorem 2.37. Since by definition for all z € X", n € N we have Y, = 7, (Y,,) the family with its
precubical maps satisfies the conditions for theorem 2.34.

Theorem 2.36 gives us that for all finite subsets S C [ the precubical set Dg is finite. Since by
definition we have X = J,. xn. nen Yo this makes X the filtered colimit of a diagram of finite
precubical sets. O

2.6 Compact precubical sets

Now we define what compact precubical sets are. In this subsection we want to prove that this
condition is equivalent with finiteness, which means that every compact precubical set is finite and
every finite precubical set is compact.

Definition 2.39. A precubical set X : [0 — Set is compact if the corepresentable functor
Hom(X,—): X — Set

preserves filtered colimits. This means that for every filtered category J and every diagram Y : J —
Set™™ the canonical morphism

lim Hom (X, Y;) = Hom <X, @Y)

ieJ ieJ
18 an isomorphism.

This definition requires some explaining. What we first need to do is construct a filtered diagram
Hom (X, Y) using the filtered diagram Y. For all ¢ € J we have the objects Hom (X, Y;) and for all
i,j € obj(J), (f :i — 7) € mor(J) we have the maps

Hom (X,Y;) : Hom(X,Y;) — Hom(X,Y))
g — Yiog
Where g : X — Y] is a precubical map which is mapped to the precubical map Y;og: X — Y;.
Let (hﬂiej Hom (X,Y;), @) be a filtered colimit of this diagram, and let <@iej Y;, qb) be a filtered

colimit of the diagram Y : J — Set™”. Then <Hom (X, lim,_, Y;) , Hom (X, gbz)) is a co-cone of
the diagram Hom (X, Y') with

Hom (X,¢;) : Hom(X,Y;) — Hom (X, ling Y;)
g — gioyg
being the injection maps. Note that for all 7,7 € obj(J) and (f :i — j) € mor(J) we have

Hom (X, ¢;) o Hom (X, Y}) = Hom (X, ¢;) since we have ¢, o Yy = ¢;.
Because of the universal property there exists a unique morphism U : l'gie S Hom (X,Y;) —

Hom (X , ligi6 5 Y;), which is the canonical morphism mentioned in definition 2.39. Furthermore

we get the following commutative diagram:

18



. U .
iy, Hom (X,Y;) =~ Hom (X, lim,_, )

AX, (JSZ)

Hom (X, Y;)

D,

for all i € J.
Theorem 2.40. Fvery compact precubical set is finite.

Proof. Suppose that X : [1°? — Set is a compact precubical set. Theorem 2.34 gives us that X
is the filtered colimit of finite precubical sets. Let D : J — Set™" be the diagram defined in this
theorem with X = ligi6 5 D;. We will use the maps shown above. Because X is compact we get
that the canonical morphism

U : lim Hom (X, Y;) = Hom (X, X)
ieJ
is an isomorphism. We have idy € Hom(X, X) and therefore U~ (idy) € lim, _ Hom (X,Y;). By
definition of the colimit on sets the morphisms ®; are jointly surjective for all i € J. Therefore
there exists a i € J and a ¢ € Hom (X,Y;) such that ®;(9) = U~! (idy). This then gives us
idy = Uo®,(g) which because the above diagram commutes gives us idy = Hom (X, ¢;) (¢9) = ¢;0g.
This means that the identity factors through a finite precubical set Y;. Because idy is surjective
the map ¢; : Y; — X must be surjective as well and since Y; is finite this means that X must be
finite as well. O

Definition 2.41. A precubical set X is representable if the following statements are true:

1. There exists a k € N such that | X*| =1 and for all n € N with n > k we have X" = ().
2. Every element in X can be reached by the unique element x € X* through the face maps.

3. Letn,m e N, 1 <m <n andx € X". Then for all v;, p; € {0,1}, a;,b; € N, 1 < a; <n and
1<b; <n foralli e N, 1<i<m such that for all i,7 € N, 1 <1 < j <m we have a; < a;
and b; < bj. Then we have

Z/l7---,V7n)7(a17---7a7n)<x) = 56‘17---7#'m)7(bl7---,b'm)(aj)
if and only if v; = p; and a; = b; for alli € N with 1 < i < m.

This definition also gives us that every representable precubical set is finite as well. From theorem
2.8 it follows that every face map X" — X" with n,m € N, 1 < m < n can be expressed as a
face map o7, 4 a0y With (1, ..., vm) and (a1, ..., am) as defined above. Therefore the third
statement states that every pair of different face maps will map the same element to two different
elements.

This definition might look complicated but the result is that the representable precubical sets are
the most ”trivial” precubical sets of their dimension. A representable precubical set of dimension
0 is simply a single node, one of dimension 1 is two nodes connected by a single edge and one of
dimension 2 is a precubical set like in figure 2. The representable precubical sets are the largest
precubical sets of their dimension that satisfy the first two statements of definition 2.41.
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Remark 2.41.1. Our definition of representability is the same as the precubical set being naturally
isomorphic to Hom (—,C) for some C € 0. If k € N is the number such that | X*| = 1 then this
object is C = [k] = (1 = 2 — ... = k) as described in | ].

Note that if Y : 0 — Set™™ is the Yoneda embedding then for all C' € O we have Hom (—,C) =
Y(C). The k-representable precubical sets are also referred to as the standard k-cubes, analogous
to the terminology in simplical sets.

The above remark would be a very useful fact as it would give us that all representable precubical
sets are compact with little proof, but since we haven’t properly defined the category [] we can’t
really do that. Proving it manually will also give us more insight as to how precubical sets, precubical
maps and colimits work.

Theorem 2.42. Let X and Y be finite precubical sets of dimension k € N that satisfy the first
two properties of definition 2.41. Then there exists a precubical map f : X — Y if and only if for
v € X* and y € Y* we have

k _ sk
5(u1,...,um),(a1,.“,am)(37) = 5(p1,..A,um),(b1,...,bm)<‘CE)

=

k _ Sk
(5(V17"'7Vm)=(a17"'7a7n)(y> - 6(M17--'7Nm)7(b17“'7bm)(y)

for all v, p; € {0,1}, a;,b;, € N, 1 < a; <n and 1 <b; <n foralli € N, 1 <i<m such that for
allv,j €N, 1 <1 <35 <m we have a; < a; and b; < b;.

Proof. Let f : X — Y be a precubical map and let € X* and y € Y*. Then we have to have
f¥(x) = y and because f commutes with the face maps we have

frmody, (z) = f*m o4 ()

V1,...,um),(a1,...,am) ulv"'vum)v(blv"'7bm)

k k _ Sk k
5(V1,...,Vm),(a1,...,am) © f (l‘) - 6(#1»~~~a#m)9(b17-~~:bm) © f (x)

Suppose that the implication is true. We can define f* : X™ — Y™ for all n € N with f*(z) = y and

k—m k k
f © 5(V1,...,Vm),(a17...,am)(m) = 5(V1,...,Vm),(a17...,am)(y)

with m = k — n. Because of theorem 2.8 and the third property of representable precubical sets
every element in X" with n € N, n < k can be described as 6, . (z) for certain
(v1y ..., Vk—p) and (aq, ..., ax_p). This describes the behaviour of f™ for all n € N on every element
of X™ and since the implication in the theorem statement is assumed to be true this makes f™
well-defined. Since the components commute with the face maps by definition the family of maps

{f™},.en satisfies the properties for precubical maps and therefore f is a precubical map. O

There are two things to note: The first is that the precubical map f : X — Y in the theorem
above is always unique, since there is only one element € X* can be mapped to and every other
mapping is then defined by the requirement that f commutes with the face maps. The other thing
to note is that in the case that X is representable then the statement is true for every precubical
set Y that has the required properties. This leads into the following theorem:
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Theorem 2.43. Let X and Y be precubical sets such that X is a representable precubical set of
dimension k € N. Then for every y € Y* there exists a unique precubical map fy: X =Y such
that for the unique element x € X* we have f:(x) =y. These are the only precubical maps X — Y.

Proof. Using theorem 2.29 we can create a precubical set Z with Z* = {y} which is closed under
the face maps (Z*~! contains every element that can be reached by an elementary face map from
y, Z*=2 contains every element that can be reached by an elementary face map from an element
in Z*=! etc.). This gives us the precubical map g : Z — Y with ¢*(y) = y. Theorem 2.42 then
gives us that there exists a precubical map h : X — Z, which then gives us the precubical map
fy: X =Y with f, =goh.

Since we must have h¥(z) = y (with z € X*) this gives us f}(z) = y as required. Note that f,
must be unique, since the requirement f; (x) = y determines the mapping of the other elements
because precubical maps must commute with face maps and every other element can be reached by
x through the face maps.

Note that because z € X* needs to be mapped to some y € Y* these precubical maps are the only
precubical maps X — Y. O]

This means that any precubical map f: X — Y with X a k-dimensional representable precubical
set can be uniquely identified with a y € Y*. We can now finally prove the following:

Theorem 2.44. All representable precubical sets are compact.

Proof. Let X be a representable precubical set of dimension n and let D : .J — Set™™ be a small
filtered diagram with the colimit <hgZe 5 D;, ¢>. Recall the diagram below theorem 2.39. Suppose
that @ie S D; is not empty (in which case the statement would be trivial, since then both sets in
the top of the diagram would be empty as well).

Let f € Hom (X , %ﬂie 5 Di). Because of theorem 2.43 there exists a unique y € ligi6 ; D? such
that for the unique element x € X" we have f"(x) = y. Also note that f is the only precubical
map in Hom <X , liénie 5 Di) that sends = to y. Theorem 2.24 then gives us that there exists a ¢ € J
and a x; € DI such that ¢F (z;) = y. Using theorem 2.43 again gives us that there exists a unique
precubical map g € Hom (X, D;) with ¢"(z) = x; and therefore ¢} o g"(x) = ¢} (z;) = y. Therefore
the morphism Hom (X, ¢;) sends g to f, which also means that U o ®; o g = f. This then gives us
that U is surjective.

Let f1, fo € 1;1131,6] Hom (X, D;), f € Hom <X, 1;1131,6] Di> such that Uo f; = Uo fy = f. Then there
exist 4, j € J, g; € Hom (X, D;) and g; € Hom (X, D;) such that ®; o g; = f; and ®; 0 g; = f5. This
then also gives us that U o ®;0g; = f and U o ®; 0 g; = f which gives us that ¢;0 g, = ¢;09; = f.
Because of theorem 2.43 there exist unique z; € D}, z; € D} and y € hﬂie S D7 such that
97 (x) = xi, g7 (x) = x; and f"(z) = y. This gives us ¢} (z;) = ¢} (z;) =y, which due to theorem
2.22 means that there exist k € J, h; : D; — Dy, and h; : D; — Dy, such that h;o0g; (z;) = hjog; (z;)
and therefore h; o g; = h; o g;. This means that we have Hom (X, h;) (¢;) = Hom (X, h;) (¢;) and
therefore f1 = ®; 0 g; = ®; 0 g; = fo. This then gives us that U is injective.

Therefore the canonical morphism U : hgie 5 Hom (X, D;) — Hom (X , hﬂie S Di> is an isomorphism

for every small filtered diagram D : J — Set™™, which means that X is a compact precubical
set. O
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Theorem 2.45. The finite colimit of compact precubical sets is again a compact precubical set.
Proof. This follows from proposition 1.3 of | . O
Theorem 2.46. Every finite precubical set is compact.

Proof. Let X be a finite precubical set of dimension k& € N. We define the small category J as

obj(J) = | | X"

neN
mor(J) = {(f : 0y 4(x) = ) |n,m e N, z € X", V, A with |[V| = |A| =m}

We define the diagram D : J — Set"™ where for all n € N, z € X" the precubical set D, is a
representable precubical set of dimension n and for all ( [ oy 4(z) — x) we define Dy : Dsn (2 —
D, as the precubical map that sends the unique element of D%A(x) to oy 4(y), with y being the

unique element of D7,

We can then define (X, ¢), with for all n € N, z € X" the injection maps ¢, : D, — X being the
canonical precubical maps that send the unique element of D7 to x € X™. Suppose that we have
1,7 € J and a morphism f : 7 — j. Let x € X™ with n € N be the element x = j. By definition
we have i = 0y, 4(x). The precubical map ¢; sends the unique element of D} to oy 4(z) and the
precubical map ¢; sends the unique element of D7 to z. Because of theorem 2.43 there exists at
most one precubical map from D; to X. Since we have ¢; : D; — X and ¢; 0o Dy : D; — X this
means that we must have ¢; = ¢; o Dy. This makes (X, ¢) a co-cone of D.

Suppose that we have n € N, ¢,5 € J, x € D}’ and y € D} such that x ~ y. Theorem 2.21 then
gives us that ¢ (r) = ¢} (y).

Suppose that we have n € N, 4,j € J, x € D" and y € D7} such that ¢} (z) = ¢7(y) = 2. Then
there exist precubical maps D, — D; and D, — D; which send the unique element of D? to x and
y respectively. This then gives us that x ~ .

For all n € N, z € X" we have x € J such that ¢; : D, — X sends the unique element of D} to x.
Therefore (X, ¢) satisfies the requirements for theorem 2.25 which makes it a colimit of D.
Because X is a finite precubical set | |, .y X" is finite as well and therefore .J is a finite category.
The precubical sets D; are representable for all ¢ € J which because of theorem 2.44 makes them
compact. Therefore X is the finite colimit of compact precubical sets which because of theorem
2.45 makes it compact. O

Corollary 2.46.1. A precubical set is finite if and only if it is compact.
Proof. This follows from theorem 2.40 and theorem 2.46. O]

2.7 Category of precubical sets

We can now understand the following definition:

Definition 2.47. A category C is locally finitely presentable if it satisfies the following condition:
1. C is cocomplete.

2. The full subcategory C. of C consisting of the compact objects is essentially small.
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3. Any object in C is a filtered colimit of a diagram of compact objects.
As we have proven before of course we can replace ”compact” with ”finite” in the above definition.

Theorem 2.48. For C any small category the category of presheaves Set® is locally finitely
presentable.

Proof. This follows from remark 3 of | - O

Theorem 2.49. The category of precubical sets Set"” is locally finitely presentable.

Proof. Since [1° is small theorem 2.48 gives us that Set"™ is locally finitely presentable. O

In later chapters we will keep checking how many of the conditions stated in definition 2.47 remain
true for the category of event consistent precubical sets and the category of HDAs. While these
categories might not turn out to be locally finitely presentable it’s still interesting to see why not
and what does turn out to be true. The same goes for the equivalence of finiteness and compactness.

3 Event consistent precubical sets

In this section we introduce event consistent precubical sets, which are precubical sets that satisfy
a certain condition. This condition introduces the idea of events, which will become relevant
when we move on to higher-dimensional automata. We will look at colimits of diagrams of event
consistent precubical sets, we will introduce the category of event consistent precubical sets as a full
subcategory of Set™” and look at what of the conditions for local finite presentability it inherits.

3.1 Definition event consistency

Using lemma 18 from | | we get the following:

Definition 3.1. A precubical set X is event consistent if and only if there exists an equivalence
relation = on X' such that for all z € X?, v,pu € {0,1} and a,b € {1,2} we have &}, ,(x) = 6, ()
if and only if a = D.

Here we have defined an equivalence relation on the set of edges of a precubical set. To understand
how this equivalence relation works it is best to look at the following example again.

5%,158,1(1’) = 53715%,2(95) 5%,2(513) 5%,15%,1(95) = 5%,15%,2(@

051 () 0% 1(x)

5(1),158,1(95) = 55,15(2),2(33) 58,2(33) 53,15%,1(37) = 5%,158,2(55)

Figure 6: The square x € X?, its four elementary faces and their four corners.
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The condition on the equivalence relation is that for all x € X2, v, u € {0,1} and a,b € {1,2} we
have o7 ,(x) = 67 ,(x) if and only if @ = b. This means that in the example above we must have
051(z) = 07 (=) and &5 ,(x) = 07 4(x) and we must also have &3, (x) # 05,(x), 05, (x) # 07,4(2),
07 1(x) # 65 4(x) and 07 | (x) # 07 ,(z). In other words: the parallel edges are equivalent under =
and edges that have a common higher face (in this case ) but that are not parallel cannot be
equivalent under =. A precubical set is event consistent if such an equivalence relation can be
realized without contradiction. The above precubical set is a very simple and clear example of an
event consistent precubical set. For an example of a precubical set that is not event consistent we
have the following: We start with a precubical set

6871@) z Y %

58,2(2)

which consists of three squares x, y and z glued together by identifying 07 ,(x) = dg,(y) and
07 1(y) = 83 1(2). This precubical set is still event consistent. We can define an equivalence relation
with four different equivalence classes: one containing all of the vertical edges and three containing
both horizontal edges for each of x, y and 2. This is the smallest possible equivalence relation as
defined in definition 3.1, which we will later refer to the event relation. With this it becomes clear
what we can do to make the precubical set not event consistent. By identifying 05, (x) = 0§ 5(2) we
get the following precubical set:

Figure 7: Example of a precubical set that is not event consistent (left and bottom right edges
identified). Taken from | ].

Here we have to have o3, (z) = d;,(z), but since we have identified 4 () = 05 ,(2) this then also
gives us 03, (2) = 055(2). This means that there exists no equivalence relation that satisfies both
conditions as defined in definition 3.1, which means that this precubical set is not event consistent.
One might look at this example and think that a precubical set cannot be event consistent if for
certain 2,y € X? and v, u € {0, 1} we have 67, (z) = 0, 5(y), but this is not the case. It is only a
problem if we would also have 0, ,(x) = 07, 5(y), since this would by the transitive property give us
051 (xz) = 07 (). A precubical set is not event consistent if it contains a square of which all of the
edges have somehow become parallel.

Event consistency of a precubical set depends on the existence of an equivalence relation that
satisfies certain properties. We can instead using one of the properties define a unique equivalence

relation which we will refer to as the event relation.
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Definition 3.2. Any event consistent precubical set X admits a smallest equivalence relation owing

to lemma 18 from | |. It is given as the transitive closure of
{(62,(x),02 () |z € X2, v, u€{0,1}, a € {1,2}}. We will refer to this smallest equivalence

relation as the event relation, and we call its equivalence classes the universal events of X.

We will now mostly refer to the event relation, instead of a possible different equivalence relation.
It is by definition the smallest equivalence relation such that for all z € X2 v, € {0,1} and
a,b € {1,2} if a = b, and therefore if it doesn’t satisfy the ”only if” part of the condition then
no equivalence relation will (since this requires certain element to not be equivalent). Note that
the event relation exists for all precubical sets, but doesn’t always satisfy the "only if” part of the
condition.

It is now clear what we mean when we are talking about events of precubical sets. Edges correspond
to single events, the squares correspond with two events executing at the same time and the cubes
correspond with three events executing at the same time. This continues for higher dimensions.
The event consistent precubical sets will eventually become the base for our higher-dimensional
automata.

We have looked at some examples of event consistent precubical sets. In the next theorem we will
prove that all representable precubical sets are event consistent, which because of the proof of
theorem 2.46 can be used to construct any other finite precubical set through a colimit, which
then can be used to construct any non-finite precubical set through a filtered colimit as proven in
theorem 2.38.

Theorem 3.3. All representable precubical sets are event consistent.

Proof. Let X be a k-dimensional representable precubical set with k£ € Nso. Note that the statement
is trivial for 0-dimensional and 1-dimensional precubical sets, since by definition they are always
event consistent. From theorem 2.9 it follows that all face maps X* — X! can be represented as
5"“/’ Ak (z), with x € X* the unique element, V a k — 1-dimensional vector of elements v; € {0,1}
and A’; as defined in definition 2.10 with a € N, 1 < a < k. Note that because of the definition of
representable precubical sets the representation for every element X' is unique.

Let a,b e Nwith 1 <a < kand1<b<kandletV and U be k — 1-dimensional vector of

elements v;, 1i; € {0, 1}. Suppose that there exists a y € X?, ¢ € {1,2} such that 63 (y) = 6}, ,.(2)

and 67 (y) = 0y, ,.(x). Then we have a = b and the vectors V and U are the same except for a
) Ap

single element. This follows from the fact that y can also be uniquely represented as y = 551/7 ()
with k& — 2-dimensional vectors TV and A as in definition 2.7. Then we get 87, ,.(x) = 63, 0 6, 4(2)

and 5’5,’14,; (z) = 67, 0 Ofy 4 () from which we get 6"“/7% () and (55%@. (x) through applying the same
identities, which proves the statement.

Note that the opposite is true as well. Let « € N with 1 < a < k and let V; and V; be k — 1-
dimensional vectors of elements v;, u; € {0, 1}. Suppose that there exists a j e N, 1 < j <k —1
such that for all i € N, 1 <1 < k—1 we have v; = p; if and only if i # j. This gives us the elements
(5"“,0’ ax(7) and (5@17 ax (7). There exists a k — 2-dimensional vector A with every element of AF except
for a; and a k — 2-dimensional vector V' with every element of Vj and V; except for v; and v; such
that 5"“/07% (x) = 58’%7#1 0 6, 4(x) and 5"“/17% () = 53%7%1 0 0F 4(x).

We now define the equivalence relation =x on X' as

{((5"37145(30),(55145(3:)) |z € X" aeN,1<a<k V,UEc {O,l}k}
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It’s clear that this relation =y is reflexive, symmetric and transitive. Suppose that we have y € X?2,
v, i € {0, 1}, b, c € {1, 2} with 7, (y) =, d. .. Then we have 07, (y) = 0, () and &, . = 6 4 (2 )
for certain vectors V, U and A* which is true if and only if b = c¢. This shows that =y satisfies the
conditions of definition 3.1 which makes X an event consistent precubical set. O

3.2 Preserving event consistency

Theorem 3.4. Let X and Y be precubical sets, let f : X — Y be a precubical map and let =x and
=y be the event relations on X' and Y'. For all x;, 79 € X' we have

T1 =X T2 = f1 (1) =y f1 (z2)

Proof. The equivalence relation =y is defined as the transitive closure of

{(02.(1),2.(v) |y e Y2 v,pe 0,1}, a e {1,2}}

and the equivalence relation =y is defined as the transitive closure of

{(6(x),0, () |z € X*, v,n e {0,1}, a € {1,2}}

We define =y (x) as the transitive closure of

{(0a0 f2(2), 8500 f7(2) |2 € X, v, ne{0,1}, a € {1,2}}

which is equal to the transitive closure of

{(67.).02.(y) |y eY? Jz e X?st. f2(x) =y, v,ne{0,1}, a € {1,2}}

Here we clearly have for all 21,20 € X' that 21 =x 2o = [ (21) =px) [ (22). Since =y (x)
must be contained within =y we get the result. O

Theorem 3.5. Let X and Y be precubical sets and let f : X — 'Y be a precubical map. If Y is
event consistent then X s event consistent as well.

Proof. Suppose that X is not event consistent. Then there exists a # € X? and v, u € {0,1} such
that 67,(2) =x 0., 5(x). Theorem 3.4 then gives us that

512/,1 ° f2($) = fl © 53,1(515) =y fi0 52,2(95) = 55,2 © f2(x)

which would make Y not event consistent. This means that no such = € X? can exist and therefore
X is event consistent as well. O

Theorem 3.6. Let X : J — Set"™ be a small diagram. If X has an event consistent co-cone then
X, is event consistent for all i € J.

Proof. Let (N,1)) be an event consistent co-cone of X. Then for all i € J there exists the precubical
map v; : X; = N which using theorem 3.5 gives us that X, is event consistent for all ¢ € J. ]

Theorem 3.7. Let X : J — Set"” be a small diagram. If X has an event consistent co-cone then
it has an event consistent colimit.
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Proof. Let (N,1) be an event consistent co-cone. From theorem 2.11 it follows that X has a colimit
(L, ¢). By definition there must exist a precubical map ¢ : L — N, which because of theorem 3.5
gives us that L is event consistent as well. O]

Theorem 3.8. Let X : J — Set™™ be a small diagram and let (L, ¢) be the colimit of this diagram.
For alli € J let =; be the event relation on X}.

We define the relation =5 on L' as the following: for every two elements i,y € L' we have
Y1 =1 Yo if and only if there exist i € J, X; with 11,15 € X} such that ¢} (z1) = y1, &} (22) = o
and x1 =; xo. If J is a discrete or filtered category then this relation =y, is well-defined and is equal
to the event relation.

Proof. 1t is clear that the relation = is reflexive and symmetric. Suppose that we have yy, y2,y3 € L!
with y; =7 y» and y» =, y3. Then there exist i,j € J, vy, 15 € X} and 2y, 23 € le with ¢} (z1) =y,
¢; (12) = yo = ¢; (25) and ¢; (x3) = ys such that z; =; 5 and x5 =; 3.

In the case that J is discrete theorem 2.13 gives us that o = x5, and i = j, which because =; is
transitive gives us x; =; x3 and therefore y; =, y3.

Let J be a filtered category. Theorem 2.22 gives us that since we have ¢} (z2) = ¢} (25) we therefore
have x5 ~ zi,. Theorem 2.24 then gives us that there exists a k£ € J and morphisms f : i — k
and g : j — k in J such that X} (z2) = X (25). As a result of theorem 3.4 the event relation is

9
preserved through precubical maps which gives us

X7 (21) =% XF (22) = X (25) =x X (23)

which gives us X7 (z1) = X (73) and therefore y; =y, ys.

In both cases the relation =y, is therefore an equivalence relation.

Let y € L? and let ¢ € J, x € X? such that ¢}(z) = y. Then because for all a € {1,2} and
v, € {0,1} we have 07 ,(z) =; 0> ,(x) we by definition also have &7, ,(y) =1 0, ,(y). Since the event
relation is the transitive closure of these relations and since = is transitive this gives us that if
two elements are equivalent by the event relation then they are equivalent by =, as well.

Let y1,y2 € Y such that y; =, y». By definition there must exist i € J, x1,22 € Xi1 with
é; (x1) = vy and ¢} (z2) = y» such that z; =; 5. Theorem 3.4 then gives us that y; and y, must
also be equivalent by the event relation.

This gives us that two elements are equivalent by the event relation if and only if they are equivalent

by =, which gives us that =, is the event relation. O]

Theorem 3.9. Let X : J — Set"” be a small discrete diagram. The coproduct of this diagram is
event consistent if and only if X; is event consistent for all 1 € J.

Proof. From theorem 3.6 it follows that if the coproduct is event consistent then for all i € J, X is
event, consistent as well.

Let (L, ) be a coproduct of the diagram, let =y, be the event relation on L' and for all i € J let =;
be the event relation on X}. Suppose that there exists a y € L? such that there exist v, u € {0,1}
for which we have 07, (y) =L 0} (). Theorem 2.13 gives us that there exists a unique i € J, z € X7
such that o7 (z) = y. We have to have @} 097 (z) = 07, (y) and @; 061 o () = 07 5 (y) due to theorem
2.13 again. Then because of theorem 3.8 we have to have d;;, () =; 9], 5(z), which is in contradiction
with X; being event consistent. Therefore such an element y € L? cannot exist, making L event
consistent as well. O
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Theorem 3.10. Let X : J — Set"” be a small filtered diagram. The filtered colimit of this diagram
1s event consistent if and only if X; is event consistent for all i € J.

Proof. From theorem 3.6 it follows that if the filtered colimit is event consistent then for all i € J,
X, is event consistent as well.

Let (L, ) be a filtered colimit of the diagram, let =; be the event relation on L' and for all
i € J let =; be the event relation on X;. Suppose that there exists a y € L? such that there exist
v, i € {0,1} for which we have 6,(y) =L 97, 5(y)-

Theorem 2.24 and theorem 3.8 gives us that there exists ai,j € J, x € X?, #; € X and z, € X7
such that ¢7(z) =y, ¢j (x1) = 07,(y) and ¢; (z2) = 67 ,(y) with 21 =; 25. Since J is a filtered
category and by theorem 2.24 we have z; ~ 97, (x) and g ~ §7} 5() there exists a k € J and maps
fri—k g:j— ksuchthat X;o0} (x) = X, (1) and X o0 y(x) = X (23). Theorem 3.5 then
gives us that X o 07, (z) =, Xjod,,(z) and therefore 67 o X7(x) =4 07, 0 X7(x), which is in
contradiction with X} being event consistent. O]

Theorem 3.11. Not every colimit of event consistent precubical sets is event consistent.

Proof. We can show this using a simple example. We define J as the small category with obj(.J) =
{1,2} and mor(J) = {(f:1—=2),(g: 1 — 2)}. We define the diagram X : J — Set™ as the
following;:

X1 X2
2 5 X}(a) 7 Yy z

X, (a)

Here the precubical maps Xy : X; — Xy and X, : X; — X, send the element a € X! to
the elements 43, () and 05 ,(z) respectively. This gives us that d;,(z) ~ d3,(2), and therefore
¢35 0051 (x) = Py 083 ,(2) with ¢ the injection map for the colimit (L, $) of the diagram X. If we
take = as the event relation on L' then we get

53,1 o ﬁb%(l') =L 5%,1 o @bg(I) = 63,1 o ¢§(?J) =L 5%,1 ° ¢§(y> = 53,1 o ¢§(Z)

which gives us that 63, o ¢5(x) =L 65, 0 ¢3(z). Because we have 05 ; 0 p3(x) = 05, © ¢5(z) this then
gives us that 03, o ¢3(2) =L 054 © #3(2), which means that L is not event consistent. Moreover, the
colimit L is actually also the precubical set shown in figure 7. O]

3.3 The category ECPS

As we have defined the category of precubical sets Set™", we now also want to define the category
of event consistent precubical sets.

Definition 3.12. The category ECPS is the full subcategory of the category of precubical sets Set™”
containing only the event consistent precubical sets and their morphisms.
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The category ECPS is a subcategory of Set™”, which means that it inherits many of the properties
of the precubical sets. We are specifically interested in local finite presentability, but before that we
first need to make sure colimits and compactness work properly.

Theorem 3.13. The category of event consistent precubical sets ECPS is not cocomplete.

Proof. As a result of theorem 3.11 the category of event consistent precubical sets is not cocomplete,
since there exist diagrams of event consistent precubical sets with colimits that are not event
consistent. [

Definition 3.14. We define v : ECPS — Set™" as the canonical inclusion functor.

The reason why we define something like this is because we need to make sure colimits and
compactness are the same irregardless if we are working in the category Set™" or ECPS.

Theorem 3.15. Any diagram in ECPS is an event consistent diagram in Set™" and any event
consistent diagram in Set"” is a diagram in ECPS.

Proof. Let X : J — Set™”™ be an event consistent diagram in Set™”. The fact that it is a diagram
in ECPS as well follows from the fact that ECPS is a full subcategory of Set™”, containing all event
consistent precubical sets and all precubical maps between event consistent precubical sets. This
means that for all objects ¢ € J and all morphisms f € J the event consistent precubical sets X;
and the precubical maps X are contained in ECPS and have the same properties, which gives us
that X is a diagram in Set™ as well.

Similarly all of the objects and morphisms in ECPS are contained in Set™", therefore if X : J — ECPS
is a diagram in ECPS then it must be an event consistent diagram in Set™” as well. O

Theorem 3.16. Any co-cone in ECPS is an event consistent co-cone in Set™” and any event
consistent co-cone in Set"” is a co-cone in ECPS.

Proof. This is due to the same reasons as stated in theorem 3.15. Both the precubical sets and the
precubical maps are in both categories, and since the diagrams are as well and the conditions on
the injection maps on the co-cones remain untouched it follows that the statement is true. O]

Theorem 3.17. The functor v : ECPS — Set"" reflects colimits.

Proof. Let X : J — ECPS be a small diagram and let (L, ¢) be a co-cone of this diagram in ECPS.
We want to prove that if (L, ¢) is a colimit of X in Set™™, then it is a colimit of X in ECPS as well.
Suppose that (L, ¢) is a colimit of X in Set”™, but not a colimit in ECPS. Because of theorem 3.16
it is still a co-cone, which means that there must exists a co-cone (N, ) in ECPS such that there
exists no unique precubical map ¢ : L — N such that q o ¢; = ¢; for all ¢ € J. This cannot be true
since the co-cone (N, 1)) is a co-cone in Set”™ as well which means that this unique precubical map
q: L — N does exist. [

Note that the above is also a consequence of v being fully faithful (see | 1.

Theorem 3.18. The functor v : ECPS — Set"” preserves colimits.
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Proof. Let X : J — ECPS be a small diagram and let (L, ¢) be a co-cone of this diagram in ECPS.
We want to prove that if (L, ¢) is a colimit of X in ECPS, then it is a colimit of X in Set™™ as well.
From theorem 3.16 it follows that (L, ¢) is an event consistent co-cone of X in Set™". From theorem
3.7 it follows that there exists an event consistent colimit (N, ) of X in Set”™. From theorem 3.17
it then follows that (N, ) is also a colimit of X in ECPS. This gives us that the unique precubical
map ¢ : L — N is an isomorphism, which because of theorem 2.12 means that L is a colimit of X
in Set™” as well. O

This shows that diagrams, co-cones and colimits work the same on ECPS as they do on Set™”.

Theorem 3.19. Fvery event consistent precubical set is the filtered colimit of a diagram of finite
event consistent precubical sets.

Proof. This follows from theorem 2.38 and theorem 3.10. O

Theorem 3.20. An object in ECPS is compact in ECPS if and only if it is compact in Set™”.

Proof. Let X be an event consistent precubical set and suppose X is compact in Set™””. Then for
every filtered category J and every diagram Y : J — Set"™ the canonical morphism

lig Hom (X, Y;) = Hom (X, ling YZ)
ieJ e

is an isomorphism. This refers to all event consistent filtered diagrams which because of theorem
3.15 means it refers to every filtered diagram in ECPS. Therefore X is compact in ECPS as well.

Suppose that X is compact in ECPS. Theorem 3.19 gives us that X is a colimit of a filtered diagram
of finite event consistent precubical sets, which following the proof of theorem 2.40 gives us that X
is finite as well. Because of theorem 2.46 this then means that X is compact in Set™™. [

Recall definition 2.47 for local finite presentability.

Theorem 3.21. The following statements about the category ECPS are true:
1. The category ECPS is not cocomplete, but does have all small coproducts and filtered colimits.
2. The full subcategory of ECPS consisting of the compact objects is essentially small.
3. Any object in ECPS is a filtered colimit of a diagram of compact objects.

Proof. Statement 1 follows from theorem 3.9, theorem 3.10 and theorem 3.11.

Because of theorem 3.20 an object is compact in ECPS if and only if it is compact in Set™™.
Statement 2 then follows from the fact that ECPS is a full subcategory of Set™”, which means that
the same is true for the full subcategories containing the compact objects.

Statement 3 follows from theorem 3.19. O

This means that ECPS is not locally finitely presentable, because it does not satisfy the first condition
of cocompleteness. It does however satisfy the other conditions. A property that is weaker than
local finite presentability is the following:

Definition 3.22. A category C' is finitely accessible if
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1. C is locally small.

2. C has all small filtered colimits.

3. There is a set of compact objects that generate C' under small filtered colimits.
Theorem 3.23. The category ECPS of event consistent precubical sets is finitely accessible.

Proof. The category ECPS is locally small since it is a full subcategory of Set™” which is essentially
small.

Theorem 3.10 gives us that ECPS has all small filtered colimits.

The third statement follows from the second and third statements of theorem 3.21. m

4 Higher-Dimensional Automata

4.1 Labelled precubical sets

The last thing we need to define before we can introduce higher-dimensional automata are the
labelled precubical sets, which are event consistent precubical sets combined with something called
the labelling function. Unlike with event consistent precubical sets we are not going to prove any
properties for them. This is because they are not sufficiently different to the higher-dimensional
automata themselves, and it is a lot easier to just prove the properties for HDA directly. Before we
define labelled precubical sets we first need to define the labelling object.

Definition 4.1. Let ¥ be a non-empty set. The labelling object on X is the precubical set Y with
(12)° =150 = {e} and (I0)" =I¥" = [T:5, % for alln € Ny Here we define € as a unique element
such that € & 3. The face maps are defined by

01 (1, ooy Tp)) = (T1y ooy Tar1, Tatly ooey Tn)

foralln e N, v e {0,1}, a € {1,2,....,n} and x = (x1,...,x,) €IX" with x; € ¥ for all i € N3y,
1 <n.

In other words the delta map d,;, removes the a’th element from the vector. It’s easy to see that
these elementary face maps satisfy the condition for precubical sets, since for all a,b € N>, with
a < b removing the b'th element first and the a’th element second is the same as removing the a’th
element first and the b — 1’th element second. Also note that the precubical set 'Y is never event
consistent, since the face maps oy, and o7, do exactly the same for all n,a € N, 1 < a <n.

Theorem 4.2. Let X be a precubical set and let ¥ be a set. Any function \' : X' — ¥ for which
AModg (z) = Aodf (z) and N odg 5(z) = AN odi,(z) for all z € X? extends uniquely to a precubical
map X X =13,

Proof. For all z € X' we have A\'(z) defined. For all x € X" we have \°(z) = ¢ = (—), as in the
empty tuple. For all n € N>y, x € X" we define

A (z) = (Al 0 57 4 (), AL 0 B 1 (x))
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for a certain v € {0, 1}. Because of theorem A.8 it does not matter if we have v = 0 or v = 1 since
Al o0 4p(2) = Ao 0f 4 (@) for all 1 < < n. Suppose that we have n € N>p, € X", v € {0, 1}
and a € N>y, a < n. Then we have

00 N'(1) =

(/\1 © 5:},,4? (x), .., A o 517},,4"71(‘@)? Ao 5Z,An+1(9€)> o Alo 53,,4;3@))
N0 6, () =

(M 007l 082, (@), o N o 6Ly 0 00 (),

An—l VAn—l
a_
v, A4 ’ 1
1 n—1 n 1 n—1 n
A od" 00, (x),..., A 00 o5y7a(x)>

n—1
V,Aa+1 v, Al

Using theorem A.6 we get that

O () foralla>t

n—1 n _ v, A}
5V,A’;*1 © 51’7‘1(@ o { nn (x) foralla<t
A1

for all 1 <t < n — 2. This gives us
Xho ), (x) =

()\1 0 8 4y (1), AL 0T g (2), A 000 4o (), A0 5;;42(93))

and therefore \"~' 0 07 (z) = 0}, 0 A*(z) for all n € Ny, v € {0,1}, a € Nx; with a < n and
x € X", This makes A : X —!¥ into a unique precubical map. O

Note that because of the way the elementary face maps on ! are defined the condition A' o3, (z) =
Ao o7 () and Ao d5,(z) = Ao 67 ,(x) for all 2 € X? is required for every precubical map
A X =l

Theorem 4.3. For every non-empty set ¥ and every precubical set X there exists a precubical map
A X =13

Proof. We can simply define A! : X! — ¥ as the morphism with A\ (z;) = A! (x5) for all z1, 25 € X
This morphism then clearly satisfies A' 0 05 ; () = A\ 0 07 | (z) and A" 0 63, (x) = A! 0 67 5(z) for all
x € X2 Because of theorem 4.2 this then extends uniquely to a precubical map \ : X —!3. O]

Definition 4.4. A labelled precubical set is a pair (X, \) with X an event consistent precubical set
and A : X =13 a precubical map which we call the labelling or labelling function.

Because of theorem 4.3 every event consistent precubical set has a labelling function which means
that every event consistent precubical set can be converted to a labelled precubical set.

In section 6 we will introduce what are called the event object and the event identifications, which
work similarly to the labelling object and labelling functions and can be seen as an alternative
definition for event consistency. The labelling of any event consistent precubical set will factor
through this event object.
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4.2 Definition of HDA

We can now finally define higher-dimensional automata.

Definition 4.5. A Higher-Dimensional Automata or HDA is a tuple (X, I, F,\) consisting of
e X an event consistent precubical set,
o [ = {I"}, oy the initial cells with I" C X™ for all n € N,

o F'={F"} .y the accepting cells with F™ C X" for alln € N and

o )\ : X =¥ the labelling function.

Like with ordinary automata we will not pay much attention to the alphabet ¥ and simply assume
it is the same for all HDA mentioned. When talking about a HDA (X, I, F, \) we will often only
mention X instead of the entire tuple.

Let’s take a look at an example:

a

Figure 8: The HDA where the underlying event consistent precubical set is the one shown in figure
2, the labelling is defined by A' o dg,(z) = At 0 4], (z) = b and X' 0 §j,(z) = A 0 01 () = a, the
node in the bottom left being the sole initial cell and the node in the top right being the sole final
cell.

We denote initial and final cells with incoming and outgoing arrows. When a higher-dimensional
element is an initial/final cell we will denote it as the following:

a

a

Figure 9: The HDA as in figure 8 where the node in the bottom left is not an initial cell but the
left-most edge is and where the node in the top right and the right-most edge are final cells.

In the next section we will actually use these initial and final cells in what will be called (accepting)
tracks. For now we will just leave it at this. While HDA with initial or final cells that are of higher
dimension than 0 or 1 do exist, we don’t actually have a good way to denote these kind of cells in a
figure. We will therefore not really bother with examples that have these initial or final cells, but
know that they do exist.
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Definition 4.6. Suppose that (X, Ix, Fx,\x) and (Y, Iy, Fy,\y) are HDAs. A HDA-map is a
precubical map f: X — 'Y such that for alln € N, x € X™ the following statements are true:

o [fx e Ix we have f™(x) € Iy,
o if v € Fx we have f"(x) € Fy,
o \(z) = A} o f(x).

In other words: HDA maps are precubical maps that preserve the labelling and the initial and final
cells.

Definition 4.7. Let X = (X, Ix,Fx, \x) and Y = (Y, Iy, Fy,\y) be HDA and let f : X — Y
be a HDA map. Then f is a HDA isomorphism if there exists a HDA map g : Y — X such that
go f=1idy and fog=idy.

4.3 Category of HDA

The main goal of this subsection is to show the connection between colimits of HDA and colimits
of (event consistent) precubical sets.

Definition 4.8. We define the forgetful functor uw : HDA — ECPS which sends HDAs (X, I, F,\) to
the event consistent precubical sets X and HDA maps [ to precubical maps f.

The below simply follows from u being a functor:

Remark 4.8.1. The functor u : HDA — ECPS maps small diagrams X : J — HDA with X; =
(X;, I;, Fy, \;) onto small diagrams X : J — ECPS and co-cones (N',1) of X onto co-cones (N, 1))
of X.

This means that every small diagram of HDA forms a small diagram of event consistent precubical
sets and every co-cone of HDA also forms a co-cone of event consistent precubical sets. What we
now want to show is that we can canonically construct a HDA from an event consistent precubical
set with a precubical map where the codomain is a HDA.

Theorem 4.9. Suppose that X and Y are event consistent precubical sets, Y = (Y, Iy, Fy, \y) is
a HDA and f : X — Y is a precubical map. We can construct a HDA X = (X, Ix, Fx, Ax) from
X in the following way:

e Foralln e N, x € X" we take x € Ix if f*(x) € Iy.
e Foralln e N, x € X™ we take x € Fx if f"(z) € Fy.
e \y =)\yof.
This gives us the HDA X and by construction makes f a HDA-map.

Proof. Tt’s clear that A} satisfies the conditions of theorem 4.2 as it inherits them from \{,, making
it a labelling function. The initial and final cells are clearly well-defined. This makes X a HDA, and
due to the way it was constructed the precubical map f automatically becomes a HDA map. [
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We can apply this theorem to small diagrams and co-cones as well.

Theorem 4.10. Let X : J — ECPS be a small diagram of event consistent precubical sets and let
(N,v) be a co-cone. Suppose that N = (N, Iy, Fx,\y) is a HDA. Then we can define the small
diagram X : J — HDA of HDA with X; = (X;, I;, Fi, \;) for all i € J such that (N,1) is a co-cone
of this diagram as well.

Proof. Since for all X; with ¢ € J we have the precubical maps ¢; : X; — N we can use theorem
4.9. This gives us the HDA X; = (X, I;, F;, \;) and HDA maps v, : X; — N for all i € J.

Now we need to prove that for all 4,5 € J, f : ¢ — j the precubical maps Xy : X; — X; are
HDA maps. For all n € N, x € XJ* we have ¢/'(z) = ¢} o X7(z) and by definition we have
AP (x) = A} o Yf () and A} o X7(x) = A} 0 ¥0f o X} (x) = N} o 97 (x) which therefore gives us that
A (z) = A} o X}(x). We have x € [; if and only if ¢ (x) € Iy and since ¢} o X} (z) = ¢}'(z) this
gives us X7 (z) € I;. Analogously the same is true for the final cells. This makes X; a HDA map
which we will refer to as X'y, which therefore makes X' : J — HDA a small diagram of HDA. For all
i € J we have the HDA maps v; : X; — N such that for all j € J, f:i — j we have ¢; = ¢; o X,
which therefore makes (N, 1) a co-cone of the diagram H. ]

This gives us a nice connection between diagrams of HDA and diagrams of event consistent
precubical sets. Do note however that generally speaking the above diagram is not the only diagram
of HDA that one can generate using the specified co-cone. It’s possible for some HDA in the
diagram to have smaller sets of initial and final cells, or even empty ones, which doesn’t matter for
the co-cone of the diagram. It does matter for the colimit of the diagram, which is proven in the
following theorem:

Theorem 4.11. Let X : J — ECPS be a small diagram of event consistent precubical sets and
let (L, ¢) be a colimit. Suppose that L = (L, Iy, Fr,\) is a HDA. Then we can define the small
diagram X : J — HDA of HDA with X; = (X;, I;, F;, \;) for alli € J such that (L, ) is a colimit of
this diagram as well.

Proof. Theorem 4.10 gives us the diagram X" : J — HDA and that (L, ¢) is a co-cone of this diagram.
Suppose that (N, ) with N = (N, Iy, Fy, Ay) is a co-cone of the diagram X. Then remark 4.8.1
gives us that (N, ) is a co-cone of X : J — ECPS as well. Because (L, ¢) is a colimit we get the
unique precubical map q : L. — N such that for all ¢ € J we have go¢; = ;. Let n € Nand y € L".
Then because of theorem 2.24 there exists a i € J and a x € X[ such that ¢'(z) = y. Then by
definition we have

AL(y) = AL o @i () = A\ () = Ay o i (w) = Ay o ¢" 0 ¢} () = Ay 0 ¢" ()

which shows that ¢ : L — N preserves the labelling functions. Similarly if y € I, then by construction
we have x € [; and therefore ¢/'(x) € Iy and ¢"(y) € Iy since ¢"(y) = ¢" o ¢!'(z) = Y (z).
Analogously the same is true for the final cells. This makes ¢ : £ — N a HDA map which is unique
because it is unique as a precubical map. Therefore (L, ¢) is a colimit of the diagram X m

Like previously this isn’t the only diagram that has the colimit (£, ¢). We don’t always need every
initial and final cell in the diagram. We only need the following:
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Theorem 4.12. Let X : J — HDA be a small diagram of HDA with for all i € J we have
Xy = (X, I;, Fy, \) and let L= (L, I, Fr,\r) be a HDA and (L, $) be a colimit of the diagram X.
Then for allm € N, y € L" if we have y € I, ory € Fy, then there exists ai € J and a x € X
with ¢(x) =y and x € I; or x € F;.

Proof. Suppose that the statement is false, which means that there exists an € N, y € L™ with
y € I, (or y € Fy, it does not matter) such that for all i € J, v € X with ¢'(x) = y we have x & I,.
We define the HDA £' = (L, I, Fy, ) with I7* = I7\{y} and I}™ = I7* for all m € N, m # n. We
define (L',1)) as the co-cone where v; : X; — L' is identical to ¢; : X; — L. These precubical maps
are HDA maps since by definition of I} they still preserve the initial cells which is the only thing
different from L. Since (£’,) is a co-cone there exists a unique HDA map ¢ : £ — £’ such that for
all 7 € J we have q o ¢; = 1);. Because of theorem 2.24 there exists at least one i € J, x € X" with
¢ (z) = y. This gives us ¢"(y) = ¢" o ¢"(x) = Y¥(x) = y however since we have y € I, but also
y & I; this means that ¢ : £ — L’ does not preserve the initial cells, which is in contradiction with
(L, ¢) being a colimit. Therefore there exists no such y € L™, n € N with y € I, but where for all
i€ J,xe X' with ¢ (x) =y we have x ¢ I;. Analogously the same is true for y € Fy. n

Before we can finally properly connect colimits of HDA and of event consistent precubical sets we
first prove the following theorem, which is an application of theorem 2.12 to HDA. While it should
also follow from abstract principles we have written out the proof just to be sure.

Theorem 4.13. Let X : J — HDA be a small diagram of HDA with for all i € J we have
X, = (Xi, [;, Fy, \) and let £ = (L, I, Fr,A\) be a HDA and (L, ¢) be a colimit of the diagram X .
Let (N,v) be a co-cone of X with N = (N, In, Fn,An). Then (N,4) is a colimit of X as well if
and only if the unique HDA map q : L — N such that q o ¢; = 1; for all i € J is an isomorphism.

Proof. Let q : L — N be the unique HDA map such that ¢ o ¢; = 1; for all ¢ € J.

Suppose that ¢ is an isomorphism and let p : N'— L be its inverse. Let (M, ) be a co-cone of
X with M = (M, I, Far, A\yr) and let f 0 £ — M be the unique HDA map such that f o ¢; = 6;
foralli € J. Then fop: N — M is a HDA map with fopo); = 0; for all i € J. Suppose that
g: N — M is a different HDA map that satisfies the property with g # fop. Then gogq: L — M
is another HDA map that satisfies the property with g o ¢ # f opoq = f which is in contradiction
with (£, ¢) being a colimit. Therefore no such g exists which means that fop: N — M gives us
an unique HDA map which therefore makes (N, ) a colimit of X.

Suppose that (N, 1) is a colimit of X. There exists a unique HDA map p : N'— £ and we have
qgo ¢; = ¥; and po; = ¢; for all i € J. Therefore pogo ¢, = ¢; and q o po; = 1, for all
» € J. Theorem 2.24 gives us that for every n € N, y € L" there exists a7 € J, x € X" such that
¢ (x) =y, and the same is true for (N, ). For all n € N every element y € L™ and z € N™ can
therefore be expressed as ¢!'(z) or ¥!"(z) for certain i € J and x € X*. This gives us

phoq"(y) =p"oq"oi(z) =i (x) =y

q"op"(z) =q"op" ot (x) = Y (x) = 2
and therefore p o ¢ = id;, and q o p = idy. This shows that p and ¢ are bijective as precubical maps

and therefore because of theorem 2.5 this means that p and ¢ are isomorphisms as precubical maps.
Because they are also both HDA maps they are both HDA isomorphisms by definition 4.7. O
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Now we can finally prove the following theorem:

Theorem 4.14. Let X : J — HDA be a small diagram of HDA with for all i € J we have
X, = (X, I;, Fy, \;) and let £ = (L, I, Fr,A\) be a HDA and (L, ¢) be a co-cone of the diagram X.
Then (L, @) is a colimit of X if and only if the following conditions are true:

1. For alln € N, y € L™ if we have y € I, ory € Fy, then there exists ai € J and a v € X
with ¢i(x) =y and x € I; or x € F;.

2. (L, ) is a colimit of the diagram X : J — HDA.

Proof. Suppose that the two conditions are true and let (N, ¢) with N = (N, Iy, Fx, Ax) be a
co-cone of X. Then because of remark 4.8.1 (N, ) is a co-cone of the diagram X : J — ECPS. This
gives us a unique precubical map ¢ : L — N such that for all i € J we have q o ¢; = 1);. Because of
the first condition for all y € L™, n € Nif y € I}, or y € F}, there exists a ¢ € J and = € X' with
¢'(z) = y such that z € I; and = € F; respectively. Because ¢; are HDA maps for all i € J they
preserve initial and final cells which then gives us that if y € I}, or y € F, we must have ¢"(y) € Iy
and ¢, (y) € I, respectively. Similarly because of theorem 2.24 every element in y € L™, n € N is
injected through at least one x € X, ¢« € J which gives us

AL(Y) = N () = A 0 i () = Ay 0 ¢" 0 67 () = Ay 0 ¢"(y)

which shows that g : L — N preserves the labelling function, making it a HDA map. Because ¢ is
unique as a precubical map it is unique as a HDA map as well, since there is only one way to map
each element of L onto elements of N. This shows that for all co-cones (N, ) of X there exists a
unique HDA map ¢ : £ — N such that for all i € J we have g o ¢; = 1);, therefore making (L, ¢) a
colimit of X.

Theorem 4.12 gives us that the first condition needs to be true for (£, ¢) to be a colimit.

Finally suppose that the second condition is false, which means that (L, ¢) is not a colimit of
X :J — ECPS. Because of remark 4.8.1 it is still a co-cone, which because of theorem 3.7 gives us
that there exists an event consistent colimit (N, %)) of X. Then there exists a unique precubical
map ¢ : N — L, with which through theorem 4.9 we can construct the HDA N = (N, Iy, Fn, An)
and the HDA map ¢ : N' — L. We know that the first condition is true. Therefore because of
the construction of AN/ we also get that the first condition is true for (N, ¢), which because of our
previous proof gives us that (N, ¢) is a colimit of X. Because of theorem 4.13 this gives us that the
HDA map ¢q : N' — L is an isomorphism, which is the unique HDA map from the definition of the
colimit, since it satisfies the requirements. Then that means that the precubical map ¢ : N — L is
an isomorphism as well, which because of theorem 2.12 gives us that (L, ¢) is a colimit of X. [

This then gives us the following theorem:
Theorem 4.15. The functor u : HDA — ECPS preserves colimits, but does not reflect them.

Proof. The first statement follows from theorem 4.14. For the second statement we can take a
diagram of HDA with a colimit such that not every element of this colimit is an initial and final cell.
Then we can create a HDA based on this colimit for which it is true that every element is an initial
and final cell. This is clearly still a co-cone. Then because of theorem 4.14 its underlying event
consistent precubical set is the colimit of the underlying diagram of event consistent precubical
sets, but it isn’t a colimit of the diagram of HDA since it doesn’t satisfy the second property. [
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Having covered the relation between the category of event consistent precubical sets and the
category of higher-dimensional automata we will prove that HDA does not have all small colimits,
but does have all small coproducts and filtered colimits. The proof of this will build on the fact
that this is the case for ECPS as well.

Theorem 4.16. Suppose that X : J — HDA is a diagram in HDA with J a small category. For all
i € J we have X; = (X;, I;, F;, \;). Then we have for alln e N, i,j € J, x € X and y € X7

zy = Ai(x) = A(y)

Proof. Suppose that we have 4,5 € J, f : ¢ — j. Then X; : &; — & is a HDA map and for all
n €N,z € X' and y € X} such that X} (z) =y we have \;(x) = A; o X7(z) = A;(y). In other
words we have X7 (x) =y = \i(z) = A;(y). Through the construction of the equivalence relation
~ we then get z ~y = \;(z) = \;(y). O

Theorem 4.17. Suppose that X : J — HDA is a diagram in HDA with J a small category. Then X :
J — ECPS is a diagram of event consistent precubical sets with X; = uX; (with X; = (X;, I;, Fi, ;) ).
If X has an event consistent colimit then X has a colimit as well.

Proof. Suppose that (L, ¢) is an event consistent colimit of X. We define the HDA £ = (L, I, F, \)
as the following:

e Foralln € N, x € X" if there exists a i € J, y € X with ¢!'(y) = x and y € I; then = € I.
e Foralln € N, z € X" if there exists a i € J, y € X]" with ¢}'(y) =z and y € F; then x € FJ.
e For all n € N, x € X™ we define A (x) = \;(y) for all i € J, y € X such that ¢!'(y) = .

Theorem 2.24 gives us that for all n € N, v € X" there exists at least one i € J, y € X with
o7 (y) = .

We still need to show that this labelling on £ is well-defined. Suppose that for certain n € N,
x € X" there exists 4,7 € J, y € X]* and 2z € X} such that ¢} (y) = z and ¢}(2) = x. Therefore
¢ (y) = ¢} (2), which as a consequence of theorem 2.22 gives us that y ~ z. Using theorem 4.16 we
then get \;(y) = A;(2).

Therefore the above defines the labelling function and the initial and final cells for all n € N,
x € X™. This makes £ a HDA and by definition the precubical maps ¢; for all i € J HDA maps.
Because for all 4, j € J and (f : i — j) € J we by definition have ¢; o X'y = ¢; this makes (£, ¢) a
co-cone. Theorem 4.14 then gives us that (£, ¢) is a colimit of X since the requirements are met by
construction. O

Theorem 4.18. The category of higher-dimensional automata HDA is not cocomplete but does have
all small coproducts and small filtered colimits.

Proof. Recall the diagram given in theorem 3.11, which does not have an event consistent colimit.
Because of theorem 4.3 there exists a trivial labelling for the event consistent precubical sets in the
diagram. Taking the Iy, I, F} and F5 as completely empty then gives us a diagram of HDA. Then
because of theorem 4.14 any colimit of this diagram must correspond to a colimit of the underlying
diagram of event consistent precubical sets. Since this doesn’t exist there cannot exist a colimit of
the diagram of HDA either. This shows that the category HDA is not cocomplete.
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Suppose that X' : J — HDA is a diagram of HDAs with J a small category that is either discrete or
filtered. Since as a consequence of theorem 3.21 the category of event consistent precubical sets
has all small coproducts and small filtered colimits. Therefore because of theorem 4.17 any small
discrete or filtered diagram of HDA has a coproduct or filtered colimit. m

4.4 Finite/compact HDA

In this subsection we will cover finite/compact HDA. We define finite HDA as the following:

Definition 4.19. A HDA X = (X, Ix, Fx, \x) is finite if and only if the event consistent precubical
set X is finite.

In the rest of this subsection we will work towards proving that a HDA is compact if and only if it
is finite. Because of the way that finite HDA are defined this will also make it so that a HDA is
compact if and only if its underlying event consistent precubical set is compact.

Theorem 4.20. Every HDA is the filtered colimit of finite HDAs.

Proof. Let Y = (Y, Iy, Fy, A\y) be a HDA. Let X : J — ECPS be the diagram defined in theorem
3.19 of which (Y, ¢) is the colimit. Then theorem 4.11 gives us a filtered diagram X’ : J — HDA of

which (L, ¢) is the colimit. Since for all i € J the event consistent precubical set X is finite the
HDA X, = (X;, I;, F;, \;) are finite as well. n

Unlike with the event consistent precubical sets we can’t reuse most of the proofs of compact
precubical sets. Therefore we define the following:

Definition 4.21. A representable HDA X = (X, Ix, Fx, Ax) is a HDA where X is a representable
precubical set.

Note that unlike with precubical sets two n-dimensional representable HDA can be completely
different due to the labelling function and the initial and final cells not being the same for all
representable HDA. The following theorem is therefore also slightly different than the corresponding
theorem 2.43 for precubical sets.

Theorem 4.22. Let X = (X, Ix,Fx,\x) and Y = (Y, Iy, Fy,\y) be HDA such that X is a
representable HDA of dimension k € N. Then for every y € Y* there exists at most one HDA

map f, : X — Y such that for the unique element v € X* we have ff(x) = y. These are the only
possible HDA maps X — Y.

Proof. For all y € Y* theorem 2.43 gives us that there exists a unique precubical map f, : X — Y
with fF(z) =y for the unique element z € X*, and that these make up the only precubical maps
X — Y. Because HDA maps are precubical maps that preserve the labelling and initial and final
cells, these precubical maps also define the possible HDA maps. However since not all precubical
maps between HDA are HDA maps we get that there exists at most one HDA map f, : & — Y
such that for the unique element z € X* we have f)(z) = y. O

Theorem 4.23. Let X : J — HDA be a small filtered diagram of HDA with for all i € J we have
X, = (X, i, Fi, \;) and let £ = (L, I, Fr,\r) be a HDA and (L, ¢) be a filtered colimit of the
diagram X . For all k € N, y € L* there exists at least one i € J such that there exists a x; € X}
with ¢¥ (z;) = y such that any element in X; that can be reached by x; through the face maps is an
wnitial or final cell if and only if it is mapped to an initial or final cell in L.
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Proof. Theorem 2.24 gives us a HDA X; and an element z; € XF with ¢f (z;) = y. It also gives
us that for every element z € L™ that can be reached by y through the face maps there exists at
least one j € J, z; € X7 with ¢} (z;) = z such that z; € [; and x; € F; if z € I}, and z € F],
respectively.

Since y € X* can only reach a finite amount of elements through its face maps this gives us a finite
set of HDA in the diagram X’. Then theorem 2.26 gives us that there exists a @ € J such that there
exist precubical maps (and therefore HDA maps) from the mentioned HDA to X; such that all the
mentioned elements overlap. O]

The above theorem can be a little confusing. Theorem 4.12 gives us that for any element in £
that is an initial or final cell there must exist a ¢ € J and an element in X; that is mapped to this
element in £ that is also an initial and final cell respectively. The above theorem is essentially the
same but applied to a specific finite set of elements. The reason why we choose the elements that
can be reached by a certain top element through the face maps becomes clear in the next theorem:

Theorem 4.24. All representable HDA are compact.

Proof. For this proof we will mostly follow the proof of theorem 2.44. We will repeat this proof but
change things where necessary.

Let X = (X, Ix, Fx, Ax) be a representable HDA of dimension n and let X’ : J — HDA be a small
filtered diagram with the colimit (£, ¢) with X; = (D, I;, F;, \;) for alli € J and £ = (L, I, Fp, AL).
Recall the diagram below theorem 2.39, which works the same for HDA instead of precubical sets.
Suppose that Hom (X, £) is not empty (in which case the statement would be trivial, since then
both sets in the top of the diagram would be empty).

Let f € Hom (X, £). Because of theorem 4.22 there exists a unique y € L such that for the unique
element x € X™ we have f"(x) = y. Also note that f is the only HDA map in Hom (X, £) that
sends x to y.

From theorem 4.23 it follows that there exists a 7 € J such that there exists a z; € X" with
o (x;) = y such that any element in X; that can be reached by z; through the face maps is an
initial or final cell if and only if it is mapped to an initial or final cell in £ by ¢; : &; — L. Using
theorem 2.43 gives us that there exists a unique precubical map g € Hom (X, D;) with ¢"(x) = z;
and therefore ¢ o g"(z) = ¢F (r;) = y and therefore ¢; o g = f. This precubical map ¢ therefore
preserves the labelling function and because of our choice of X; it must also preserve the initial
and final cells. This makes g : X — &; a HDA map and therefore the morphism Hom (X, ¢;) sends
g to f, which also means that U o ®; o g = f. This then gives us that U is surjective.

Let fi, fo € lim, Hom (X, &;), f € Hom (X, L) such that U o f; = U o f, = f. Then there exist
i,j € J,g; € Hom (X, D;) and g; € Hom (X, D;) such that ®; 0o g; = f; and ®; 0 g; = f>. This then
also gives us that U o ®;0¢9; = f and U o ®; 0 g; = f which gives us that ¢; 0 g; = ¢;09; = f.
Because of theorem 4.22 there exist unique z; € D', r; € D} and y € L" such that gt (x) = z,
gj () = z; and f"(z) =y.

This gives us ¢} (z;) = ¢} (v;) = y, which due to theorem 2.22 means that there exist k € J,
h; : X; = X, and h; : X; — X, such that h;og; (z;) = h;jog; (x;) and therefore h;0g; = h;og;. This
means that we have Hom (X, h;) (¢;) = Hom (X, h;) (g]) and therefore f; = ®; 09, = ®;0g; = fo.
This then gives us that U is injective.

Therefore the canonical morphism U : lim, _ Hom (X, &;) — Hom (X, £) is an isomorphism for
every small filtered diagram X : J — HDA, which means that X is a compact HDA. O
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Theorem 4.25. The finite colimit of compact HDA is compact.
Proof. This again follows from proposition 1.3 of | ] O

Theorem 4.26. A HDA X = (X, Ix, Fx,\x) is compact if and only if the event consistent
precubical set X is compact. Equivalently every HDA is compact if and only if it is finite.

Proof. Note that from theorem 2.40, theorem 2.46 and theorem 3.20 it follows that the event
consistent precubical set X is compact if and only if it is finite, making the two statements
equivalent.

Because of theorem 4.20 we can replace the precubical sets in the proof of theorem 2.40 with HDA
which gives us that every compact HDA is finite.

The proof of theorem 2.46 and theorem 4.11 give us that every finite HDA is the finite colimit
of representable HDA. Then theorem 4.24 and theorem 4.25 give us that every finite HDA is
compact. ]

As promised we will check what conditions of local finite presentability (definition 2.47) the category
of HDA satisfies.

Theorem 4.27. The following statements about the cateqgory HDA are true:
1. The category HDA is not cocomplete, but does have all small coproducts and filtered colimits.
2. The full subcategory of HDA consisting of the compact objects is essentially small.
3. Any object in HDA is a filtered colimit of a diagram of compact objects.

Proof. Statement 1 follows from theorem 4.18 and statement 3 follows from theorem 4.20.
Statement 2 is somewhat more complicated. Note that because of theorem 4.26 a HDA is compact
if and only if it is finite. Let ¥ be a set and let X = (X, I, F, A) be a finite HDA. Using this HDA
we can then construct the following finite set:

{(x,n, ((53@(%))”6{0’1}7 weNon, agn,)\"(x), (xel),(xe F)> lneN, xze X”}

Here 2 € X™ is an element, n € N represents the dimension of this element, (57, (x))ye{o,u, a€No 1, a<n
is the sequence of elements that can be reached by z through the elementary face maps for which
one can decide any canonical order, \"(x) is the labelling of of x and (z € I) € {0,1} and
(x € F) € {0,1} state whether z is an initial and/or a final cell. With this the category of HDA
is equivalent to a subcategory of the category of finite sets. Since the category of finite sets is

essentially small the category of HDA must be essentially small as well. O]
Theorem 4.28. The category of HDA 1is finitely accessible.

Proof. For two HDA X and Y every HDA map & — ) is simply a precubical map that preserves
the labelling function and the initial and final cells. Theorem 3.23 gives us that the category ECPS
is locally small which gives us that Hom(X,Y) is a set. Therefore Hom(X',))) must be a set as well.
Theorem 4.18 gives us that the category of HDA has all small filtered colimits.

The third statement follows from the second and third statements of theorem 4.27. [
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5 Ipomsets

5.1 Posets and pomsets

Definition 5.1. A partially ordered set or poset is a pair (P, --+), with P a set and --+ a strict
partial order on P.

We will assume that the set P in (P, --») is finite.

Let (P,--+) be a poset and let p,q € P. If we have p = ¢, p --+ q or ¢ --» p then the elements
p and ¢ are comparable. If we have p # ¢, p /-+ ¢ and ¢ /~» p then the elements p and ¢ are
incomparable, notation p || ¢. Note that because --+ is a strict partial order exactly one of p || ¢,
p=4¢q,p--+qand q --+ p is true.

Definition 5.2. Let (P,--»p) and (Q,--+q) be posets such that P C @ and such that for all
p1, D2 € P we have py --+p py if and only if p1 --+g p2. Then (P, --»p) is a subposet of (Q,--+¢).

Definition 5.3. For any set X3 a partially ordered multiset or pomset is a triple (P, --+, \) with
(P,--+) a poset and A : P — % a labelling function.

As one can see pomsets are just posets with a labelling function.

Definition 5.4. Let (P,--»p, Ap) and (Q,--»g, A\q) be pomsets such that the poset (P,--+p) is a
subposet of (Q,--+q). If for all p € P we have Ap(p) = A\g(p) then (P,--+p, Ap) is a subpomset

(@ ==2q: o).

When talking about a poset (P,--+) or a pomset (P, --», \) we will often refer to it by just the
set P. In this case one can assume that the relation on P is denoted with --+ or in the case of
multiple posets with --»p. Similarly the labelling function is A or Ap. For subposets or subpomsets
we might also just use the notation P C (), as long as the meaning is clear from context.

The following definitions apply to both posets and pomsets in the same way.

Definition 5.5. Let P be a poset or a pomset. An element p € P is called --+-minimal of P if
there exists no q € P such that ¢ --» p. An element p € P is called --+-mazximal of P if there exists
no q € P such that p --» q.

Definition 5.6. Let (P, --»p) be a subposet of (Q),--+q). Then P is called a --»-antichain of Q)
if for all py,ps € P we have py = py or py || pa.

Definition 5.7. A pomset (P,--+,\) or a poset (P,--+) is linear if for all p,q € P we have p = q,
p--+q orq--+p.

In other words: if no two elements are incomparable. Equivalently this means that P has no
non-trivial --+-antichains (a subposet or subpomset that is empty or has only one element is always
a --+-antichain).

Theorem 5.8. Let P = (P,--+p) and Q = (Q,--»¢g) be two linear posets. Then there exists a
bijection f : P — @ that preserves the --+-relation if and only if |P| = |Q|. This bijection if it
exists 1S unique.

42



Proof. We can define f : P — () as the map that sends the --+-smallest element of P to the
--»-smallest element of (), the second smallest element of P to the second smallest element of ()
etc. If |P| = |@| then it is clear that this map exists and it is also clear that there exists no other
way to map the elements of P onto the elements of () that also preserves the --s-relation. O

Theorem 5.9. Let P = (P,--+p, Ap) and Q = (Q, --+g, \q) be two linear pomsets. If there exists
a bijection f: P — @ that preserves the relation --+ and the labelling function then this bijection
1S unique.

Proof. Reducing P and Q to posets then theorem 5.8 gives us that there exists a unique bijection
f: P — @ that preserves the relation --» if and only if |P| = |Q] (if |P| # |Q| then there exists no
bijection f : P — Q). Whether f : P — @ preserves the labelling function or not it is the only
bijection that preserves the relation --». O]

5.2 Definition of ipomsets

We can now define partially ordered multisets with interfaces or ipomsets for short. These ipomsets
are build on pomsets, where cells can be marked as source and/or target cells.

Definition 5.10. An ipomset is a tuple (P, <,--+, A, S, T) where

e P s a finite set,

e < and --+ are strict partial orders on P such that --+ s linear on <-antichains.
o \: P — X is the labelling function.

e S C P is a subset of the <-minimal elements of P called the source set.

o T'C P is a subset of the <-mazimal elements of P called the target set.

The condition that --» is linear on <-antichains implies that --» and < together form a total
order.

Definition 5.11. Let P = (P, <p,--»p, Ap, Sp, Tp) and Q = (Q, =g, --*q, A\g, 5@, To) be ipomsets

and ¥ be a set with A\p : P = X and \g : Q@ — X. We say that P and Q are isomorphic if there
exists a bijective map f : P — Q) such that for all p1,ps € P we have

(1) =q f(p2) <= p1 <pp2

f(p1) ——q f(p2) <= p1-—pp2

and for all p € P we have A\p(p) = Ag o f(p), f(Sp) = Sq and f (Tp) = Ty. We refer to this
bijective map as the ipomset isomorphism.

Definition 5.12. Let P = (P, <,--»,\,5,T) be an ipomset. Let (P;),,., be a finite sequence of
subsets of P such that Py is the subset of the <-minimal elements of P, P, is the subset of the
<-minimal elements of P\ Py and let P; be the subset of <-minimal elements of P;_o\P;_1. In other
words we split P up based on <, which gives us that | Jis, P, = P.

We then define the strict linear order < on P as the following: For all i,7 € N with 0 < s <t < n,
xr € P and y € P; we have

r<y < s<tors=tandx--+y
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Theorem 5.13. The relation < as defined above is a strict linear order.

Proof. Let p € P. By definition there exists a unique ¢t € N such that p € P,. It is clear that we
cannot have p < p, since that would mean p --» p which is in contradiction with --+ being a strict
partial order. Therefore < is irreflexive.

Let p; € P and py € P, for certain s,t € N. Suppose that we have p; < py. If we have s <t then
we cannot have ps < p; by definition. If we have s =t then p; < py implies p; --+ py, which means
that ps /-» p; and therefore py £ p;. This shows that < is asymmetric.

Let p; € P, ps € P; and p3 € P, for certain r, s,t € N. Suppose that we have p; < ps and py < ps.
Then we have r < s <t,r=s<t,r <s=torr=s =t In the first three cases we get r < t,
which by definition gives us p; < p3. Suppose that » = s = t. Then p; < ps and py < p3 implies
p1 --+ p2 and py --+ p3, which gives us p; --+ p3 and therefore p; < p3. This shows that < is
transitive.

Let p; € P, and py € P, for certain s,t € N. If we have s < t or t < s then we have p; < py or
p2 < p1. If we have s = t then because P, = P, is linearly ordered by --+ we have p; --+ py or
p2 -—+ p1, which gives us p; < pg or ps < p;. Therefore all elements in P are comparable by <.
This proves that < is a strict linear order. O

Theorem 5.14. Let P = (P, <p,--+p, Ap,Sp,Tp) and Q = (Q, =g, --*q, Ao, Sp, Tp) be ipomsets
and X be a set with A\p : P — X and A\g : Q — X. Suppose that there exists a bijective map
f: P — (@ that satisfies the conditions in definition 5.11. Then this map is unique.

Proof. For this we define the strict linear orders <p on P and <¢g on () as in definition 5.12 and
theorem 5.13. Let g : Q — P be the inverse of f : P — (). Because the bijective maps f and g
respect the strict partial orders <p and < we have that f sends all <p-minimal elements of P to
<-minimal elements of ) and g sends all <g-minimal elements of () to <p-minimal elements of
P. This gives us that Py = g (Qo) and Qo = f (Py). The same goes for P, = g (Q;) and Q; = f (F})
for all t € N. Because f and g respect the strict partial orders --»p and --»¢ as well we have that
for all t € N, p,p’ € P, that if p --»p p’ then f(p) --+¢ f (p/) (analogously the same is true for g).
Therefore for all p; € P,, po € Py, g1 € Qs, g2 € Qy, s, € N we have

p1<pp2 = f(p)<q f(p2)

9(q) <p g(@) <= @ <q@
Therefore every bijective map f : P — () that satisfies the conditions in definition 5.11 must preserve
the strict linear order <p in the sense that for all p,p’ € P we have p <pp' <= f(p) <o f ().
Since P and () are the same size there is only one way to injectively map the elements of P onto
() while preserving the linear order (since the smallest element in P needs to be mapped to the
smallest element of (), the second smallest element of P needs to be mapped to the second smallest
element of @ etc.). Since the preservation of <p is a requirement this means that for all ipomsets
P and Q there exists at most one bijective map that satisfies the conditions in definition 5.11. [

We have now defined ipomset isomorphisms, and shown that if two ipomsets are isomorphic then
their isomorphism is unique. Let (P, <,--+, A, 5,T) be an ipomset. Due to the labelling function
it does not really matter what the elements in P are exactly. Isomorphic ipomsets are therefore
functionally the same, however enforcing them being different will cause some of the later definitions
and theorems to become extremely complicated. Therefore we will define ipomsets as isomorphism
classes of ipomsets instead. We therefore make the following assumption:
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Assumption 5.15. Let (P, <,--+,\,S,T) be an ipomset. There exists a m € N for which we have
P=1[0,m]={n|n €N, n<m}isa finite set. We also require that relation < on N is the same
as the relation < as defined in definition 5.12 and theorem 5.183.

The reason why we need this is due to the gluing composition defined in the next subsection, and
due to the maps of ipomset languages as defined in section 7.

5.3 Gluing composition

In this subsection we want to define a gluing composition on the ipomsets which works similarly to
the serial composition of strings. However where the composition of ab and cd clearly results in
abed it isn’t that straightforward for ipomsets. For ipomsets we will glue the target elements of the
first onto the source element of the second ipomset. This is only possible if these source and target
sets are isomorphic, as defined below:

Definition 5.16. Let P = (P, <p,--+p, Ap,Sp,Tp) and Q = (Q, <q,--*q, A\, 5S¢, Lg) be ipom-
sets. We say that Tp is isomorphic to Sq, notation Tp = Sq, if there exists a bijective map
k:Tp — Sg such that for all p,p1,p2 € Tp we have

Ap(p) = Ag o K(p)

P -—*p D2 = K(p1) -=2Q K (p2)

Note that the relations <p and <¢ are not relevant here since Tp is a subset of the set of <p-mazimal
elements and Sq is a subset of the set of <g-minimal elements.

The isomorphism & : Tp — Sq is unique for the same reasons as given in theorem 5.14. We can
now define the gluing composition on isomorphisms (as defined in assumption 5.15).

Definition 5.17. Let P = (P, <p,--+p, Ap, Sp, Tp) and Q = (Q, =g, --*q, A9, 5S¢, T) be ipomsets
with P = [0,m] and Q = [0,n] such that Tp = Sg as defined in definition 5.16. For ipomsets with
P #Tp and QQ # Sg we define the gluing composition as the following:

PxQ=(PU[m+1m+n+1—|Sgl],<,--+,,5p,T)

PxQ=(R,<,--2,A,51T)

with

R=PUm+1,m+n+1—|Sg|]=[0,m+n+1—]Sg]
Let s : Sg — Tp be the inverse of the unique isomorphism k : Tp — Sq. We define the following
maps:

f:P—R,g:S —Randh:Q\Sg — R

For all p € P we define f(p) = p. For all ¢ € Sg we define g(q) = f o x(q).
Defining the map h : Q\Sg — R is more complicated. We can define (Q\Sq, <g) as a linear poset
for which there exists a unique map to [m+1,m+n+1—|Sg|] C R. We define h : Q\Sg — R
as this map.
We can now define the relation <. Let x,y € R with x < y. If xt <y < m then

r<y <= fz)<p [y
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Ifr <m <y and f~(x) € Tp then
=<y = g '(x) =g h7(y)
Note that if f~'(z) € Tp then Sq is not empty and g~*(z) exists. If x <m <y and f~'(z) € Tp
then we always have x < y. Lastly if m < x <y then we have
r<y < h'(z) =g h (y)
To define the relation --+ we will first define the relation --+*, which is done in similar fashion to
the relation <: Let x,y € R with x <vy. If xt <y < m then
vty = @) e 1)
Ifv <m <y and f~(x) € Tp then
x -ty == g (x) g B (Y)
however here if v < m <y and f~(z) & Tp then we never have x --+* y. Lastly if m < x <y then

we have
T -y <= h_l(a:) -3 h_l(y)

We then define --+ as the transitive closure of --+*. Having defined the relations we can now define
the labelling function X\ : R — X. For all r € R with r < m we define X(r) = Ap o f~(r) and for
all 7 € R with m < r we define A\(r) = A\g o h™'(r).

Lastly we can define the source and target sets. For the source set we define S = Sp. For the target
set we define T'= g (T N Sg) Uh (To\Sg)-

We decided to treat the cases of P # Tp and @ # Sg and P = Tp and/or Q = S¢ separately. This
distinction is not entirely necessary, however since we will use the case of P = Tp and/or Q) = Sg
quite often and since the definition below is a lot simpler and easier to use then the definition above
we decided to use this distinction anyways.

Definition 5.18. Let P = (P, <p,--+p, Ap, Sp, Tp) and Q = (Q, =g, --*q, Ao, S¢. 1) be ipomsets
with P = [0,m] and Q = [0,n] such that Tp = Sq as defined in definition 5.16. For ipomsets with
P = Tp we define the gluing composition as the following:

P * Q = (Q7 —<Qa -—?Q, /\Q7 SPa TQ)
For ipomsets with Q = Sg we define the gluing composition as the following:

P x Q = <P>—<P7__')P7)\P75P’TQ)

Note that if P =Tp and Q) = Sq then both <p and <q must be empty and since P =Tp = Sg = Q
as pomsets we have P = @Q (since they must be the same size). In this case it therefore does not
matter which of the above definitions we use, since the result is the same.

6 Tracks and labelling

In the previous section we defined higher-dimensional automata. In the next section we will define
the languages of higher-dimensional automata. This section bridges the two by defining tracks and
their labelling, which will eventually form the elements of the languages.
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6.1 Definition of tracks

In this subsection we will define tracks of HDA. For this we first need to define (elementary)
upper/lower faces.

Definition 6.1. Let X be an event consistent precubical set, n,s € N with s > 1 and let x € X™
and y € X"*s,

Suppose that there exists a s-dimensional vector A as defined in definition 2.7 such that x = (5&;5(3/).
Then we say that x is a s-lower face of y, notation v <* y. The upper faces work analogously.
Suppose that there exists a s-dimensional vector A such that x = 077°(y). Then we say that © is a
s-upper face of y, notation y >° x.

If we have s = 1 then we say that x is an elementary lower/upper face of y, notation x <y and
y > x. For any s € Nsy we can also just say that x is a lower/upper face of y, notation v <* y and

y>* .

The element x being a face of the element y simply means that x can be reached by y through
the face maps. The element x being an lower or upper face of y then means that the vectors V' of
elements in {0, 1} are all exclusively 0 or 1 respectively. Note that this means that all elementary
faces are lower/upper faces. We will give an intuitive explanation with the following example:

Figure 10: The 3-dimensional representable HDA X = (X, Iy, Fix, Ax) with a certain labelling.

Let © € X? be the unique 3-dimensional element. Then the elements &3, (x), 95 5(z) and &3 5(x) are
its elementary lower faces and the elements 63, (), 05 o(#) and 0 5(x) are its elementary upper
faces. The initial state and the three edges coming from it are lower faces as well and the final state
and the three edges going to it are upper faces. The six nodes other than the initial and final nodes
are faces of z, but not lower or upper faces. The same is true for the six edges between these nodes.
We can now define tracks:

Definition 6.2. A track in an event consistent precubical set X is a non-empty finite sequence
p = (21,...,Tm), m € Nxy of elements of X, with x; € X™, n, € N for all 1 <t < m such that
Ty <Fwpyq orxy D wyyq foralll <t <m—1.

The tracks of size 1 and 2 are special cases which we will refer to as:

Definition 6.3. Let X be a precubical set and let p be a track in X. We say that p is a single track
if p=(x) for some x € X™, n € N.

Definition 6.4. Let X be a precubical set and let p be a track in X. We say that p is a basic track
if p= (x1,29) for some 1 € X", z9 € X™, n,m € N,
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The reason for these tracks being noteworthy is because we can express any track as a composition
of single and basic tracks:

Definition 6.5. Let X be a precubical set and let p = (xy,...,T) and 7 = (y1, ..., y;) be tracks in
X. If we have x,, = y; then we define the composition of these tracks as

pxT = (le, vy Ty Y2, '-'7yl)

Theorem 6.6. Let X be a precubical set and let p = (x4, ...,x,) be a track in X. Then p is the
composition of single and basic tracks with

p=(T1,.yxm) = (1) * (T1,22) % (T2, T3) * ... % (T2, Tm—1) * (Tin—1, Tin)
Proof. This follows from definition 6.4 and definition 6.5. O

Note that we included the single track (z7) in the above theorem just to make it applicable to all
tracks. In the case that p is of size two or longer we get (x1) * (1, z2) * ... = (21, x2) * ... where the
single track works as a sort of identity. We can only compose tracks of which the last element of
the first is the same as the first element of the second.

We will use the following figure as an example:

b

Figure 11: A 2-dimensional representable HDA. Here the letters do not denote the labelling but
are just names for clarity.

First we have 9 single tracks of one element each. Suppose that we have a basic track of two
elements of which the first is the element a. Since a is a node it has no faces, which means that
the second element needs to be one of which a is a lower face. This gives us the possible tracks
(a,ab), (a,ac) and (a,x). Suppose that we have a basic track of two elements of which the first is
the element ab. Because ab is a lower face of x and because b is an upper face of ab we get the
tracks (ab, z) and (ab, b). Similarly we get the basic tracks (ac, x) and (ac, ¢). The nodes b and ¢
are only the lower face of the edges bd and cd respectively, and these edges only have the lower face
d which gives us the basic tracks (b, bd), (bd,d), (c,cd) and (cd, d). If our first element is = we get
the basic tracks (z,bd), (z,d) and (z, cd).

With this we have defined all of the single and basic tracks of the above HDA. Now using theorem
6.6 we can get all of the tracks of size 3 or greater. We for example get the tracks (a,ab, z,d),
(a,ab,b,bd,d) and (ab,z,cd).

In the example above we have defined no initial or final cells. Moving forward what we are most
interested in are accepting tracks.

Definition 6.7. A track p = (x1,...,2) withm € N, m > 1 in a HDA X = (X, Ix, Fx,\x) is
called an accepting track iof x4 € Ix and x,, € Fx.
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With this it becomes clear why we want to look at tracks in the first place. The accepting tracks of
a HDA are its possible execution paths, where a HDA can be defined to describe something like a
computer program or algorithm. Eventually we will, using the labelling function, define labellings
of accepting tracks which will form the languages of higher-dimensional automata.

6.2 Properties of tracks

Theorem 6.8. Let X be an event consistent precubical set and let (z,y) be a track with x € X"
and y € X™, n,m € N. We have x <* y or x >* y which means that there exists a vector A as
described in definition 2.7 such that v = 65'4(y) or 07 4(v) = y. This vector is unique.

The following theorem shows that tracks are preserved by precubical maps.

Proof. Suppose that n < m. Then we have to have x = g4 (y). Suppose that there exists a vector
B such that = 65'5(y). Then we have 654 (y) = dg'z(y). In the case that n > m instead we
analogously get 67 4(z) = 67 (). Then from theorem A.1 it follows that A = B. O

Theorem 6.9. Let X and Y be event consistent precubical sets and let f : X — Y be a precubical
map. Let p = (1, ...,xm) be a track in X with x; € X™, n, € N for all 1 <t < m. Then
f(p)=(f" (1), .., ' () is a track in'Y and for all 1 <t < m — 1 we have

rp <9 w0 (1) < (T440)
Ty ° ey = [ (1) D (2440)
for a certain s € N.

Proof. Let t € N with 1 <t < m — 1. Suppose that we have x; <* x;,1. Then for s = ny 1 — ny
we have 2, <° 2,41 and therefore there exists a vector A such that x, = dy‘4" (2,41). This gives us
fre(xy) = 654" o f™*! (x441) which means that we have f™ (x;) <® f™+' (z;41). Analogously the
same is true for z; >* x;41.

Now suppose that f™ (x;) <® f™+' (2441). This means that s = ny1 — ny and ny1 > ny. Since
p is a track we therefore must have z; <° x4y;. Analogously the same is true for f (z;) >°
fre (@) o

Remark 6.9.1. Because of theorem 6.8 there can only be one face map such that x, = 5y's" (2441)

or 56”7’;1 (x4) = 2441, and since all precubical maps commute with face maps this face map is the same
for xy, xiq and (), [ (T441)-

Theorem 6.10. Let X and Y be event consistent precubical sets, let f: X — Y be a precubical
map and let py and py be tracks in X such that py * ps is a track in X. Then we have

f (/)1 * /32) =f (/)1) * f (,02)

Proof. From theorem 6.9 it follows that f (p; * p2), f(p1) and f (py) are tracks in Y.
Let p1 = (21, %2, ...xy) and ps = (T, Tii1, oy Tn). Then we have py x py = (21, 29, ..., x,) and

f (pl * p2) - (f (xl)vf(xQ) ) 7f ({L’n))

and theorem 6.6 gives us that

(f (1), [ (@) s oo [ (@m)) % (f (@) s [ (@maa) s oo f (20)) = [ (1) % f (p2)

49



As precubical maps preserve tracks, HDA maps preserve accepting tracks.

Theorem 6.11. Let X = (X, Ix, Fx,\x) and Y = (Y, Iy, Fy, \y) be HDAs and let f : X — Y be
a HDA map. For all accepting tracks p = (x1, ..., ) in X we have that f(p) = (f (x1), ..., f (Tm))
18 an accepting track in Y.

Proof. From theorem 6.9 it follows that for every accepting track p = (z1,...,x,,) in X we have
that f(p) = (f (x1),..., f (x,)) is a track in Y. Since z; € Ix and x,, € Fx imply f (z1) € Iy and
f (z) € Fy we have that f(p) is an accepting track in ). O

As we are mostly interested in accepting tracks and HDA we will at times only prove things for
HDA. The following theorem is true for diagrams of event consistent precubical sets as well:

Theorem 6.12. Let X : J — HDA be a small diagram and let (N,1) be a co-cone. Let T be a track
m X; for a certain i € J. Suppose that there exist j € J, f 1 — j. Then we have

i(7) = ;0 Xy(7)

Proof. Let 7 = (21, ...,%,,). Then for all 1 <t < m we have v, (z;) = 1; o Xf (z;). This gives us

i) = (Wi (1) 5o ¥ (wm)) = (Y5 0 Xy (21) 55805 0 Xy (2m)) = 5 0 Xy (7)

which proves the statement. O

Theorem 6.13. Let X : J — HDA be a small discrete diagram, let (L, @) be a coproduct of X and
let p be an accepting track in X. Then there exists a unique i € J and a unique accepting track T in
X; such that ¢;(T) = p.

Proof. Let L = (Xp,Ix,Fx,)\p), let p = (21, 9,...,2,,) be the accepting track and let X; =
(Xz‘,]z‘, E, /\1) for all z € J.

From theorem 2.13 it follows that for all 1 < ¢ < m there exists a unique 7; € J such that there
exists a unique y; € X;, with ¢, (y;) = 4.

For all 1 <t <m — 1 we have z; <* 24,1 or x; >* x4, which gives us that there exists an € N
and a vector A as described in definition 2.7 such that z; = 0§ 4 (z411) or 67 4 (21) = T4y1.

This gives us that we have ¢; (y;) = xr = @r11 0 05 4 (Yer1) or G 007 4 (yr) = Tes1 = Pep1 (Yer1)
which gives us i; = 4441 and y; = og 4 (Yis1) oOr 0T 4 (ye) =ypeq1 forall 1 <t <m — 1.

Therefore we have i1 = i3 = ... = 14,,, which means that there exists a unique i € J such
that for all 1 < t < m there exists a y; € X; such that ¢; (y;) = x;. This also gives us that
Ty < wpy = Yy <My and xy D 1y <=y BF Yy for all 1 <t < m — 1. Therefore
7 = (Y1, Y2, ---, Ym) 18 @ unique track in X; such that ¢;(7) = p. Theorem 2.13 gives us that i € J is
unique and ¥y, ¥, € X; are the only elements with ¢; (y1) = =1 and ¢; (y,,) = x,, and theorem 4.12
then gives us that y; € I; and y,, € F;. This makes 7 an accepting track in &; with ¢;(7) = p. O

Theorem 6.14. Let X : J — HDA be a small filtered diagram and let (L, ¢) be a filtered colimit of
this diagram. Suppose that we have i € J with T a track in X; such that ¢;(T) is an accepting track
in L. Then there exist a j € J and an accepting track p in X; such that ¢;(T7) = ¢;(p).

20



Proof. Let 7 = (y1, ..., ym) be a track in A; for a certain ¢ € J and let ¢;(7) = (x1,...,x,,) be an
accepting track in L.

Theorem 4.12 gives us that there exist k,l € J, z; € X and 2, € X; with z; € [} and z,, € F; such
that ¢ (z1) = z1 and ¢y (2,,) = T4, From theorem 2.22 and theorem 2.28 it then follows that since
®i (y1) = &k (z1) and @; (Ym) = ¢ (2) there exists a j € J and morphisms f : i — j, g : k — j and
h: 1 — jsuch that X7 (y1) = X, (21) and Xy (ym) = Xp (2m)-

Because 7 is a track in &; we get that X;(7) is a track in X; and since we have z; € [}, and z,, € F]
we have Xy (y1) = X, (z1) € I; and Xy (ym) = Xp, (2m) € Fj. Therefore X;(7) is an accepting track
in &; and we have ¢; o X¢(7) = ¢;(7). O

Theorem 6.15. Let X : J — HDA be a small filtered diagram, let (L, @) be the filtered colimit
of this diagram and let p1 = (x1, T2, ..., Tp) and ps = (Ty, T, oy Tpn) be tracks in L such that
p1 % po = (T1,Ta, ..., xy,) s defined and a track in L.

Suppose that 71 = (Y1,Y2, ..., Ym) 1S a track in X; for i € J and 1o = (Zm, Zmi1, -y 2n) 1S @ track in
X; for j € J such that ¢; (1) = p1 and ¢; (12) = p.

Then there ezists a k € J and morphisms f 1 — k and g : j — k such that Xy (ym) = X, (2,,,) and
T3 = Xp (1) * X, (T2) is a track in X), with ¢y, (T3) = p1 * po.

Proof. Since we have ¢; (11) = p; and ¢; (12) = p2 we have ¢; (ym) = T = @; (2). Theorem
2.22 therefore gives us that vy, ~ z,, which as a result of theorem 2.27 gives us that there exists
a k € J and morphisms f : ¢ — k and g : j — k such that X} (y,,) = X, (z). Theorem 6.10
then gives us that 75 = X (1) * X, (12) is a track in X}, with ¢ (13) = ¢k (Xf (1) * Xy (12)) =
O (X (1)) * O (Xy (72)) = p1* p2. O

Theorem 6.16. Let X' : J — HDA be a small filtered diagram and let (L, @) be the filtered colimit of
this diagram. Suppose that p is an accepting track of L. Then there exists a i € J and an accepting
track T in X; such that ¢;(1) = p.

Proof. First suppose that p = (x1). Then from theorem 2.24 we get that there exists a i € J and a
y1 € X; such that ¢; (y1) = x1. Then 7 = (y;) is a track in X; such that ¢;(7) = p.

Suppose that p = (z1,22). We have 1 = dp 4 (z2) or ;.4 (1) = x for a certain vector A as
described in definition 2.7. Therefore from theorem 2.24 it follows that there exists a i € J such
that there exist y1, 12 € X; with y1 = do.4 (y2) or 91,4 (Y1) = y2 and ¢; (y1) = 1 and ¢; (y2) = x».
Suppose that p = (21,9, ...,2,,) for a certain m > 3. We have p = (x1,22) * (x2,23) * .... *
(Tim—1,Tm) = p1 % pa*...% pp_1. Then for every track p; = (x4, 441) with 1 <t < m —1 there exists
a i, € J and a track 7, = (y4, 2141) in &; with ¢y, (73) = p; as we have proven previously.

From theorem 6.15 it follows that there exists a j; € J and a track oy in X, with ¢;, (01) = p1 * pa.
Applying theorem 6.15 again gives us that there exists a j, € J and a track o, in X, with
¢j, (02) = p1 * p2 * p3. Repeating this step m — 4 more times (for a total of m — 2 times) gives us a
Jm—2 € J and a track o,,_o in &, with ¢; , (0pm—2) = p1 * pa * ... % Py = p.

This means that for every track p in £ there exists a ¢ € J and a track 7 in X} such that ¢;(7) = p.
Then theorem 6.14 gives us that for every accepting track p in £ there exists a ¢ € J and an
accepting track 7 in A; such that ¢;(7) = p. O

For discrete and filtered diagrams we have proven that if p is an accepting track of £ there exists a
i € J and an accepting track 7 in A; such that ¢;(7) = p. This is not true for every small diagram,
even if we don’t require p and 7 to be accepting tracks.
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Theorem 6.17. There ezists a small diagram X : J — HDA with the colimit (L, $) such that there
exists a track p in L such that for all i € J there ezists no track T in X; with ¢; (1) = p.

Proof. We can prove this with a very simple example: Let J be the small category with obj(J) =
{1,2,3} and mor(J) ={f:2—1,9:2— 3}. Let X : J — HDA be the diagram with:

Xl ) >q
| Xy \\\
| )
Xo ! R
: :\\ XQ
¢1 i | \ x
X3 | : e ‘3
. P2 |
| i ¢3 |
v 5 v

Here we have three HDA in the diagram and their colimit £. The HDA & = (Xl, {5(1]’1 (xl)} .0, /\1)
consists of a single edge z; and where the node §;, (1) is the only initial cell. The HDA
Xy = (Xo,0,0,)s) is only a single node zy with no initial or final cells and the HDA A3 =
(X5,0, {63, (x3)}, A3) consists of a single edge x3 and where the node 67 ; (3) is the only final cell.
There are two HDA maps: Xy : X, — &y and &, : Xy — A5 which are defined as X7 (z5) = d5, (1)
and X () = 0y (x3). This means that d;, (z1) ~ 22 ~ 0], (x3) which means that for the colimit
we have to have ¢f o 0y, (z1) = ¢9 (¥2) = ¢3 007 (23). This then gives us the colimit £ as depicted
above.

It is clear that p = (y1,y9,ys3) is a track in £ however there exists no track 7 in X}, Xy or X3 such
that ¢;(7) = p. We also have that p = (63, (Y1), Y1, y2, Y3, 011 (y3)) is an accepting track in £ but
X1, Xy and A3 have no accepting tracks themselves. This proves the theorem. O

These results about tracks and accepting tracks for diagrams and colimits will be useful again in
section 7, where we will define languages of higher-dimensional automata.

6.3 Event identification

Before we can move on to the labelling of tracks we first need to define event identification. This
works similar to the labelling function in subsection 4.1 and this subsection will have approximately
the same structure. We will also show that the event identification is equivalent with the event
relation we defined in section 3.

Definition 6.18. Let X be a set. The event object on X is the precubical subset 'Y CI3 with
NE" = {(x1, ..., mp) | (1, ..., ) €IX", x5 # 21 whenever s # t}

Definition 6.19. Let X be a precubical set and ¥ a set. An event identification on X is a precubical
map ev: X —!¥.
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The following theorem proves that event identifications generate equivalence relations as defined in
definition 3.1 uniquely.

Theorem 6.20. Let X be a precubical set and let ¥ be a set. Let ev' : X! — ¥ be a function for
which ev' 06} ,(x) = ev' 087 (x) for all v, u € {0,1} and a,b € {1,2} if and only if a = b. Then
ev' estends to an equivalence relation =x as defined in definition 3.1 with

ev'(z) = ev'(y) <= z=xy
for all z,y € X1

Proof. By definition we have o, () =x 0, ,(z) if a = b. Since ev' 0 07 () = ev' 0 &5, (z) #
ev' 0 05 ,(x) = ev' 007 ,(x) this also automatically gives us that for all z € X?, v, € {0,1} and
a,b € {1,2} we have 97 ,(z) =x 0, ,(v) if and only if a = b.

It is clear that =x is reflexive and symmetric. Since the relation = on X is transitive =x is transitive
as well. Therefore =y is an equivalence relation on X' as defined in definition 3.1. O

Note that the equivalence relation described here does not have to be the event relation as defined
in definition 3.2. We can still have ev!(z) = ev!(y) for unrelated z,y € X' for example.

Theorem 6.21. Let X be a precubical set and let ¥ be a set. Any function ev' : X' — ¥ for
which ev' 0 03 | (x) = ev' 067 ,(x), ev' 085 ,(x) = ev' 067 ,(x) and ev' o 65, (x) # ev' 0 55 ,(x) for

all x € X? extends uniquely to a precubical map ev: X —!1¥.

Proof. Using theorem 4.2 we define the precubical map ev : X —!3. This gives us for all n € N,
re X"
ev'(x) = (ev1 0 by an (), s evl o Oy An (a:))

v, v,

for all v € {0,1}. As a result of theorem A.7 and theorem 6.20 we get that for all 1 < s,t < n we

have ev' 007} 4. (z) = ev' o oy, ap(2) if and only if s = ¢. This gives us that all elements in ev"(z)

are unique. Therefore ev™(z) €!!¥ for all n € N, z € X" which makes ev a unique precubical map
ev: X —!IX. O

We will now move on to new theorems that will be used in the next subsection for the labelling of
tracks.

Definition 6.22. Let X be an event consistent precubical set and let =x be the event relation on
X1 We define Ex = X'/ =x which we call the set of universal events of X.

Theorem 6.23. Let X be an event consistent precubical set and let Ex be the set of universal
events of X as given in definition 6.22. Then the quotient map X — Ex extends uniquely to an
event identification ev: X —!Ex.

Proof. Suppose that ¢x : X — Ex is the quotient map. By definition we then have ¢x o 6371(20) =
qx 007 1 (), qx 005 () = qx 007 5(x) and gx 005, () 7 qx 005 4(x) for all 2 € X?. Using theorem 6.21
we then get that this extends uniquely to an event identification ev : X —!!Eyx with ev! = ¢x. O

Theorem 6.24. Let (X, \) be a labelled precubical set and let =x be the event relation. Then for
all x,y € X' we have
r=xy = A(x) = ()
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Proof. This follows from the fact that A' 0 63, (z) = X\ 0 07 | () and A' 0 &5 5() = A! 0 67 5(z) for
all z € X? and the fact that =x is generated by the transitive closure of
{(000(@), 05a(@) | v, € {01}, 2 € X%, a € {1,2}}. O

P T a

Theorem 6.25. Let (X, \) be a labelled precubical set. Then there exists a unique precubical map
Aew NEx =I5 such that A = Aoy 0 ev : X = Ex =13, with Ex and ev as defined in definition
6.22 and theorem 6.23.

Proof. From theorem 6.24 it follows that for all e € Ex, x,y € X! such that ev!(z) = ¢, evl(y) = ¢
we have A(x) = M (y) since * =x y. We define the function Al : Ex — 3 (or equivalently
AL NEL — Y) as

AL () = AL (ev} () = N'(2)

for all z € X! such that ev!(z) = e. Since for all ¢ € Ex there exists such z € X! and all of these
x € X! have the same labelling \!(x) we have that \! is well-defined.
We have that !! Ex is a precubical set. For all e €!!E% we have by definition that 67 ,(e) = 07 ,(e) if
and only if a = b. This gives us A}, 0 7 ,(e) = A, 007, ,(e) for all e €!!E% if a = b. Therefore we
can use theorem 4.2 which gives us the precubical map A, :!'Ex —!3.
Since we have A\l oev! = A\! and because A is uniquely generated using A\! and theorem 4.2 we get

Aev © €V = A, which proves the theorem. O

In other words we have that by definition of the labelling function two elements in X' that are
equivalent by the event relation must have the same label. This is then extended to elements X™
for all n € N since ev : X —!!Ex and X : X —!¥ are uniquely defined by ev!' and \!.

6.4 Labelling

For this subsection it is important to recall the definitions and theorems of section 5. Here we will
define a labelling function ¢ which for a track gives us an ipomset. Before we do this we first define
a labelling function on individual elements.

Definition 6.26. Let (X, \) be a labelled precubical set. The label of an element x € X™ for a
certain n € N 1s the linear pomset

U(x) = (EV(x),--*, Aey)

with EV(x) = (e'u1 0 0) 4p () ==+ ... = evl o 5§7A2(x)> and Ay :NEx —!% as defined in theorem
6.25.

Note here that EV(z) is equivalent to ev(x) but instead of a vector it is a linear poset. Recall
that as a result of theorem A.7 and theorem 6.20 we get that for all 1 < s, < n we have

ev' 0] 4n(x) = ev' 0} 4n(x) if and only if s = . This means that every element in EV(z) as
described above is unique.

Theorem 6.27. Let (X, \) be a labelled precubical set. For alln,m € N, z € X" and y € X™ we
have ((x) C U(y) if ¢ <*y ory >* x.
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Proof. Suppose that © <* y or y >* x. Then there exist a v € {0,1} and a vector A such that
x = 0,"4(y). We have

(y) = (' 0 0 (y) = o == ev 0 00 (1)) =y Aev)

l(x) = <<evl 0 by an(T) == .o ==> evlo 53,.42@)) =g, )\ev)

Every element in (ev' 00} 4n(2) -=> ... -=» ev' 0 0] 4 (a:)) is by definition unique. Since z = 8", (y)
for all e € EV(z) we have e € EV(y) (replace x in ((r) with 6,%4(y) and note that all (m — 1)-
dimensional vectors A are of the form A"). Suppose that we have s,t € N, 1 < s <t < n. Then we
have

ev! o 517},142 00, 4(y) ——» evl o 517},14? o 5ZLA(y)

Let A = (ay,...,qa;). Then we get

1 n m _ 1 n n+1 m
ev o 61/,AQ © 51/,A(y) =ev o 51/,AQ © 51/,(11 0..0 6V7al (y)

Using theorem A.6 we get

v An+1
5n7+f

+1
v AL

° 5n+1 o

n
v, A7 vay

ontl o forall ap > s
for all ay < s

If a1 > s, then we have a; > s for all 2 <7 <[. If a; < s then we need to compare as with s+ 1
instead. Let 75 be the smallest integer 1 < r, <[ such that a,, > s+ r; — 1. Then we get

ev1 e} (SZA? e} 5,7}:;11 O0...0 5'7/7?01 (y) = 53?14?3-”—1 (y)

Let r; be defined analogously. Since for all 1 <i <[l ifa; >t+1¢— 1 we have a; > s+ 17 — 1, since
s < t. Therefore ry < r;, which gives us s +r, — 1 <t +r;, — 1 and therefore

evlo 517},142 o 5;’?A(y) =ev 00" m (y)

s +rs
1 m o 1 n m
T~y 8V O 5V,Agjrrt (y) =ev o 5V,A;l 0 dy4(y)

This shows that ¢(x) C ¢(y) as pomsets, since EV(x) C EV(y) as posets and since Ay is defined the
same on both ¢(x) and ¢(y). O

To understand how the labeling works, let’s look at an example:

Figure 12: A 2-dimensional rectangular HDA with labels for the elements. The two unlabeled
vertical arrows have the labels (d).
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Here we have used the vector notation for the labels. The vertical arrows are all labeled (d), and the
pairs of parallel horizontal arrows are labeled (a), (b) and (c¢). The labels of the three 2-dimensional
elements are then determined by the labels of their adjacent arrows, giving us (a,d), (b,d) and (¢, d).
The nodes all have the empty labeling ¢ = (). This figure also intuitively explains why theorem
6.27 is true.

For an intuitive explanation for HDA with dimension greater than 2 we can use the idea of direction
as introduced in subsection 2.1 again. If € X" is a higher-dimensional element then EV(zx) is a
linear poset containing the equivalence classes of the elements of X! that can be reached by z in
canonical order. Applying the unique labelling function A, as defined in theorem 6.25 on each of
these equivalence classes then gives us the labelling of z.

For the next definition we will make use of the theorems and definitions in section 5 to define
labelling on tracks. We will add an intuitive explanation with some examples after the definition.

Theorem 6.28. Let (X, \) be a labelled precubical set, let n € N and x € X™. Then there exists a
unique bijection & : EV(x) — [0,n — 1] such that the for all a,b € EV(x) we have

a--+b <= &(a) <(b)
note that if n = 0 then we define [0,n — 1] = [0, —1] = 0.

Proof. This follows from the fact that EV(x) and [0, n — 1] are both linear posets of the same size,
since |[EV(z)| = n by definition. If EV(z) = () then the bijection is the identity on (. O

Definition 6.29. Let (X, \) be a labelled precubical set. We define the label ((p) of a track
p=(x1,....,xm,) as follows:

o If we have m = 1 and therefore p = (x1) we define {(p) as the following: Let n = |EV ()]
and let £ : EV(x1) — [0,n — 1] be the bijection as defined in theorem 6.28. Then we have

E(p) - (5 © EV(ZEl) ) Q)a - /\750 EV(JI1> 750 EV(CL’l))

where the relation --» is equal to the <-relation on N. For all a € [0,n — 1] we define
Aa) = Ay 0 E7Ya).

o [f we have m = 2 and therefore p = (x1,z3) we define €(p) as the following: If x1 >* x9 we
define a =1 and if v1 <* x9 we define a = 2. Let n = |EV(z,)| and let £ : EV(z,) — [0,n — 1]
be the bijection as defined in theorem 6.28. Then we have

f(p) = (5 o EV(ICL) 7(2)7 -, )‘7 5 o EV('TI) 75 o EV(«T2))

where the relation --» is equal to the <-relation on N. For all b € [0,n — 1] we define
A(b) = Mgy 0 E7Y(D). It’s important to note here that as a result of theorem 6.27 we have
C(xq1) Cl(xy) D L (xg), which means that A, works the same on EV(x1) and EV(z5).

o [f we have m > 3 we can split p as in theorem 6.6. Then we define
Up) =L ((z1, .y T, ) =L ((T1,22) % oo % (X1, Tp))

=/ ((xth)) x ... %/ ((l’m_lyl‘m))

It’s important to note here that & o EV(x;) = & 0 EV(xy) for bijections & and & as in theorem
0.28.
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Theorem 6.30. Let X and Y be HDA and let f: X — Y be a HDA map. For all x € X", n € N
we have {(z) = Lo f(x).

Proof. Let X = (X, Ix, Fx, \x) and Y = (Y, Iy, Fy, A\y)). We have
é(l’) = (EV(f), =7 /\ev,X)

é o fn(x) = (EV o fn(x>a __')ya Aev,Y)
with
EV(z) = (ev}( o 5314?(95) -~ evy o 5,7},145(1') ——% ... -=>evy o 53142(:1:))

for any v € {0,1}. Here we will simply refer to d;; 4n(x) as z; for all 1 < ¢ < n. Since we have
n . 1 . .
Oy ap © f"(x) = f' 06} 4n(x) this gives us
EV(z) = (evi (z1) —-3, eV (2) -=25 ... ——>, evy (z,))

EVo f"(x) = (evy o f! (21) ~-»y evy 0 f1 (22) —=2y ... ==3y evy 0 f' (22))

Since EV(z) and EV o f"(z) are both linear posets of the same size there exists a unique bijection
g :EV(z) = EVo f*(x) with g o evk (z;) = ev} o f! (z;) for all 1 <t < n that preserves the --»,
relation as --»,.

Recall from theorem 6.25 that Aoy x :!!Ex —!3 is the unique precubical map such that A\x =
Aev,x © eVx with evy : X —!lEy. Similarly we also have Ay = Aqyy 0 evy with evy : Y —=!Ey.
Therefore for all 1 <t < n we have

)‘clav,Y o eVly o f! (z1) = )\%/ o f1 (z:) = )é( (z1) = )\tlav,X © eV}( ()

which shows that g : EV(z) — EV o f"(x) preserves the labelling function as well. Therefore this
makes g : {(z) — o f"(x) a pomset isomorphism which means that we have ¢(z) = o f*(z). O

Theorem 6.31. Let X and Y be HDA, let f : X — Y be a HDA map and let p be a track in X.
Then we have €(p) = Lo f(p).

Proof. We have
p= (21,22, ...,2m) = (21, 22) * (T2, T3) * ... ¥ (Tip—1, Tpy)

for a certain m € N, m > 1. From theorem 6.9 it follows that

fp)=(f (@), f(z2), ..., f(z))
= (f(w1), f (22)) % (f (z2), f (w3)) * o % (f (Tm1) , [ (Tm))

For ease of notation we define

f(p) =7 = (W1, y2, - Um) = (Y1, 92) * (Y2, y3) * o * (Ym—1, Ym)

with yy = f(zy) forall 1 <t <m. Forallt e N, 1 <t <m— 1 we have

C(zg, 2401) = (4 0EV (2), 0, --2x, Ax, &0 0 EV (24) , €4 0 EV (241 1))
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14 (ytv yt-‘rl) = (Ca oEV (ya) 7®7 -—?y, )\Yv Ca o EV (yt) 7€a o EV (?Jt+1))

for a certain a € {t,t+1} and certain bijections &, : EV (z,) — [0,n,—1] and ¢, : EV (y,) — [0, n,—1]
with n, = [EV (z,)| = |EV (y,)| as defined in theorem 6.28. Note that as a result of theorem 6.9 we
have x; <* 2141 <= ¥ <" Y1 and z; D* 2411 = Yt DT Yir1-

Theorem 6.30 gives us the bijection ¢ : EV (z,) — EV (y,) which preserves the --+-relation and the
labelling function. This makes , 0 g : EV (x,) — [0,n — 1] a bijection that preserves the --+-relation.
Theorem 5.9 then gives us that (, o g = &,, which means that we have ¢ (x;, zi11) = € (yt, Yis1)-
Since therefore for all 1 <t < n — 1 we have ¢ (x4, z;11) = £ (yi, y141) this also gives us £(p)
¢(t) = Lo f(p), which proves the theorem.

O

7 Languages of Higher-Dimensional Automata

In this section we introduce the languages of higher-dimensional automata and their maps. After
that we show that coproducts and colimits of HDA are equivalent with the union of the languages
of the HDA in the diagrams.

Throughout this section the set of labels X is fixed. We can only describe the relation between
languages that use the same labelling set 3.

7.1 HDA languages

Definition 7.1. Let X be a HDA. We define the language of X as
L(X)={lp) | p is an accepting track in X'}

We then define the maps between languages as inclusion maps.

Definition 7.2. Let Ly and Lo be languages. If we have Ly C Lo then we define the unique language
map F : Ly — Ly as the inclusion map such that for all P € L (X) we have P = F(P).

Remark 7.2.1. From the reflexivity and transitivity of the inclusion relation C we get that we
have all identity language maps and compositions of language maps.

Definition 7.3. We define HLang as the category of languages generated by HDA with the morphisms
being language maps.

One can also define a subcategory of Lang of which the objects are languages that are generated by
finite HDA. The category of languages of HDA is part of a broader category of interval ipomset
languages, which are covered by the paper | ] (we describe interval ipomsets in appendix B).
While we won’t cover these languages specifically, it is important to consider them when discussing
colimits of languages.

Definition 7.4. The category Lang is the category of interval ipomset languages, where the
morphisms send interval ipomsets in the source language to the same ipomsets in the target
language.

By definition we have that HLang is a full subcategory of Lang.
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Theorem 7.5. Let X and Y be HDA and let f : X — Y be a HDA map. Then we have
L(X)C LY.

Let F: L(X) — L(Y) be the unique language map as in definition 7.2. Then for every accepting
track p in X we have F o l(p) =L o f(p).

Proof. Theorem 6.31 gives us that for every accepting track p in X we have ¢(p) = £ o f(p). Since
f: X — Y is a HDA map it follows from theorem 6.11 that f(p) is an accepting track in ). Since
every element P € L (X) is by definition generated by an accepting track in X this gives us that

L(X) < L(Y).
Let F': L(X) — L()) be the unique language map as in definition 7.2. For every accepting track
pin X we have F o l(p) ={(p) = Lo f(p). O

Theorem 7.6. The language operator L is a functor L : HDA — Lang that sends HDA to their
languages and HDA maps to the respective language maps.

Proof. This follows from definition 7.1, definition 7.2 and theorem 7.5. O

7.2 Colimits of languages of HDA

In this subsection we will cover the diagrams of languages of HDA and their colimits and describe
the connection to diagrams of HDA.

Theorem 7.7. Let L : J — Lang be a small diagram of languages. For every i € J define the
language map ©; : L; — .. ; L; as the inclusion. Then (U L;, @) 15 the colimit of the diagram
L.

ieJ ieJ
Proof. Note that (J,.; L; is defined if and only if obj(.J) is a set (which is true if J is small).

For all « € J the maps ©; : L; — |J,; Li clearly exist as defined in definition 7.2. Let i,j € J be
such that there exists a morphism f : ¢ — j. Then there exists a language map Ly : L; — L;. By
definition for all P € L; we have P = L;(P) and therefore ©,(P) = P = L;(P) = ©; 0 L;(P). This
makes (|J,.; Li, ©) a co-cone of L.

Suppose that (Ly, V) is a co-cone of L. Then for all i € J we have to have L; C Ly and
therefore | J,.; Li € Ly. Then definition 7.2 gives us that there exists a unique language map
F : U,e;Li — Ly. Since by definition for all P € |J,.; L; we have P = F(P) and therefore
Fo©;P)=F(P)= P = V,(P) this gives us that F' satisfies the requirements for a unique
language map with F o ©; = U, for all ¢ € J.

This proves that (U L;, @) is a colimit of the diagram L. O]

ieJ
Theorem 7.8. Let X : J — HDA be a small diagram of HDA. Then L (X):J — Lang is a small
diagram of languages. If X is a discrete or filtered diagram then L(X) is discrete or filtered as well.

Proof. Theorem 7.5 gives us that for every ,j € J such that there exists a morphism f : i — j
the HDA map X} : X; — X generates a unique language map L; : L(X;) — L(X;). Due
to the uniqueness of language maps if there exists a £ € J and a morphism g : j — k then
L,: L(X;) = L(X;) and Lyos : L(X;) — L (X)) are language maps such that L, o Ly = L.
Therefore L (X) : J — Lang is a small diagram of languages.

In the case that X" is a discrete or filtered diagram we have that J is a discrete or filtered category
which automatically gives us that L(X) is a discrete or filtered diagram. O]
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Theorem 7.9. Let X : J — HDA be a small diagram of HDA and let (N ;) be a co-cone of
X. For all i € J define V; : L(X;) — L(N) such that for every accepting track p in X; we
have W; o £(p) = L o ¢i(p). Then (L(N),V) is a co-cone of the diagram L(X) and we have
Uies L (X)) € LN).

Proof. Suppose that we have i, 7 € J with a morphism f : ¢ — j. Then we have the language maps
U,: L(X)—LWN),¥,;:L(X;) - L(N)and Ly : L(X;) = L(X;). Remark 7.2.1 gives us that
VU, o Ly is also a language map and definition 7.2 then gives us that ¥; = ¥; o L;. This then gives
us that (L (N), V) is a co-cone of the diagram L(X) and since (|J,c, L (X;),©) is a colimit of
L(X) there exists a unique language map (J,.; L (X;) = L (N). Definition 7.2 then gives us that
Uses LX) € L), .

Theorem 7.10. Let X : J — HDA be a small discrete diagram of HDA and let (N, 1) be a coproduct
of X. Then (L (L), ®) is a coproduct of L(X) with L (L) = J,c; L (Xj).

Proof. Theorem 7.9 gives us that (L (£), ®) is a co-cone of L(X) and that we have (J,., L (&;) C
L(L). From theorem 6.13 it follows that for every accepting track p in £ there exists a i € J
and an accepting track 7 in X; such that ¢;(7) = p. Since by definition every element of L (L)
is the labelling of an accepting track of £ and since theorem 6.31 and theorem 7.5 give us that
®,0(1) = Log;(T) = £(p) this means that for every P € L (L) there exists ai € J and a @ € L (X))
such that ®;(Q) = P. This gives us L (£) = (J,c; L (X;). Since definition 7.2 gives us that the
language map L (&X;) = (J,c; L (&X;) is unique this gives us ®; = ©; for all i € J and therefore
(L(L),®) O

Theorem 7.11. Let X : J — HDA be a small filtered diagram of HDA and let (N, 1) be a filtered
colimit of X. Then (L (L), ®) is a filtered colimit of L(X) with L (L) = ,c,; L (X).

Proof. This proof is analogous to the proof of theorem 7.10 with the reference to theorem 6.13
replaced with theorem 6.16. O

Theorem 7.12. There exists a small diagram of HDA X : J — HDA with the colimit (L, ) such
that (L (L), ®) is not a colimit of L(X) and L (L) 2 U,c,; L (X;).

Proof. This follows from theorem 6.17. Note that in the example given the languages L (X}), L (X»)
and L (X3) are all empty since each of the HDA A&}, A5 and A5 has no initial or final cells. Since
p= ((5371 (1), Y1, Y2, Y3, (5%,1 (yg)) is an accepting track in £ the language L (£) is not empty which
means that we have L (£) # (U, L (X;). O

Theorem 7.13. Every HDA language is the union of languages of finite HDA.
Proof. This follows from theorem 4.20 and theorem 7.11. O

For the proof of the theorem above one could also show that for every interval ipomset there exists
a finite HDA that generates it. However with this approach the original HDA might not be the
colimit of the diagram of finite HDA that generates its language.

Theorem 7.14. The functor L : HDA — Lang preserves small coproducts and small filtered colimats.

Proof. This follows from theorem 7.10 and theorem 7.11. [
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8 Tensor Product

We have defined the higher-dimensional automata and their languages. Similarly to ordinary
automata there are a few operations that can be applied to the HDA and the HDA languages. In
the previous sections we have seen the coproduct, with its equivalent on languages being the union.
In this section we will cover the tensor product, equivalently the parallel composition on languages.
In essence this operation will represent executing two or more HDA in parallel.

8.1 Tensor product definition

First we define the tensor product on precubical sets. To avoid confusion we will sometimes denote
the face maps on a precubical set X with dx.

Definition 8.1. Let X and Y be precubical sets. We define tensor product X ® Y = Z as the
family of sets Z = (Z"),, oy with
7= | | X*xVy!
k+l=n

For all k,l,n € N with k+1=n and for all x € X*, y € Y we define the face maps on Z as

(05, (@)y) ifa<k

Ova(,y)) = <:c, (5Y)f,,a7k (y)) ifa>k

for allv € {0,1} anda € N, 1 <a <n.
Theorem 8.2. Let X and Y be precubical sets. Then X ® Y is a precubical set as well.

Proof. Let Z = X ® Y and recall definition 2.2. For all k,l € N with k& + [ = n we have that X*
and V' are sets and therefore X* x Y' and | |, ,,_, X* x Y! = Z™ are sets as well.
We now want to prove that for alln € N, z € Z" v, € {0,1} and a,b € Nwith 1 <a <b<n we

have
gt 00 ,(2) = 0n,L 06),(2)

Let z € Z" for a certain n € N. By definition there exist unique z € X* and y € Y! for certain
k,l € N, k+ 1 =n such that z = (z,y). Suppose that we have a < b < k. Then we have

ot oo, ((2.) = 02t ((0x)f, ().w) = (6052 0 (6x)f, (@), 9)
because a < b < k implies that a < k — 1. This gives us
(005" 0 (0 (@),9) = ((0x)kts 0 (Bx)5 (2).9)

We have
ity 0 0 ((,9)) = ((0x)fts 0 (0x)}, (@), w)

because a < k and b — 1 < k — 1. This proves the statement for a < b < k.
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Suppose that a < k < b. Then we have

o5t 0 0 (@) = 052" (2, v )k ) = (0050 (@), (095t )

Here the first step is because k < b, and since this only reduces the dimension of the Y part by 1
(and not the X part, we get k+ (I — 1) = n — 1) we still have a < k which gives us the second step.

0ty 0 0 ((2,) = 31y (0084 (). ) = ((0)h0 (@) Or )y 1y )

= (0)b0 @), Oy 1)) = 25ty 0 0 ((2,9)

which proves the statement.
Suppose that k < a < b. This gives us

0t o0y (o) = 3" (2, v ) ) = (o (Ov)1 0 (0v))0mr ()

and
0ty 0t (@) = 3ty (2. (0v))s )

= (2 010 O ) = (2 )0 Oy ()

because Y is a precubical set. This proves the statement for k < a < b, and therefore the statement
is true for all a,b € N with 1 < a < b < n, which makes Z = X ® Y a precubical set. O

Theorem 8.3. Let X and Y be event consistent precubical sets. Then X ® Y is an event consistent
precubical set as well.

Proof. Theorem 8.2 gives us that X ® Y is a precubical set.
We define =y and =y as the event relations relations on X' and Y' as defined in definition 3.2.
We define = on Z! as the transitive closure of

{(67,(2),02.(2)) | z € Z°, v, p € {0,1}, a € {1,2}}

Note that every element of Z?2 is an element of X2 x Y°, X! x Y! or X° x Y2. This gives us

G 8 eaer

2 _ 52 _ p1\ L), Y) 1 z,Y) € X and a =

51,,(1(2) = 6u,a ((m,y)) - (:L‘, 53,1@)) i (I;y) cX!'xY! and a=2
(z,62,(y) if (z,y) e X" xY?

for all z € Z%, 2z = (x,y), a € {1,2} and v € {0,1}.

It’s important to note here that v € {0, 1} does not influence which of the four cases above 53@(2)
falls under. Therefore in the pairs (J2,(2), 62 ,(z)) both elements will always fall under the same
case, meaning that both are elements of either X! x Y® or X% x Y'!. This means that the same is
true for elements of the transitive closure as well.

A result of this is that for all 2 € Z% 2z = (x,y), a € {1,2} and v, € {0,1} the elements

074(2) = (w,,9,) and 67 ,(2) = (2,4, y,) we must have z, = z, = z or y, = y, = y. The same is
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therefore true for elements of the transitive closure =. This then gives us that for all z;, 2, € Z!
with z; = (z1,91) and 23 = (29, y2) we have z; = 2z if and only if 21 = x5 and y; =y yo or 1 =x 29
and y; = y». Note that in the first case we have (x1,41), (z2,y2) € X° x Y! and in the second case
we have (z1,91), (T2, 72) € X' x YO.

Recall definition 3.1. Suppose that there exist z € 72, 2 = (x,y), v, € {0,1} and a,b € {1,2}
with a # b such that 07 ,(2) = 07, ,(2). Let 0 ,(2) = (z1,31) and 0, ,(2) = (2, y2)-

The first thing we want to do is figure out which of the four cases d;, ,(2) and 2 ,(2) can fall into.
If (r,y) € X? x Y% or (z,y) € X° x Y? then the both fall under the same case, which can be the
first or fourth. In the first case we have y; = yo = y which means that x; =x x,. However since
x1 = 0, () and wy = 07, () with a # b this is in contradiction with =x being the event relation
on X and X being event consistent. Analogously the fourth case results in a contradiction as well,
since it would require 6;, ,(y) =y 97, ,(y) with a # b.

Now suppose that (z,y) € X' x Y'!. Without loss of generality we assume that @ = 1 and b = 2.
Then we have (z1,y1) = (651(x),y) and (22,2) = (z,0,,(y)). However we cannot have 8}, (z) = =
or y = 6,1 (y), which means we cannot have (6}, (z),y) = (z,65,(y)).

From our definition of = it is clear that for all z € Z%, 2 = (z,y), v,u € {0,1} and a,b € {1,2} if
a = b then we have 0; ,(2) = 0, ,(2) and if a # b then we have 0;, ,(2) # 07, ,(2). This proves that =
is an equivalence relation as in definition 3.1 which makes X ® Y an event consistent precubical
set. [

Remark 8.3.1. Due to the way we defined = in the previous theorem it is equal to the event
relation as defined in definition 3.2.

Theorem 8.4. Let X andY be precubical sets. Then forallz € (X @Y)", ne N, n > 2, z = (x,y),
reXF yeY k+1l=mn, k,1>1 we have

(5]3»14? (), 6, u (y)) ift <k

55,,4'6 (), 55,,141157’{ (y)) ift >k

for allv € {0,1} and 1 <t <n, where AF = (1,2,....k) and A" = (1,2,...,1).

0y ap (2, 9)) = (

Proof. For all 1 <t <n we have

Z,A?(Z) = 53,1 o 53,2 ©...0 5£,t—1 o 53;}& 0..0 5%11 o 5371(2)
with k 4+ [ =mn and k,[ > 1.
Suppose that ¢t < k. Then we have

n _ <k k+1 n—1 n
u,A;L(z) - 61/7,41C o 5u,l~c+1 ©...0 6u,n71 © 5u,n(z)

We know that an elementary face map 6}, on an element z € Z" with z = (z,y), v € Xk yevY!
n = k + [ applies to the y part if a > k, or the dimension of the x part. In this case it decreases the

dimension of the y part by one, meaning that if £ < b < a then 63;1 will also apply to the y part
k+1 571—1 s

v,k+12 > Yryn—1Yun

of d,,,(z). Therefore all of the face maps 9 apply to the y part which gives us

55145 o 5§I}rl o..oby Lo, (z,y) = 5'5714? ((z,0,,0...0 5;: 0 d,,(y)))
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= 0% g (80 (0)) = (8% 43 (2). 0L ()
Analogously for ¢t > k we get

ZA;L(Z) = 55;& ©...0 5£,t—1 © 532}& 0...0 5Z;£1 © 5:},17, ((z,9))

= ‘55,; ((L 5]5,41;-%1 ©..0 527_15]11—k: © 55;;% ©..0 5;; o 554(@)))

=k (oo @) = (5680 )

k

which proves the statement. O]

Theorem 8.5. Let (X, Ax) and (Y, \y) be labelled precubical sets with Ax : X =¥ and Ay : Y —1¥.
We define the labelling function A : X ® Y —!¥ as

(Moo 88 (@), o M 0 8F ()

A ((2,y)) =
A0l (1), Ay 0 0L ()

forall (z,y) € X*x Y, k,le N, n=Fk+1 and any v € {0,1}. Then (X ® Y, \) with \ as defined
above 1s a labelled precubical set as well.

Proof. From theorem 8.3 it follows that X ® Y is an event consistent precubical set. Theorem 4.2
gives us that we can define the labelling A : X ® Y —I% using the function \!' : (X @ V)" — £. We
define L (2) (.9) . .
Me(z) if (z,y) e X' ®Y
1 _ X 9
e = {30 i e xoar

forall z € (X ®Y)', 2= (z,y). Foralln € N, n > 2 and z € Z" with z = (z,7), r € X*, y € Y?
such that k + [ = n we get

A(z) = ()\1 0 6% 4u(2), ey AL 0 8% 4 (2), A 0 80 40 (2), 00 AL (mg(z))

v, v, V,A’,ZJrl v,

for a any v € {0,1}. As a result of theorem 8.4 for all 1 < ¢ < k we have

Mo 67 4u(z) = Ao (5’;7145(3;), 557Al(y>) = Ny 08 ()
and for all kK +1 < ¢ < n we have

Mo 6p 4u(2) = Alo (5'34,6 (), 4

v

(1) =200 4 (1)

This shows that our original definition for A : X ® Y —!3 defines a labelling function, making
(X ® Y, \) a labelled precubical set. O

k

Depending on the context we might use Axgy as the notation for the labelling function on X ® Y.

Theorem 8.6. Let X = (X, Ix, Fx,Ax) and Y = (Y, Iy, Fy, A\y) be HDA. Let Axgy : X @Y —!%
be the labelling function as defined in theorem 8.5. Then X @Y = (X @ Y, Ix X Iy, Fx X Fy, Axgy)
1s a HDA as well.
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Proof. From theorem 8.5 we get that (X ® Y, Axey) is a labelled precubical set. For all x € X* and
yeVYifzelxand y e Iy then (x,y) € X* x Y and therefore (z,y) € (X @ Y)*™'. Analogously
the same is true for all € X* and y € Y} with € Fyx and y € Fy. This gives us that every
element of Iy x Iy and Fx X Fy is an element of X ® Y. Therefore X ® ) is a HDA. ]

The tensor product on HDA has the property that there exists something similar to an identity.
However due to the way HDA are defined an actual identity is not possible, but we do have
something similar:

Theorem 8.7. Let S be any precubical set with |S°| =1 and S™ =0 for alln € N, n > 1. Since
S contains no elements of dimension O there exists a unique labelling function \iq : S =% which

sends the unique element of S° to the empty vector € = ().
We define the parallel identity HDA as Xig = (S, Lig, Fia, \ia) with Iy = S = Fyy. Then for every
HDA X = (X, Ix, Fx, \x) we have ¥ @ Xjy = X 2 Xy @ X.

Proof. Let SY = {s} and let Z = X ® X;4. For all n € N we have Z" = X™ x S°. Since |S°| =1 it
is then clear that X = Z. We can define a HDA map f : X — X ® X}y as the following: for all
n € N, z € X" we have f"(x) = (z,s). It is clear that f is a precubical map. If x € Ix since s € [;4
we have (x,s) € Ix X I;4. Analogously the same is true for the final cells. From the definition of
Ax ® \iq it also follows that f preserves the labelling function, making it a HDA map. It is clear
that f: X - X ® A4 is an isomorphism, proving the statement. O

Again this is not an actual identity, though it functions similarly.

8.1.1 Intuitive explanation of the tensor product

To understand how the tensor product works in practice let’s look at two examples:

X Y Xey

_ > O0—F>0—>

Figure 13: Here the HDA X has an initial node and a final node, but the HDA )Y only has a final
node. Their tensor product X ® ) will therefore also only have a final node and no initial cells.

X Yy XeYy

Figure 14: Here the HDA )Y has an edge as initial cell. Because X’ has an initial node the tensor
product X ® ) has two initial edges. Note that if x € Iy with x € X" and y € Iy with y € Y*!
then we have (z,y) € X" x V' = (X @ Y)".
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8.2 Tensor product of maps

In this subsection we will define the tensor product of precubical maps and HDA maps.

Theorem 8.8. Let U, V, X and Y be precubical sets and let f : U — X and g : V — Y be
precubical maps. Then h : U @V — X @Y defined as

" ((u,0) = (f(u),d'(v))
for all k,I,n € N with k+1=mn, v € U* and v € V' is a precubical map.

Proof. Recall definition 2.3. If (u,v) is an element in U* x V! then (f*(u), g'(v)) is an element in
X* x Y making it clear that h" exists and is well defined for all n € N, k,l € Nwith k+1=n
and (u,v) € UF x V1,

We want to prove that for all n,k,l € N with k +1=n, (u,v) € U* x V!, v € {0,1} and a € N,
1 <a <n we have

W't o by, ((u,v)) = 6y, 0 B ((u,v))
Suppose that a < k. Then we have

P o 8, () = 1 ((60)), (w), 0)

Il
~ N
=

ko
L
(0]
—~
>
=
S~—
N
s
—
S
N~—
QN
—
<
~—
N———

0 0 1" (,0) = 0% (F5(u), 6'(0) = (G0}, 0 /" (), ' (v))
and because f is a precubical map we get
(7571 0 ) (), g (@) = ()}, 0 * (), g'(0)

which proves the statement for a < k.
Suppose that a > k. Then we have

o 87, ((,0) = B (w0, () = (4 (). g 0 (0v),,, ()

50 0 B ((1,0)) = 82 (F1(0), ' () = (), (0v)ya 0 ')

and because g is a precubical map we get

(Fiw) g 0 B0k, (0)) = (£, (000 0 6'(0))

which proves the statement for a > k which gives us that the statement is true for all a € N,
1 <a<n. Therefore h : U®V — X ®Y is a precubical map. ]

The precubical map h: U ® V — X ® Y as defined above is denoted with h = f ® g.

Theorem 8.9. Let Xy, Xy, X and Y be HDA and let f : Xy — X and g : Xy — Y be HDA maps.
Then the precubical map h : U @V — X ®Y as defined in theorem 8.8 constructs a HDA map
h: XX, > XRY.
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Proof. Theorem 8.8 gives us that h: U ® V — X ® Y is a precubical map with
R ((u,0)) = (f*(u), '(v))

for all k,[,n € Nwith k+1=n, u € U¥ and v € VL.

Suppose that u € Iy and v € Iy. Since f and g are HDA maps this gives us that f*(u) € Ix and
g'(v) € Iy, which means that h" ((u,v)) € Ix x Iy = Ixgy. Analogously the same is true for the
final cells. This means that h = f ® g preserves initial and final cells. We also have

(M0 8% gel), oy Ny 0 8 (),

)\TT} 1% ((u7 U)) =
¢ Ny 0L 4y (v), o My o 5574(@))

Let = f*(u) and y = g'(v). Then we have

(g{ 0 8% (1), o Ny 0 38 i (@),

My ((7,9)) =
)\%/ © 5,l/’Al1 (y)v ) /\%/ © 65,7A§(y)

(Aﬁf [¢) (5];714,1C 0] fk(U)7 . )\}( 9 65714}]2 o fk(u)u
Ao 5fl,Ag 0 g'(v), ..., A} o (5ly’A§ ogl(v))

(Mo frodh (), Mo fo gk (u),

Ay oglo 6ZV7AZ1(/U)’ Ay oglo 5517145(1))

Since f and g are HDA maps we get Ax o f = Ay and Ay o g = Ay which gives us APy ((u,v)) =
oy (( fE(u), gl(v))). This means that h = f ® g also preserves the labelling function, therefore
making it a HDA map. ]

Theorem 8.10. Let Xy, X5, Y1, Yo, Z1 and Zy be precubical sets and let fi : X1 — Y1, fo: Xo = Y5,
g1 Y1 — Zy and g : Yo — Zy be precubical maps. Then we have (g1 ® g2) o (f1 ® fo) =

(910 /1) @ (g20 f2).
Proof. Let (z1,15) € X x X! for certain k,1 € N, n = k + [. We have

(f1 ® f2) (w1, 22) = (ff (21) , 3 (22))

(91 ® g2) © (1 @ f2) (1, %2) = (91 @ g2) ([T (%1) , 3 (22))
= (970 f¥ (21), g2 0 f3 (22)) = (910 f1) @ (g2 0 fo)) (w1, 22)
which proves the theorem. O

The above theorem automatically works for HDA and HDA maps as well, since if HDA maps are
equal as precubical maps then they are equal as HDA maps as well.
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8.3 Tensor product of diagrams

Definition 8.11. Let J and K be small categories. We define J x K as the product category of J
and K, which means that we have

0bj (J x K) ={(j, k) | j € obj(J), k € obj(K)}

femor(J), f:h —>j2}

mor(JX}O:{(ﬁg):(jbkl)_)(j?’kz) g€ mor(K), g:k — ks

Theorem 8.12. The product J x K as defined in definition 8.11 is a small category.

Proof. We know that obj (J x K) has as many elements as obj (J) x obj (K) and mor (J x K) has
as many elements as mor (J) x mor (K'), making J x K a small category. O

Theorem 8.13. Let J and K be small discrete categories. Then J x K is a small discrete category
as well.

Proof. Let (j,k) € J x K be an object. The only morphism with j as source or target is the
identity morphism ¢; and the only morphism with & as source or target is the identity morphism
ix. Therefore the only morphism with (j, k) as source or target is (i;,x), which is the identity
morphism. This means that the category J x K only has identity morphisms, making it a discrete
category. O

Theorem 8.14. Let J and K be small filtered categories. Then J x K is a small filtered category
as well.

Proof. Because J and K are filtered and therefore not empty J x K is not empty as well.
Suppose that (j1, k1) and (jo, ko) are objects of J x K. Then j; and jy are objects of J and k; and
ko are objects of K. Therefore there exist objects j3 in J and k3 in K and morphisms f; : j; — Js,
fa i jo — J3 in J and morphisms ¢; : k1 — ks, ¢o : ko — k3 in K. This gives us the morphisms
(f1.91) = G, k1) = (Js, ks) and (fa, g2) = (G2, k2) = (s, ks).

Suppose that (j1, k1) and (ja2, k2) are objects of J x K and suppose that there are parallel morphisms
(fi,q1) = (1, k1) = (J2, k2) and (f2,92) : (41, k1) — (Ja, k2). Then there exist objects js in J and
ks € K and morphisms f3 : jo — j3 in J and g3 : ks — k3 in K such that f5f; = f5f
and ¢g3g1 = g3g1. This gives us that there exists a morphism (fs,g3) : (Jo, k2) — (js, k3) with

(f3,93) (f1,91) = (f3,93) (f2, 92)-
Therefore J x K is a filtered category. m

Theorem 8.15. Let X : J — Set"” and Y : K — Set"™ be small diagrams of precubical sets.
Then Z : J x K — Set?” with Zj) = X; @Y}, for allj € J and k € K and Zpgy = X; @Yy, for
all morphisms f : j1 — jo and g : k1 — ko is a small diagram of precubical sets.

Proof. For every ¢ € J x K the precubical set Z; is well-defined. For every iy,i5 € J x K
with a morphism A : iy — iy the precubical map Z; : Z;, — Z,, is also well-defined. For all
j € J, k € K and the identity morphisms id; : j — j and idy : & — k the precubical maps
Xia; : Xj = Xj and Y, : Yy — Y; are well-defined and identity maps. This them automatically
makes Z(iq;iq,) * X; ® Y — X; ® Yy, an identity map as well. Theorem 8.10 gives us that the
compositions of precubical maps are well-defined as well and theorem 8.12 gives us that J x K is a
small category. This makes Z : J x K — Set”” a small diagram. O
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Theorem 8.16. Let X : J — HDA and Y : K — HDA be small diagrams of HDA. Then X @ ) :
J x K — HDA with (X @ Y) ;4 = Xi @Yy, for all j € J and k € K and (X @ V) o, = Xy ® Yy for
all morphisms f : j1 — jo and g : ki — ks is a small diagram of HDA.

Proof. This follows from the same reasoning as used for theorem 8.15. n

We will now just prove everything for HDA immediately, instead of proving things for precubical
sets first.

Theorem 8.17. Let X : J — HDA and ) : K — HDA be small diagrams of HDA. Suppose that (L, ¢)
is a co-cone of X and (N,v) is a co-cone of Y. Then (LN, ¢ @ 1) with (¢ @), = ¢; @ Y
for all (j,k) € J x K is a co-cone of X @ Y.

Proof. From theorem 8.16 it follows that X ® Y : J x K — HDA is a diagram of HDA. From theorem
8.6 it follows that £ ® N is a HDA and from theorem 8.9 it follows that ¢; ® ¢ = (¢;, ) is a
HDA map for all objects (7, k) of J x K.

Suppose that ji, jo are two objects of J with the morphism f : j; — j» and suppose that ki, ko are
two objects of K with the morphism g : £y — ko. Then we have ¢;, o Xy = ¢;, and ¥y, 0 Yy = ¥y,

which gives us <¢j27 1%) © (Xf7 yg) = (¢ju¢k1)~
Therefore (L @ N, ¢ ® 1) is a co-cone of X ® ). O

Theorem 8.18. Let X : J — HDA and ) : K — HDA be small diagrams of HDA. Suppose that (L, ¢)
is a colimit of X and (N,¢) is a colimit of Y. Then (LN, ¢ @ ) with (¢ @)y = ; @ Pi
for all (j,k) € J x K is a colimit of X @ .

Proof. From theorem 8.17 it follows that (£ ® N, ¢ ® v) is a co-cone.
Theorem 2.25 states that (£ @ N, ¢ ® ) is a colimit if for all (51, k1), (jo, k2) € J X K, m,l,n € N
with m +1=mn, (zx1,51) € X ® Y] and (22,92) € X ® Y]l we have

(1, 91) ~ (22,50) <= (&7 (x1) .05, (1)) = (&2 (22) , ¢4, (12))

and for all n,m,l € N with m +1 = n, (z1,y1) € L™ ® N! there exists a (j, k) € J® K,

(T2,2) € X' ® Y}l with (Qb;n (z2) , ) (yz)) = (21,1).
Suppose that we have (z,y) € L™ x N! for a certain m,[ € N. Then from theorem 2.24 it follows
that there exist j € J, k € K, z; € XT" and y;, € Y} such that ¢ (r5) = x and Pt (yx) = y. This

gives us (¢; ® V)™ (2, 30) = (,).
Theorem 2.22 and theorem 2.21 gives us

Ty ~ Ty < ZL (%1) = ¢Z (.CL’Q)
Yy ~ Y2 7%1 (y1) = ¢IZ€2 (y2)
(z1,91) ~ (12,12) = ( ;’f (z1) a@bfﬂ (y1)) = ( ;Z (22) a@/fil@ (?/2)>

Here ~ means the equivalence relation on X, Y or X ® Y depending on the context. This gives us

T1~ T, Y1 ~ Y2 (¢7f (1) ﬂ/’llcl (yl)) = (¢E (2) a@z)lig <y2>)

Ty~ T, Y1 ~ Yo == (T1,1) ~ (T2,92)
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Recall the construction of ~ in definition 2.14. From this it follows that z1 ~ 2, <= (x1,y) ~
(72,y) and y1 ~ y2 <= (z,y1) ~ (2, %2). This gives us

Ty~ T2, Y1 ~ Yo = (xlvyl) ~ (532792)

and therefore

(z1,51) ~ (22,12) = ( i (1) ,wil (3/1)) = ( 5 (z2) ,%2 (?J2))

which shows that (£ ® N, ¢ ® 1) satisfies the conditions of theorem 2.25, making it a colimit of
the diagram X ® )V : J x K — HDA. O]

It is obvious that the above theorem applies to diagrams of precubical sets as well. Because of
theorem 8.13 and theorem 8.14 the tensor product of two coproducts is a coproduct and the tensor
product of two filtered colimits is a filtered colimit as well.

Theorem 8.19. Let X : J — HDA and )Y : K — HDA be small diagrams of HDA, let (L, ¢) be
a colimit of X and let (N,v) be a colimit of Y. Suppose that J and K are both discrete or both
filtered diagrams. Then we have

LiLeN)= | Lo

(J,k)eJxK

Proof. From theorem 8.13, theorem 8.14 and theorem 8.18 it follows that (LN, ¢ ® ) is a
coproduct or filtered colimit of X ® )). The statement then follows from theorem 7.10 and theorem
7.11. ]

8.4 Tensor product and languages

For this subsection we will mostly just refer to the paper | |. Specifically the operation
parallel composition on HDA languages as defined in definition 106 on page 35. Actually defining
this parallel composition ourselves is outside the scope of this thesis, so we will just make do with
three of its properties:

1. For all HDA X and Y we have
L(X@Y)=L(X)| L)
2. Let (L;);c; and (M;),; be families of languages. Then we have
(U Li> || (U Mj) - U LM
i€l jeJ (4,5)eIxJ

3. The language L. = {P.}, with P. being the empty ipomset, is the identity of the parallel
composition such that for all languages L we have

L|L.=L=L.|L
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The first property follows from theorem 108 on page 36 and the second and third properties follow
from the definition itself. For the actual definition of this operation one must refer to | ).
Here we will simply assume it exists and that it is well-defined and works as described above.
Now it’s important to note why we need all three of these properties for the parallel composition
on the languages to be equivalent to the tensor product on the HDA.

It is obvious why we need the first property. The need for the second property is highlighted with
the following remark:

Remark 8.19.1. Let X : J — HDA and Y : K — HDA be small diagrams of HDA, let (L, ) be
a colimit of X and let (N,v) be a colimit of Y. Suppose that J and K are both discrete or both
filtered diagrams. From theorem 8.19 and the properties described above it follows that we have

L)LV =LcoN)= |J L= |J L&) ILM)

(G,k)ETXK (J,k)ETX K

_ (UL(Xj)> I (U L(M)) =L(L) [ L(N)

If the second property wasn’t there then there could be a case in which we have U( ikyerxi L () ||

L () # (UJEJ L(X )) | (Urere L (Vk)), which would lead to a contradiction as it would mean

that L(£) ]| LN) # L (L) || L ().
The third property we need for the following definition:

Definition 8.20. Let L be a language. Then the parallel Kleene star of L is defined as
— U L;
ieN
with Lo = L. and Ly = L;_y || L for alli € N, i > 1.

Recall theorem 8.7, which defines something similar to the identity for the tensor product on HDA.
It is clear that we have L (X;;) = L.. This then gives us the following:

Theorem 8.21. Let X be a HDA. Then we have

~Us(@7)-+(u(® 7))

where we define Qg j<; X = (®O<k§i71 X)® X foralli €N, i>1 and Qoo X = Xia-

Proof. The HDA X4 is defined in theorem 8.7. From theorem 8.6 it then follows that &), <k<i X is

a HDA for all i > 0. From theorem 4.18 it follows that | |, (®O<k§i X) is a HDA as well. The
rightmost equality then follows from theorem 7.10.
Let L = L (X) and define the languages L; as in definition 8.20. Suppose that for all j <i — 1 we

have L; = L (®0<k§j X). Then we have

veien @ o) i@

0<k<i—1 0<k<si
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which shows that for all i € N we have L; = L (@), chei X ). This therefore proves the leftmost
equality to be true as well. O

This gives us a HDA equivalent to the parallel Kleene star on languages. However for this we used
the coproduct, while we might want to use the filtered colimit instead. The question of how to do
this we leave open for now.

9 Conclusion

For the precubical sets, event consistent precubical sets, higher-dimensional automata and the
languages of higher-dimensional automata we were able to contribute some structural theorems
mainly regarding colimits. The category of HDA is finitely accessible. Every HDA can be canonically
expressed as the filtered colimit of a diagram of finite HDA, and its language can be expressed as
the union of the languages of the HDA in this diagram.

We discussed the relation between colimits and the coproduct and tensor product. We did not cover
serial composition of ipomset languages as defined in [ ]. Further research could be done
on the relation between the serial composition (and serial Kleene star) and colimits. Some other
research could also be done into limits of HDA and their languages, and whether the category of
HDA is complete or not.
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A Face map theorems

This section contains some miscellaneous theorems specific to the face maps. They were omitted
from the main sections for having proofs that are too long and results that are uninteresting.
Recall definition 2.7 and definition 2.10 for notation.

Theorem A.1l. Let X be an event consistent precubical set. For alln € N, z € X", v € {0,1} and
for all n-dimensional vectors A and B with elements a;,b; € N>q such that for all1 <i<j<n
we have 1 < a; < a; <n and 1 < b; < b; < n the following statement is true:

va (@) =05 (1) & A=B
Proof. This follows from lemma 22 from | ] O

Theorem A.2. Let X be a precubical set, n € Ns3, v, € {0,1}, BC A}, |Bl=m <n—1 and
1 < a <n such that a < min(B). Then we have

O™ 0 0] px) = 6y 5 0 0y, ()
where B’ is the m-dimensional vector with b, = b; — 1 for all 1 <i < m.
Proof. We take B = {b; = ... = b, } and B! ={b; — 1 — ... = b,, — 1} which gives us
5:};7“ o 5Z’B(x) = 517};’“ o 52’;1"‘“ o0..o0 5Z7bm (x)
Since a < min(B) we have a < b; for all t € N, 1 <t¢ < m. This gives us

n—m n—m-+1 n _ n—m n—m-+1 n—m-+2 n o
Oy 0000 1 b (T) = Op1 00, 00 o 0d,, () =

= 527;1”11 0..0 (52’;;71 00, ,(r)= 523,1 04, ,(r)

which proves the statement. O

Theorem A.3. Let X be a precubical set, n € Ns3, v, € {0,1}, AC A" |[Al=m <n-—1 and
1 < b <n such that b > max(A). Then we have

O © Op(@) = 8,37, 00y 4 ()

Proof. We take A = {a; — ... = a,, }. Therefore we have b < a; for all t € N, 1 < ¢ < m. Since A
is increasing we also have a; < a;y1 for all t € N, 1 <t < m — 1. Therefore we have a,, y < b—1,
o <b—2...0r a,_y <b—tforall 1 <t<m— 1. This gives us

n—1 n _ n—m n—1 n __ n—m n—2
(51,714 o 5M7b(a:) =0 0..00,, © 5%1)(95) =0 0..00,,"

n—1 n
v,a1 v,a1 © 5;1,,b—1 © 61/,am (x)

-1
= 0y 0Oy 000y, () = 05T, 00y 4 ()

which proves the statement. O

Theorem A.4. Let X be a precubical set, n € Ny, v, u, 7 € {0,1}, A,B C A", |A| =1, |B|=m <
n—2,m+1<n—1and1l <c<n such that mar(A) < ¢ < min(B). Then we have
Opa" T o8y 0 0r (1) = 0y 0 0 0 0y (x) = 67T 0 0y M 0 8y i (@)

where BT is the m-dimensional vector with b;r =b+1 foralll<i<m.
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Proof. This follows from the inversion of theorem A.2 and theorem A.3. O]

Theorem A.5. Let X be a precubical set, n € Ny, v, u, 7,0 € {0,1}, A, B C A" |A| =1, |B| =m,
1 < ¢ < n such that maz(A) < ¢ < min(B). Then we have

n—m—2 n—m—1 n—1 n _ n—m—2 n—m—1 n—m n
5V7A o 60,0 o 5M,B o 57,0 (ZE) - 51/,14 © 57',0 o 57,0 © 5M,B+ (fL‘)

_ n—m—2 n—m—1 n—m n _ n—m—Il-1 n—m-—1 n—m n
- 51/,,4 © 67',0 © 6T,c+1 o 5M,B+ (I) - 6T,c—l © (SV,A ° 5T,C+1 ° du,B+ ('I)

where BT is the m-dimensional vector with b;r =b+1 foralll<i<m.

Proof. The first equality follows from the inversion of theorem A.2. The second equality follows
from the definition of the face maps and the third equality follows from theorem A.3. n

Theorem A.6. Let X be a precubical set. Suppose that we have n,t,a e Nyn>2 1<t<n-1,
1<a<n,ve{0,1} and x € X™. Then we have

5n—1

I/,A?71

0" (v) = IZA;" () foralla>t
o Opap (z) foralla <t

Z/,Af+1

Proof. If a =t the result follows from theorem A.4. If a < t or a > t the result follows from theorem

ALS. [l

Theorem A.7. Let X be an event consistent precubical set and let =x be an equivalence relation
as defined in definition 3.1. Suppose that we have n € N>y, x € X™. Then for all v € {0,1} and
s,t € N>y with s,t < n we have
ZA?(.CE) =y (52714?(96) — s=1

Proof. The statement is trivial for n = 2. Suppose that n = 3. Then all of the possible subsequences
of {1 — 2 — 3} of size 2 are {1 — 2}, {1 — 3} and {2 — 3}. Then for all x € X3 and a certain
v e {0,1} we get

512/,1 © 53,2(1'

) (
53,1 o 533(@ = 52,2 © 53,1@)
) (

By definition we have 07,003 | (2) #x 07,005 (), 02,005 5(x) #x 059 0055(x) and 07, 003 5(x) #x
07500y 5(x). Therefore the statement is true for n = 3.
Suppose that the statement is true for all n —r, n € N>y, r € N with 1 <r <n — 2. Suppose that
we have s, € N>1, s,¢ <n and suppose that d, 4. () =x 0y, 4p () for a certain x € X".
Suppose that s # t. Without loss of generality we assume that s < t. Let a € N be a number such
that 1 < a <mn and a # s and a # t. Such a number exists for all n > 3. Using theorem A.6, if
a<s<tweget

e (2) = 870 0 0, (a)

n—1
v, AU

Z,Ag(x) =0" .0 53,(1(35)

v,AY”
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if s <a<twe get
D () = 6 00, ()
Z,A? (x) = 6:;&:11 o 5%@)
and if s <t < a we get
n (JI) — 6n—1 05n (JI)
1/714£L V,A?71 v,a

b, AD () = (5:};‘;—1 0 0,4 (2)

For all of these cases since the statement applies to all elements of X! and since () € X",
This gives us a contradiction for the cases a < s <t and s <t < a. In the case of s < a <1itis
only possible if s =¢ — 1, which is in contradiction with a, s and ¢ being integers and s < a < t.

This means that 0} 4. (z) =x 9, 4p(2) if and only if s = ¢. Therefore the statement is true for the
case n if it is true for all n —r, n € N>y, r € N with 1 <7 < n — 2. Since the statement is true for
n = 2 and n = 3, it is therefore true for all n € N. n

Theorem A.8. Let X be a precubical set, let 32 be a set and let f : X — X be a function such
that for all x € X?, a € {1,2} we have f o5 ,(x) = fodi,(x). Then for alln € N, z € X" and
t € N>y such that 1 < n we have

fo 58,,4;1(95) =fo 5?,A? (z)

Proof. The statement is trivial for n = 2. Suppose that n = 3. Then all of the possible subsequences
of {1 = 2 — 3} of size 2 are {1 — 2}, {1 — 3} and {2 — 3}. Then for all x € X?® we get

fo 53,1 © (5372(95) =fo 5%,1 © 5872(95) =fo 53,1 © 5?,1(37)
=fo 5%11 o 5?71(20) =fo 5%1 o 5?’2(@

fo 5(2),1 © 53,3(35) =fo 5%,1 ° 53,3@) =fo 53,2 © 5?,1@)
=fo 5%,2 © 5?,1(35) =fo 5%,1 © 5?3(@

fo 5(2),2 © 53,3(35) =fo 5%,2 o 5(?)’,3(@ =fo 53,2 o 5:1)),2@)
=fo (5%2 o 6?72(95) =fo 5%}2 o (5%73(1')

Therefore the statement is true for n = 3. Suppose that the statement is true for all n — 7, n € N>,
r € Nwith 1 <r <n — 2. Suppose that we have z € X" and t € N with 1 <t < n.
Suppose that ¢ = n. Then we have

fo (T)Z,A;L@) =fo 5(7;,,4;; () =fo 53,1 © 58,2 0..0 53,71—1(@

=fo 5%’1 o 5372 0...0 5&n_1(x)
since 05 0 ... 0 03,1 (x) € X
=fo 5(%,1 o 531 ©..0 58,n—1(x) =fo 58,1 ©..0 53,;% ° 571152 o 5(7)1771—1@)
= fo 53,1 ©...0 5&512 © 5?,1(@ =fo R 5?,1(@ =fo 8" i o 5?,1@)

0,A7~1 LA
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—f051,4n( ) = fo5ﬁAg($)
as a result of theorem A.6. Suppose that ¢ > 1. Then we have
fo0G an (x)=fo (5371 0..0 56’75_1 (56ﬂr1 .06, ()
:fo5ilo odét loéoprlo L0045, (x) :fodglo...oéa oého&étﬂo 000, (2)
= fod5 0..000 00,004 0. 00, (x)
—f0(501o 50t 2050,to 50n 105?,1< r)=fo 50A" 1 1,1(93)

:fo5fA1z 105 () = fo51An( )

as a result of theorem A.6. Suppose that ¢ = 1. Then we have
fodgap(x)=fodgyo..00y,(x)=Ffodiyo..0d,()

:f05(2),2o~-053;1105?,2<> fo 0d" ] 05711,2() fo 0d" 05?,2@)

OAn 1 lAn 1
= fo‘sl,A?(x)

Therefore the statement is true for all n € N. O]

B Interval ipomsets

In this appendix section we will define interval ipomsets. These are relatively important to the
languages of higher-dimensional automata, since as we will see at the end of this section for any
track its labelling generates an interval ipomset. We don’t really use the interval ipomsets in
this thesis, but they are used extensively in | | from which we use many results. They are
especially necessary for defining the parallel composition of languages. Interval ipomsets are often
referred to as iipomsets.

Definition B.1. An ipomset (P, <,--+,Sp,Tp) is called an interval ipomset if for all unique
elements p1, P2, 1, G2 € P with p1 < pe and q1 < qo there exist a,b € {1,2} for which we either have
Da = b OT Gp =< Da-

Theorem B.2. Let P = (P, <p,--»p,Sp,Tp) and Q = (Q, <q, --»¢, 59, Tg) be interval ipomsets
such that P x Q exists. Then P x Q is an interval ipomset as well.

Proof. Suppose that we have P =Tp or () = Sg. Then we have

P * Q = (Q7 —<Qa -—?Q, /\Q7 SPaTQ)

or

P x Q = (Pa <P7___)P?)\Pa‘gP?TQ>

The first ipomset is the same as P with a different target set. The second ipomset is the same as
Q with a different source set. Since P and () are both interval ipomsets and since the source and
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target sets have no effect on whether or not an ipomset is an interval ipomset in both cases we
have that P % Q is an interval ipomset as well.
Suppose that P # Tp and () # Sg. Then we have

R=P*Q=(R~<,-257T)

Recall definition 5.17. Let x1, 9,41, y2 € R with 27 < 29 and y; < yo such that for all a,b € {1,2}
we have z, A yp and yp £ z4. Let f: P = R, g: Sg — R and h : Q\Sg — R be the maps as
defined in definition 5.17.

For each pair z1, 29 € R with z; < 25 there are four cases:

21, 22 € im(f) n =<z = [ (a)=<p [ (2)

2 €im(f), z1 €1im(g), 22 € im(h) 2 < 2o <= always
21 € im(g), 22 € im(h) n<2zn = g '(xn)=<gh ()
21, 29 € im(h) 0=z = hl(n)<oh ()

Suppose that z1, T2, y1,y2 € im(f). Then we have f~! (xy) <p f~!(x) and [~ (y1) <p 1 (12)
and since P is an interval ipomset there must be a a,b € {1,2} such that f~ (z,) <p f~' (ys) or
() <p f71 (x,), which results in a contradiction.

Suppose that z1,22 € im(f) and y; € im(f), 11 € im(g), y2» € im(h). Since we cannot have
z1 € im(g) and x5 € im(g) (since Sg contains only <-minimal elements) there exists a a € {1,2}
such that z, € im(g) and therefore z, < y», which results in a contradiction.

Suppose that x1, 25 € im(f) and y;,y» € im(h). As explained above there must exist a a € {1, 2}
such that x, € im(g) and therefore z, < y; < ¥, which results in a contradiction.

Suppose that z1,y; € im(f), y1 € im(g), x2,y2 € im(h). Then we automatically have x; < yo and
Y1 < xo as well, which results in a contradiction.

Suppose that z; € im(f), y1 & im(g), z2 € im(h) and y1,y2 € im(h). Then we automatically have
1 < Y2, Y2, which results in a contradiction.

Suppose that 1, xa,y1,y2 € im(h). Then we have h™! (z1) <o h™! (22) and h™' (y1) <o L™ (y2)
and since Q is an interval ipomset there must be a a,b € {1,2} such that h™* (x,) <g ™ () or
h™ (yp) <@ h™" (z,4), which results in a contradiction.

Analogously the cases where x1, x5 and yq, yo are switched all result in contradictions as well.
Therefore the statement is false, which makes P x Q an interval ipomset. O

Theorem B.3. Let (X, \) be a labelled precubical set and let p be a track in X. Then £(p) is an
interval ipomset.

Proof. Suppose that p = (z1) is a track of size 1. Then the <-relation on ¢(p) must be empty
making ¢(p) an interval ipomset. Similarly if p = (21, x2) is a track of size 2 then the <-relation on
¢(p) must be empty as well making it an interval ipomset.

Let p = (1,9, ..., Ty) be a track with m > 2. Then we have

Up) =0 (x1,29) % (T2, x3) % . % L (T, Tpy)

The fact that the labels of basic tracks are always interval ipomset combined with theorem B.2
gives us that £(p) is an interval ipomset. O
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